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PREFACE. 



This \>o6k differs from others bearing a similar title in 
several important particulars. 

I. The investigation of the principle on which a rule of 
Arithmetic depends always precedes the statement of the 
rule itself. 

n. Every process employed in the solution of questions 
is referred to some general law or truth in the theory of 
numbers. Thus the operation of " carrying " is explained 
in § 32, which illustrates the axiom, that — ^We do not alter 
the value of any quantity, if what we take from one part 
we add to another. 

nL Such general truths are all distinctly stated and 
printed in italics. If self-evident they are illustrated by 
simple numerical examples ; if otherwise, short demonstra- 
tions are added ; and in every case the truth itself is enun- 
ciated in a concise symbolical form. So, the method of 
equal additions, which is employed in the ordinary mode of 
working Subtraction, is explained numerically and other- 
wise,* and shown to be dependent on the axiom, that — 
We do not alter the difference between two imequal quan- 
tities if we add equal sums to both. And this- truth is 
again expressed symbolically in the following way: — 

General Formula, If a — 5 zz a; then - 

* SS 44 and 45. ^^ 
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rV. The theory of decimals, and rules for the solution 
of money questions by the decimal method, are placed 
earlier in the course than usual, and are thus made avail- 
able throughout the rules of Proportion and Interest. The 
proposed change in our coinage is fully described,* and 
special attention has been bestowed upon this part of the 
work,! under the conviction that an accurate and ample 
knowledge of the decimal system is more than ever impor- 
tant at this moment, whether the decimalization of our 
money, weights, and measures takes effect immediately or 
not. 

V. The logical relations of the several parts of Arith- 
metic are clearly marked by their arrangement. For 
example. Reduction is not treated as a separate rule, but 
so much of it as belongs to Multiplication falls under that 
head, while the rest takes its proper place as one of the 
practical applications of Division. Interest and Discount, 
and the kindred rules, are grouped together as illustra- 
tions of the doctrine of Proportion ; and Practice is treated 
as a branch of Fractional Arithmetic. 

VI. The tables of Foreign Currency and of English 
Weights and Measures, are accompanied by an explana- 
tion of the origin of the several standards in conunon 
use, and of the causes which have led to their diversities 
and irr^ularities. 

Many important advantages would accrue to beginners 
as well as to advanced students, if Arithmetic were re- 
garded more as a branch of mathematical science, and 
less as a mere system of practical rules. The art of com- 
putation is undoubtedly of much value in the business of 

• H SOfr-SOS. f pp. 140—179. 
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life; but tlie habit of investigating the principles, on "which 
this art is based is not of inferior importance. The first 
gives to the student a mastery of figures "which will be 
serviceable in commercial and scientific pursuits ; the second 
tends to concentrate his attention; to induce habits of 
patient abstraction and accurate thought; to familiarize 
him with the laws of reasoning, and to compel him to 
examine well the grounds of every inference he draws. 
Such habits as these will be invaluable in every pursuit and 
duty of life, for they will help to make him a sounder and 
more modest reasoner, and therefore a wiser man. 

The value of the exact sciences as instruments of mental 
discipline has long been recognized. To omit them from 
any scheme of instruction, however humble, is to allow 
an important class of the mental faculties to remain im- 
trained. In the limited curriculum of our conunon day 
schools. Arithmetic holds a place analogous to the Mathe- 
matics of a University course. It is the only one of the pure 
sciences usually admitted into such a school, and the only 
instrument there available for severe and systematic logical 
training. To degrade Arithmetic into a mere routine of 
mechanical devices for working sums, is, even in a school 
for young children, to commit as grave and mischievous a 
mistake as if our University professors were to permit the 
rules of mensuration to supersede the study of Euclid, or to 
displace the rigid analysis of the calculus and the higher 
trigonometry, in order to make room for land surveying, 
the rules of navigation, or the construction of tide tables. 

It is only when looked at in this higher aspect that 
Arithmetic can become an efficient instrument for dis- 
ciplining the judgment and improving the mental powers ; 
indeed, it has no right to be called u science at aU. 

a2 ^ 
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SO long as it is limited to ciphering on a slate, and does not 
include a systematic acquaintance with princ^^ as well 
as rules. To promote such a knowledge of principles 
something more is necessary than a theoretical treatise on 
the one hand, or a book of rules, with explanations ap« 
pended, on the other. Tliroughout this work, therefore, 
the principle is in every case first explained and illus- 
trated, and then the rule is shown to follow from it 
naturally and necessarily. For example, the rules iar the 
extraction of the square and cube roots are made to 
depend entirely upon the theory of Involution, When 
a pupil has become familiar witli the law for the forma- 
tion of the second or tliird power,* he will scarcely need 
to be told the rule for the extraction of either of those 
roots; while on the other hand, without an acquaintance 
with that law die rule must ever appear to him to be 
arbitrary and linmeaning. 

Besides the explanations necessary to aid the compre- 
hension of the ordinary rules, the 'plan of this work com- 
j)rises special exercises on tlie properties of numbers, 
demonstrations of the abstract propositions of Arithmetic 
in a form adapted for repetition by the student,! and ques- 
tions at the end of each chapter, intended especially to 
test th,e pupil's knowledge of the theory of numbers. It 
will also be observed, that one example at least is ap- 
pended to each rule, in which every part of the process is 
analyzed and the separate value of every line of figures 
clearly shown. These features of the work will, it is 
hoped, be of use as suggesting some new and not unprofit- 
able methods of exercising the minds of pupils in con- 
nexion with this study. For example, a sum when finished 

• As enunciated iu p. 238, et seq. + See DiTisioD of PracUons, p. 120, et ptutim 
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may occasionally be taken as the subject of examination 
and an^ysis, in the same manner as a sentence in grammar 
is used ioT parsing and construing. The exact meaning 
and value of every figure should be investigated. Every 
process should be justified by reference to some axiom or 
proposition, in the same way as a grammarian would refer 
every detail in the construction of a sentence to some 
defiiniterule; and if the student be sufficiently advanced, it 
is desirable, by way of giving neatness and finish to his 
knowledge of a truth, that he should be able to recognize 
and interpret it when he meets it in the symbolical form. 

Although the main object of the authors has been to 
furnish a systematic and coherent exposition of the theory 
ot Arithmetic, yet the practical uses of the Science have 
been scrupulously kept in view. A comparison of this 
work with those which ai'e specially valued on account of 
the abundance and character of the examples, will show 
that it comprehends everything that is usually regarded as 
practical* or valuable in Arithmetic, in addition to those 
reasonings and formula by which the theory of numbers 
has been elucidated. The examples have been chosen 
with especial reference to the pursuits of a conunercial 
people; the subjects of statistics, insurance, stocks, and 
interest have received particular attention, and an imusual 
number of business questions occur both throughout the 
work and in the Appendix. 

Some explanation may seem necessary of the word 
" axiom,^' as used at the head of some general propositions 
and not of others. Without attempting to determine how 
far even the simplest truths of science are axiomatic and 
independent of experience, it will suffice to say that the 
word has been generally applied to such numerical the^ 
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rems as seemed self-evident from the terms in wMch they 
were enimciated, and were not to be deduced as inferences 
from any previous statement in the work. 

Many of the questions are selected from the Cambridge 
and London examination papers, and ftx)m those proposed 
to schoolmasters who have been candidates for certificates of 
merit. The student who masters the reasonings and be- 
comes familiar with the rules of this book, will, as far as 
Arithmetic is concerned, be competent to pass with credit 
the ordinary examination for the degree of B.A. at either 
of the Universities. 

It only remains to caution students against attempt- 
ing to make a very hasty progress through this work. 
The sort of proficiency in Arithmetic which is obtained by 
evading its diflSiculties and hurrjdng on to the advanced 
rules, is very worthless. It is fatal to studious habits and 
is not even available for practical purposes. A few prin- 
ciples thoroughly sifted and understood, will be found to 
form a better substratum for future mathematical or 
commercial attainments than all the rules of a book, if 
studied apart from those principles. To those departments 
of this subject which especially require thought and 
examination. Lord Bacon's aphorism applies with remark- 
able force : — " Non inutiles scientice existimandse sunt, 
etiam quarura in se nullus est usus; si ingenia acuant et 
ordinent." 
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THE SCIENCE OF ARITHMETIC. 



1. Arithmetic is the science of number.* 

The first and simplest notion we must obtain in the 
science of Arithmetic is that of mnxT, or oneness. 

2. Any object, or any magnitude considered singly, and 
without reference to its parts, is called a Unit. 

Thus when we perceive and speak of one man, a horse, or a stone, 
we have before ns the idea of unity, and are said to be thinking of a 
unit. 

3. Any collection of imits of the same kind is called a 

Number. 

When we speak of a crowd of persons, a heap of stones, or ten 
books, or five hours, we have before us the notion of number. These 
expressions, howerer, would not be understood if the notion of one 
person, one stone, one book, or one hour was not in the mind first. 
Unity, therefore, is the one magnitude with which aU magnitudes of 
the same kind are compared. 

4. If we look at a row of trees or a group of children, we cannot 
help considering one tree and one child as the unit or standard of 
reference, when we attempt to number them ; but in expressing the 
length of a line, or the size of a field, or the duration of time, we 
are left to choose any unit we please. Thus the same length of 

* It forms a branch of the Mathematics, which also include Algebra, Geometry, 
Trigonometry, and several other sciences. The first of these investigates the same 
solgect as Aiithmetio, but in a wider sense. The remaining two hivestigate the 
properties of ^aoe. All the branches of Mathematics relate to magnitade and the 
modes of measuring it 
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line may either be expressed as two yards or six feet : the number 
used being dependent on the sort of length which has been selected 
as the unit. In any magnitude of this kind, which is capable of 
continuous increase, such as time, space, length, or weight, the choice 
of the unit is arbitrary. But when we use number to describe 
collections of separate objects of the same kind, one of those objects 
is always taken as the unit. 

The least instructed person who looks at the heayens and sees 
six bright stars, and also into a garden and sees six roses, cannot 
help understanding that although there is no resemblance between a 
star and a rose, yet there is some resemblance between the two 
notions of the six stars and the six roses. These two compound 
ideas have something in common, and that something is the idea of 
number, which is expressed in our language by the word six.* It 
is not so expressed by all nations, but, however language may differ, 
the thought is imiyersally the same. 

6. The science of Arithmetic is intended to give clearness and 
aoourac^ to our notions about niunber. We may think about 
number without the aid of Arithmetic, but always in a vague and 
indistinct way, as when we see two heaps or collections of objects, 
and observe that the one contams mamf and, the other few^ or that 
the one is a Uxrffer heap than the other ; but when we wish to ascer- 
tain how many or how few either contains, or 5y how much the size 
of the one exceeds that of the other, we are compelled to employ the 
symbols and the processes of Abithmstic. 

* When we think of number in connexion with olyeots, or when, in using a 
word which represents number, we also use the word which deserfbes the kind of 
magnitude to which it refers, the number is said to be conertU, But when, as in 
ttke case just mentioned, "wevoithdraw or abstract the thought of nx from that of 
the objects to which it refers, and think of six, eight, or ten units, without reference 
to the kind of unit to which they may be attached, the number so considered is an 
abs<rac< number. 

In like manner, the notion of a thing associated with • quality which belongs to 
it is a compound or concrete notion, the notion of the quality alone is an abOrdei 
noUou. From the two very dissimilar ol^jects, a blue sky aind a blue piece of paper, 
the mind can withdraw the thought of the quality alone, and think of blueneu. 
Thb is an abstraction, a quality considered by itselfl So if after seeing seyeral 
bright things, we consider brightneu by itself, or after hearing several pleasant 
sounds, we consider the separate quality of pUatantneu, we have ezerdaed ttie 
flwulty of fOkstraotion, and the words we thus use are called otelroel nouns. 
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LANGUAGE OF ARITHMETIC. 

SECTION I. 

6. The language emplojed in Arithmetic may be consi- 
dered in two ways : — ^I. As consisting of a set of words or 
sounds intended to express number; and II. As composed 
of written characters or signs. 

Some rude nations have the former without the latter ; they have 
a language about number which can be addressed to the ear, but 
haye no figures or symbols which can be presented to the eye. 

7. Numeration is the art of numbering, or of expressing 
number m words. 

Observation, — The yarious collections of units which we meet 
with and wish to express are so numerous, that if we had a name for 
eyery such collection. Arithmetic would require more words than 
all tne sciences put together. There is in fact no limit to our power 
of making new numbers, for howeyer great may be the collection of 
units which one person may speak of, another person may speak of 
a greater, and may conceiye an infinite number of additions to be 
made to it. AM nations, therefore, haye a few separate words or 
names for some particular collections of units, and express all other 
numbers by putting together these words in di£ferent ways. 

8. We haye in our language fifteen distinct words only, yiz. : one, 
which means the unit ; two^ three, four, five, six, seven, eight, nine^ 
ten, eleven, twelve, hundred, which means ten taken ten times; 
thousand, wlnoh means one hundred taken ten times; million, which 
means one thousand taken one thousand times. 

AH other numbers or collections of number are expressed by 
combining some of these words. The words billion, trillion, &o,, 
though found in books, are not generally used. 

All systems of numeration are founded on the truth of the 
IbDowiiig axiom. 

9. Axiom I. — AU the parts of a number put together make 
up the whole m whatever order they may be taken. 

Demonstrative Example, — The first word in our language which 
ilhistnites this principle is thirteen i taken to pieces it means three 
and ten. We might haye called it ten-three, or nine-four, or seyen- 

b2 
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six, for in each of these cases we should haye spoken of two parts 
which together make up the whole ; or six-five-two, or three-four-six, 
or by any other name which mentioned all its parts. But it is more 
conyenient to consider all numbers divided in the same way. 

10. The number ten has been chosen as the basis of all 
our calculations, and we consider all numbers as made up 
of tens or some collection of tens. Our system is therefore 

called DECIMAL.* 

It is probable that this practice, which prevails in nearly all parts 
of the world, arose from the use of the ten fingers in simple calcula- 
tions. In counting on the fingers (as children often do now) we 
can go on easily until we come to ten, but are obliged to use some 
other contrivance for all higher numbers. If we had had twelve 
fingers instead of ten we should probably have acquired the habit of 
counting by twelves, and considering all large numbers as composed 
of so many twelves. 

It would have been just as easy, had we heaa. accustomed to it, to 
consider numbers as made up of fours, or nines, or in any other way 
than by tens : habit alone makes our present method seem simple. 
If, fcr example, we hear of a number consisting of nine, seven, and 
eight, we have not at first a clear notion of what it means, but we 
add them together and call them twenty-four, and then we under- 
stand how many are spoken of. Yet it is not now before the mind 
as a whole, but in three parts (two tens and four), and it was in 
three parts before (nine, seven, and eight). But of all the possible 
methods of considering the number, that which breaks it up into 
tens is the easiest only because we are accustomed to it. 

Thus fourteen, fifteeen, and nineteen, mean four and ten, ftve and 
ten, and nine and ten ; twenty means two tens ; thirty, three tens ; 
and fdnety, nine tens ; seventy-nine means seven tens and nine units ; 
two hundred and thirty-six means two of the collections called 
hundreds (t.«., two tens of tens), three tens, and six units. 

EXXBOISX I. 
Write out in other words what is meant by the following 
expressions: — 

* From decern f ten, Urtin. 
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-teen ; twenfy-seren ; eighty ; fortj-fire ; three hundred and 
uxtyi fiye thousand four hundred and eeyentj-four ; five hun- 
dred and ninety-filTe ; fiitj-eight i twelve { seyentj-nine ; one mil- 
lion six hundred thousand; twelye hundred and ninety; three 
thousand and forty-fiye ; eight hundred and sixty ; three millions ; 
eight thousand four hundred and sixteen ; seventy thousand and 
fourteen. 

11. Notation is the art of expressing numbers in written 
characters. 

The written language, like that which we speak, uses a few sym- 
bols to express small numbers, and collects some of these together 
in a certain order to express larger ones. We haye not so many 
separate figures or characters as we haye separate words. The only 
signs in use are the following : 1 means one ; 2, two ; 3, three ; 4^ 
four ; 5, fiye ; 6, six ; 7, seyen ; 8, eight ; 9, nine.* When any one 
of these figures is found alone, and in this form, it only stands for one 
of the first nine collections of units, and is said to indicate unity of 
the fint degree. All numbers above nine are, however, to be repre- 
sented by the same figures ; so sometimes we want to make 1 mean 
one ten ; 2 to mean two tens ; 3, three tens ; and so on. Whenever 
the nine digits are used in this sense they are said to indicate umJbg 
of fhe second degree. At other times we require to make use of 
the figures 1, 2, 3, &c., to mean 1 himdred, 2 hundred, &c. ; and in 
this case they refer to unity of the third degree. When they are 
employed to signify thousands, they are units of the fourth degree. 
We therefore want some contrivance to show when the figures are 
used in one sense and when in the other. 

* It win be obsenred that our written language is not quite so copious as the 
npakeu, and does not exactly correspond to it. Thus the word eleven is a simple 
name which to the ear suggests no thought of combination, but the figures 11 
reptesent composition, and inform us that the number consists of two parts, viz., 
one collection of units and one. In French, the difference between the written and 
the spoken language is much wider. The number ninety-two is written in that 
laimiuage as in English' (92), and represents 9 collections of ten each and 2 units. 
Bat it is called by a word (quatre-viugt douse) which signifies 4 twenties and 
twdve. Many other of the words used to express number in the French language 
are ftmnded in like manner on a division of the whole into twenties, while the 
wriltan flbaraeters treat all collections of units as consisting of tens. 
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12. Soppofe we used the mmjfie digit when we wifhed it to 
represent nnity of the first degree, and placed a mark orer it thna 
(') when we wished it to stand for tens, then the expression 17' 
or Tl would mean 1 and 7 tens, or 7 tens and L Either form 
woold serFe the purpose. So 6'5 would m^an 6 tens and 5, and 
would represent the same numher as W. In like manner we 
might represent unitj of the third degree, or so many tens of ietu, 
by a digit with 2 strokes abore it; thus 5>" would mean 5 tens of 
tens, or 5 hundreds; thousands, or tens of hundreds, would be 
expressed bj digits with 3 strokes above them (6"^, and so on in 
like manner for all higher numbers. If such an arrangement existed 
the expression 4/"6"S2f would mean 4 units of the fourth degree 
(4 thousands), 6 unite of the third degree (6 hundreds), 8 units of 
the first degree (8), and 2 of the second (2 tens). As the yalne of 
each figure would then be known by the number of marks abore it, 
the digits might be put down in any order without altering their 
meaning. Thus 2'4,"'d&\ or S4/"2f&\ would represent the same col- 
lections of numbers only in a different form. 

13. Another method of representing larger numbers by the hdp 
of the nine simple figures mig^t be to use the letters a, b, c, &C., to 
show the diffisrent meanings of the digits. Thus 7a mig^ mean 7 
tens, 7b seven hundreds, 7c seyen thousands, and so on. On this 
plan the expression 8b, 6d, 5, 4a, would mean 8 units of the third 
degree (8 hundreds), 6 of the fifth (6 tens of thousands), 5 of the 
first (5), and 4 of the second (4 tens). The number which we call 
5 thousand 4 hundred and 9 tens and 4, would be written 5c, 4b, 
9a, 4, or 4b, 4, 9a, 5c. For as each figure's value would be shown 
by the sign which followed it, they might be placed in any order 
without altering the meaning of the whole expression. 

Such expressions as 2*, 4f, 7*, could easily have been employed to 
signify 2 units of the third degree, 4 units of the second degree, 
and 7 units of the fifth degree. We use these forms now with 
another meaning (see Multiplication), but they would hare served 
equally well for this purpose. 

Many other plans might be devised for representing any numbers 
whatever on the decimal system, by the help of nine digits or signi- 
ficant figures ; but the most convenient is that which is in common 
use. 
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14. The meaning of each separate figure used in our 
Arithmetic is shown hj its position only. 

For example, that wliioh in our spoken language is called ten, ii 
vritten as the figure 1, with one other figure to its right. In like 
maimer that which is expressed in words by a hundred, is repre- 
sented in writing hy a figure with two others to its right. By this 
plan it becomes unnecessary to put any mark on a 8 or a 6 to show 
that it should mean 8 tens or 6 tens of tens, the meaning being 
shown by the position each figure occupies in a row. 

15. The units of the several degrees (11) have their value 

represented by the place in which they stand, beginning at 

the right hand, as follows : — 

A number meaning units only is a imit of the first place. 

tens second ... 

hundreds third 

thousands fourth ... 

ten-thousands fifth 

hundred-thousands sixth 

Thus, in the line of digits, 

6666666 
every 6 has a different value : the first one on the right hand means 
simply 6 ; the second has one figure on its right, and means 6 tens i 
the third has two figures after it, and means 6 hundreds ; the fourth 
having three to its right, means 6 thousands ; the fifth, 6 tens of 
thousands; the sixth, 6 hundreds of thousands; and the last, 
which has 6 figures to its right, means 6 millions. Each of the 
figures wiU be seen to mean 10 times more than that on its right. 
QThe whole will be read thus : six millions, six hundred and sixty-six 
thousands, six hundred and sixty-six. 

EXBBOISE n. 

In the following collections underline all the figures which mean — 

L Tens. 676; 64; 8297; 48623; 69; 161; 8287; 16. 

n. Hundreds. 287 ; 86698 ; 4623 ; 889621 ; 8891 ; 178 ; 
89625; 84721. 

m. Thousands. 2896 ; 6832146 ; 627489 ; 82713 ; 9862 ; 
69418; 327146; 66732. 

ly. MillionB. 827463867; 94728647; 832749683; 7283471. 
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16. The cipher* (0) has no meaning in itself, but is 
only useful in determining the place of other figures. 

To represent the number four hundred and fire in writing two 
figures only will be needed, one to signify four hundred, and the 
other, five ; but if these two figures are set down together thus, 45, 
the 4 will be mistaken for 4 tens, being'*<mly in the second place. 
To mean four hundreds, the figure 4 should have two figures to its 
right (16) ; the cipher (0) is therefore put in the place usually 
given to tens to show that the number is composed of hundreds and 
units only, and that there are no tens. Four hundred and five is 
therefore written 405. So six thousand and ninety, consisting only 
of 6 thousands and 9 tens, will be written thus, 6090 ; the 9 needs 
the cipher to show that it means nine tens, and not simply nine, 
and the 6 must have 3 figures to its right (15) in order that it may 
be seen to mean six thousand, and not more or less. The is there- 
fore only used to keep every number in the place suited to its 
meaning. 

EXEBCISE m. 

Write out in words the separate value of every figure in the 
following expressions : — 

JExample. — 56802 ; fifty thousand, six thousand, eight hundred, 
and two, or fifty-six thousand eight hundred and two. 

2305; 806; 7095; 20300; 457298; 627421; 33911; 427816; 
9032804; 8271096; 32745841; 72918; 13; 5172; 840; 621. 

17. In reading figures it is usual to break up the whole 
into periods of three figures each, beginning with the unit. 

Observation. — ^We have a name (tens) for all the units of the 
second place, another (himdreds) for units of the third place, and 
one (thousands) for units of the fourth place. But for units of 
the fifth place we have no new name, but are obliged to combine 
two of the words already employed — they are called tens ofthouscmds. 
So, also, we have no special name for units of the sixth place, for we 
call them hundreds of thousands. But for units of the seventh 
place (thousands of thousands) we use the word millions. Beyond 
this, numbers are generally called tens, himdreds, or thousands of 
millions, according to their nearness to the seventh figure. The 
word himdreds, for example, is used twice when we read a line of 

* Cipher f from an Arabic word, meaoing empty or Toid. 
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six flffims, and three times when we read a line oonsisting of 
nine figures. Thus the figorse 783,842,617 are read, seren kumtred 
snd sixty-three millions, eight kumdr^ and forty-two thousands, 
five kmndred and seventeen. That is, we speak first of hundreds 
of millions, secondly of hundreds of thousands, and lasUy of simple 
hundreds Qiundreds of units). The last three figures refer to units 
onfyf the next three to thousands, and the rest to millions. It is 
usual, therefoift to mark off the last three figures in the row and 
consider them as units, the next three as thousands, and the re- 
mainder as millions. But this is quite arbitraiy, and is merely 
an arrangement for convenience. 

ThuB the same set of figures, 7198324^ may be read in several 
diffsrent ways. L Taking one figure at a time, 7,1,9,8,3,2,4 = 7 
millions, 1 hundred thousands, 90 thousands, 8 tiiousands, 3 
hundreds, 20, and 4. II. Taking periods of two, 7,19,83,24 = 7 
millions, 19 tens of thousands, 83 hundreds, and 24. 

EXSEOIBB lY. 

P<Hnt off the following lines of numbers, and read them in periods 
of three: — 

17094632; 608704602; 290782; 6069413; 8274169326; 
2748629174; 3072; 89621543; 728034; 6195; 83274; 
409606; 30729; 8504640; 3270562; 92807; 60963; 827041; 
2081. 

18. To write down in figures any number which may be described 
to us in words, it is only necessary to remember that in our system 
of notation the value of every figure is known by the number of 
those which stand on its right. If we wish to write 8 hundreds, 
we have only to take care that the 8 shall stand in the third place 
from the right, putting ciphers on its right if we have no other 
numbers to fill those places. 

ExBBCiss y. 
Bepresent in figures the following expressions : — 

Nine hundred and eighty ; forty thousand and two ; seven thou* 
sand six hundred ; eighty-one thousand four hipidred and two ; 
two hundred and fifty ; five millions four thousand and seven ; 
eight thousand six hundred ; twenty-four thousand nine hundred 
and five ; twelve hundred and fifteen ; six thousand four hun* 
dred and ten ; nine hundred and eighty-one ^ eighteen millions 
and six % four hundred and thirteen ; five hundreds 

b3 
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♦♦section n. — ^VABIOUS METHODS OF NOTATION. 

19. The plan of representing large numbers by varying 
the position of a few figures would apply equally well if 
any other number than ten were chosen as the basis of our 
notation. 

It has been seen that in our own decimal system we require nine 
significant figures only, and all numbers, howerer great, are expressed 
by placing these in certain positions. Similarly, if we had chosen 
to make the number four the standard of our calculations, we should 
only have required three digits, the number four would have been 
represented as 10, five as 11 or four and one, six as 12 or four and 
two, and sixteen, or four tunes four, would have been expressed in 
the same way as we now write ten times ten, viz., 100. So, also, if 
we had chosen six as the standard number for our notation, the 
number 235, which we are now accustomed to call 2 tens of tens, 8 
tens, and 5 units, would have represented 2 sixes of sixes, 8 sixes, 
and 5 units. The following table will show how the written oharao- 
ters, to represent the first twenty numbers, might have been varied 
if the basis of a system of notation had been either two, six, eight, 
or twelve. 



Dedmal 


Binary Scale. 


Senary Scale. 


Octary Scale. 


Duodecimal 


Scale. 


(base 2.) 


(base 6.) 


(base 8.) 


(base IS.) 


1 


1 


1 


1 


1 


2 


10 


2 


2 


2 


8 


11 


3 


8 


8 


4 


100 


4 


4 


4 


5 


101 


5 


5 


5 


6 


110 


10 


6 


6 


7 


HI 


11 


7 


7 


8 


1000 


12 


10 


8 


9 


1001 


13 


11 


9 


10 


1010 


14 


12 


a 


11 


1011 


15 


13 


b 


12 


1100 


20 


14 


10 


13 


1101 


21 


15 


11 


14 


1110 


22 


16 


12 


16 


1111 


23 


17 


13 


16 


10000 


24 


20 


14 


17 


10001 


25 


21 


15 


18 


10010 


30 


22 


16 


19 


10011 


31 


23 


17 


20 


10100 


32 


24 


18 
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20. The figures 1, 2, 8, Ac, which are in oommon use in England, 
and in most other parts of Europe, aie usually called Arabic. 
Their use became familiar among Arabic writers on Mathematics 
and Astronomy in the tenth oentmy. But they were first employed 
in Europe by the Arabs, or Moors, who durmg sereral centuries 
occupied Spain, and did much to difiVise throughout Western 
Europe a love of calculation and of science. 

It is eenenJly beliered, however, that these ^mbols were used 
long before by the Hindoos, and that the Arabs learnt them of 
tiiat people. They were brought into general use in Italy by Pope 
Sylrester IL, but were not umyersally adopted throughout Europe 
iSl the fifteenth century. In sereral other nations, the letters of 
the alphabet hare been used to represent numbers ; thus the Jews 
employed the first ten letters of the Hebrew alphabet to stand for 
the first ten numbers, and the remaining letters to stand for different 
collections of tens. 

21. A similar plan of notation was adopted by the Greeks. Their 
alphabet contaiuMl 24 letters; to these 3 other characters were added, 
and thus, for the purpose of notation, they possessed 27 characters, 
or 3 nines. Of these the first nine were used for the nine units 
(from 1 to 9) ; the second to represent the nine tens (10 to 90) ; 
and the third for the nine hunc&eds (from 100 to 900). By com- 
bining these characters it was yery easy to express any number up 
to 9^. Higher numbers were represented by placing a point or 
dash under any one of them, and thus it was multipued by 1000. 
Hence /3 = 2, but /3 = 2000. The letter ft (the initial of /ivpia or 

10,000) placed under any letter was used to multiply it by 10,000, 
thus p^ r= 20,000. This system possessed many adyantages, its 
chief d^ect behig the absence of a cipher. 

22. The earlier notation in use among the Ghreeks was much more 
cumbersome. Simple strokes were used for the first four numbers, 
thus, I, II, m, and im, but for fiye they used the first letter (ir) of 
the word peiUe (irlvriy) five ; for ten the first letter (A) of the word 
deka (Akxa) ten ; for ten times 10 or one hundred, the first letter 
(H) 01 the word Mkatan (HiKarov) ; and for a thousand the first 
letter (%) of the word chilta (xtXuz) = a thousand. Fiye times any 
number was expressed by putting the letter v over that number, 
thus fni] meant fiye times three; |a1 = 50, or 5 times 10; HQ 

= 6 X 1000, or 5000.* 



* We htive two iiuniHar examples of the ate of an entire alphabet for numbering. 
The 119th Paalm consists of S2 portions, whioh are disdngnished by the S2 letters 
of the Hebrew Alphabet Eadi of Homer's great poems, the Iliad and Odyssey, 
conaiata of 9i books, and these are also distinguished by the 24 Greek letters. But 
this method of notation was of late date, and was seldom used. 
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23. The only one of the ancient systems of notation which we 
ever employ is that which was used by the Bomans, and which is 
still found painted on dock feuses, and placed at the heads of chap- 
ters in English books. The following table will show the several 
yarieties of form which this singular system included. 



1. 1. 

2.n. 
8. m. 
4. im. rv. 

5.V. 
6. VI. 

7.vn. 
8. vm, nx. 

9.VIIII,I3L 
10.x 
11. XI. 

12. xn. 

13. xin, xnv. 

14. xini, XIV. 

15. XV. 



16. XVI. 

i7.xvn. 

18. xvin, xnx. 

19. XVUII, XIX. 

20. XX. 
30. XXX 

40. XXXXjXL. 

50. L. 

60. LX 

70. LXX 

80. LXXX, XXC. 

90. LXXXX, XO. 

100. C. 

200. CO. 

300. COO. 



400. CCCC. 
500. D, 10. 
600. DC, 100. 
700. DCO, lOCO. 
800. DCCC, lOOCO. 
900. DCCCO, pCOOC. 

1000. CIO, M, I. 

2000. ciocp, noio, nM. 

5000. IDO, V. 
10000. CCIOO^ 

50000. 1000, L. 
100000. CCCIOOO. 
500000. lOOOO. 
1000000. CCCCIOOOO. 



The principle of determining the value of a figure by its local 
position is only applied in a very limited way here. V stands for 
five, but IV means one less than five, while VI means one more 
than five, or six. In like manner, L expresses fifty, and C a hundred, 
but XL means ten less than fifty ; LX ten more than fifty ; XO a 
hundred all but ten ; CX a hundred and ten.* That is, whenever 
a character representing any wmnher stands to the left of one repre- 
senting a larger number, the value of the first is meant to be tt^en 
from that of the second ; but whenever the characters are otherwise 
arranged, the separate values of each are to be added together. 

24. Much difficulty has been felt in accounting for the ohoioe of 
the letters V, X, D, M, &o., for the Boman notation. And it has 
been conjectured that the first nine numbers were represented by 
simple strokes, thus, |, ||, |||, |||{, &c., and the ten at first by nine 
strokes with a bar across them ( |||g||| ), and afterwaros, for 

convenience, by the simple cross (x)* Two strokes being thus 
required for ten, three were used for a hundred, thus, C or C, and 
four for a thousand^ thus, M, or as found in old MSS. CY9- ^o^ 
the half of X is V,t the half of C is L, and the half of CY7 was 

* In some cases this method of subtraction is carried ftirtiier, and IIX has been 
fomid used for 8, or 10 — 3, and XXC for 80. This plan of reckoning by defect 
instead of addition is quite peculiar to the Boman system. 

f y was the old form of writing the vowel u, which is the J{fth of the aeriea of 
▼owels. Some writers attribute the use of V fimr five to this drcnmstanoe, but there 
is no eridenoe that the eoinddence is more than accidental. 



LANQUAQE OF ABTTHIIETIC. 13 

(Mriginallv written 10, and is easilj contracted into D. It is verj 
probable, however, that the C and If were chosen because thej are 
the initials of the words centum a hundred, and mille a thousand. 

25. In point of practical utility and convenience this system is 
fiir inferior to that of the Ghreeks. It is only fitted to register large 
numbers, and computation is almost impossible with it. But the 
Bomans paid very little attention to Arithmetic as a science, or 
indeed to any branch of Mathematics. They only used numbers for 
business transactions ; and their calculations, owing to their defective 
notation, were very laborious, mechanical, and involved. Slaves 
were kept in most large establishments for the express purpose of 
keeping accounts, and they appear to have used either a loculus, a 
box of pebbles, or an o&ocfw, a sort of frame with a number of 
wooden balls which could be arranged in columns to register units, 
tens, hundreds, &c., &c. 

Questions for JSx<HHinaiion, 

Define ftrithmetio, number, a unit What is meant by the arbitraiy selection of a 
uiit, and when is it employed 7 Distinguish between abstraot and concrete num- 
bers ? What is to be understood by a system of numeradon 7 What by a system 
of notation 7 What are Uie necessary requisites of every system of notation 7 What 
truth in arithmetic forms the foundation of all such systems 7 Give examples. 

What is the meaning of the word decimal 7 How is it applied in numeration 7 
When is a system said to be dedmal 7 To what circumstance is the choice of the 
dedmal method commonly attributed 7 Describe any possible method of represent- 
ing nmnbers decimally which differs from our own. 

What is the distinguishing feature of our plan of deofanal notation 7 How are 
we lo make any given number represent hundreds, thousands, millions 7 If there 
is a number, 8 for example, how must it be placed so that it shall mean 8 hundred 
thooaand, or 8 tens of millions 7 

Write down the first twenty numbers as they would be represented if 5 were 
the basis of our system, instead of 10. Write similar lists in eACh of the other 
scales up t6 13. How matiy digits are required in each system 7 What is the best 
practioal rule for reading ofi* a line of figures readily 7 

What is the use of the cipher 7 What is the origin of the figures in ordinary use 7 
Describe the two systems of Greek notation. Show their defects. Write the num- 
bers, M, 700, 8033, in Boman characters. What was the chief peculiarity of the 
R ffin#T ^ notation 7 Account for the use of its characters. Describe some other sys- 
tems of notation very different from our own. In what respects are they ditfbrent 7 * 



• As the methods of transfoning numbers from the decimal to any other form of 
exptesslim, require the use of several more advanced rules iu arithmetio, the 
ftirtber oonsiderataon of this sul^ect, and some exercises upon it, are reserved for 
the Appendix. 
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ADDITION AND SUBTRACTION. 

SECTION I. — SmPLE ADDITION. 

26. Addition is the process of finding one number wbicli 
shall be exactly equal to two or more other numbers ; or 
of placing several collections of units together and finding 
one expression which represents the amount of them all.* 

For instance, when we propose this question, " How many will 5 
apples and 12 apples and 6 apples make if all put together ?*' Or, 
<* If 26 sheep are in one field and 14 in another, how many would 
there be if they were all turned into one?" we ask a question in 
Addition, for it is only by adding or combining the several numbers 
mentioned that we can obtain the answer we seek. 

27. The answer to any question in Addition is called the 

SUM of the numbers mentioned in the question. 

Thus, if four and five make nine, nine is called the sum of four 
and fiye. 

* Preliminary Mental Exercise. — It is oseftil for the student to be praotiBod well 
in the addition of small nombere before doing sums on a slate. Thus, to 4 add 
7 and 7 and 7, &c., or to 5 add 6 and and 6, &c., and to on with each of the nine 
digits in turn. When all combinations of numbers have been exhausted in this way, 
the pupil will be able to carry any such series up to a hundred very rapidly. Then 
miscellaneous numbers may be given, as 9, 7, and 8 ; 15 and 14; 37 and 19; 8, 0, 
and 12, &c., until considerable &cili^ has been obtained. 

When such exercises have been repeatedly given the student will be prepared to 
oast up rapidly, without mentioning the figures themselves, but only the result ot 
each addition, any ordinary column of figures, as, 

7 It is evident that the sum of these numbers wUl be the same in whatever order 
g they are placed; hence it is a good plan, after getting an answer to one of 
3 these sums, to begin again at the opposite end of the column and add them 

8 backwards. Thus, beginning at the foot of the first sum, the learner should 
^ not say 8 and 6 are 14, 14 and 1 are 15, &c., but 8, 14, 15, 20, 22, 25, 33, 42, 49. 
e To prove that he is right he may then b^^ at the top and say 7, 10, 34, 37, 39, 
8 34,85,41,49. The more rapidly he can repeat these numbers in succession 

"^ the more likely he will be to obtain the right answer. Slow computers are 
generally inaccurate. 
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28. Signt, +, called plut^ is the sign of addition. Whenerer it 
IB found between two numbers it directs us to add them together, 
^•y*) 7 -f- 6 means seren and six. 

r=, called eqiuil^ is the sign of equality. Whenerer it is found 
between two expressions it signifies that the quantity represented 
on the right amounts to the same as that represented on the left. 

Thus 6 -f- 5 = 11 (six pUu five equali eleren) means that the six 
and the fije talcen together make up the number eleven. 

Or, a -{• b -^ c := d, means that the sum of the quantities called 
a and b and o make up the quantity caUed d, 

EXSBCIBE yi. 

(a). Express each of the following numbers in four different ways, 
decomposing them into parts which are equal to themselyes* 

JBxample.—26 = 2 tens + 5 = 18 + 7 = 10 + 15 = 16 + 9 
= 12 + 6 + 7, Ac. 

74,; 120; 36: 278; 85; 884; 8796; 24; 83; 127; 29; 
65; 128; 280; 472; 191; 654; 37; 86; 94; 72; 280; 
719 ; 685 ; 82. 

(b). Decompose the following numbers into their equiyalents so 
that one of each denomination shall be carried a step lower and 
added to the next. 

JExample* — ^In 7594, take the first figure 7, which means 7000, 
ocmsider this as 6000 and remove the remaining thousand into the 
hundreds' place, we have then 15 hundreds ; let us call this 1400 
and join the remaining hundred to the tens ; let the 19 tens thus 
fimned be regarded as 18 + 1, and unite the 1 ten to the last figure 
4 : the whole will then stand 

7694 = 6000 -h 1400 + 180 + 14. 

So also, 5783 sz 4 thousands + 16 hundreds + 17 tens + 13. 

6234; 5987; 4261; 54823; 2096; 83427; 1964^ 
887; 609541; 88271; 45918; 64729; 803245; 371296. 
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29. Axiom II. — If we add aU the parts of any numbers 
together^ we add the numbers themselves,''^ 

Demonstrative JSxample, — ^The number 14 may either be added 
to another as a whole, or ten may be added, and then four ; or it may 
be resolved into 7 -)- 5 4~ ^ t^d added in that form. 



So7-|-6-H5 = 5 + 7 + 6 = 6 + 4-f-3 + 6. 
General JFormula, — If a + J = a? and c + <^ + « = y 
then a-^-b'^-C'^d'^ezzx-^-y, 

30. Axiom III. — Concrete numbers can only be added 
together when they refer to the same objects. 

Demondroitive JExample, — 5 horses and 7 sheep do not make 
either 12 horses or 12 sheep. The number 12 cannot properly 
describe these collections at all, unless we use some word such as 
quadrupeds or animab, which applies equally to both horses and 
sheep, and say 5 horses -{- 7 sheep = 12 quadrupeds. In like 
manner, £8 and 6s. cannot be said to make 14 of either kind ; and 
the two quantities cannot be added together so as to make one sum 
of money, unless they can both be first represented in concrete 
numbers of the same kind, as, 160s. and 68. together make 166s. 

In the same way, whenever any special meaning is attached to any 
figureS) those only can be added together which have the same mean- 
ing. In 500, for example, the 5 represents 5 units of the third 
degree, or 5 hundreds, and in 60 the 6 represents 6 units of the 
second degree. Now these two numbers cannot properly be put 
together and said to make 11 of any kind of unit. 

* We pttfvae this plan in all other parts of arithmeUc, treating numbers piece- 
meal, and counting them, part by part, for this reason : We only know the retoHons 
between a few snuM numbert ; these we learn by habit and practice^ and it is by 
considering all larger numbers broken up into such parts as we know, and opera- 
ting upon these parts successively, that we operate upon the whole. All arithmetio 
consists of contrivances for resolving long or complex operations into a series of 
simple ones. For we have no power which will enable us to say at once how much 
two hundred and eighty-seven and seven hundred and fifty-six make when added 
together. But We can first add the two hundred and the seven hundred, then the 
eight tens and the five tens, and lastly the seven and the six. Each of these opera- 
tions is Duniliar to us by itself; but very few people could leap to the answer at one 
step. 
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I amnge our nuni so that the eje ihall 
immediately peroeiTe the niimben which ought to be added together. 
Tbu if ire have £10 9i. 6d. and £7 4>. 2d. ud £S as. Td. to add 
togethsr, it will be oonTenlent to plaoe the ponnda in a oahunn by 
thenuelTes, and the duUingi aod pence aleo in Tertical linea, tliiu : — 
we then peroeiTe at once what flguiei the; are which 
nuj property be added, and then it is rendilj 
finmd that all the parte of thEse ■ereml nuns maj 
be rapreeied ae £30, 21 ihiUings, and 15 pence. 
In tike manner, anppoee we wiih to tell the amount 
numben, 794 + 28 + BOB? + 662 + 7, it will be 
to place them in colunmi aUo, thiu : — 
ThoK nomben which repreaent unite of the aame 
degree are now in the Mme rertieal linea, and by 
adding np each column by itielf it ia found that 
all the parte of the given numbcre taikea blether 
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13 


21 
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But lince (15) the Talue of each separate 
figure dependa on the number of digits to ite 
right, it ia not neoeaeaiy to uee lines to separate 
la oolnmna of numbers. They will eanly tie dietiiiguiflhed 
by {daoiiig Urn unite of each number in the right hand column, the 
tfoi in the seooad, and all %uie* of the same value in the sanio 
adiunn. 

32. Axiou rV. — We da aot alter the vatue of any quantkg, 
ifiohat tue tahejrom one part we add to another. 

Detioiutratiiie Sxampie. — The answer in (31), riz., 3 thousands, 
13 htmdl«di, 21 tena, and 23 ojiits, is not giTcn in the most conveni- 
int (hape. The 13 hnndreds evidently consist of 1 thousand and 3 
lumdreds, so that 3 thousands -}- 13 hnndreds = 4 thousands -|- 3 
haodredf . Similarly, the SI tens consist of 2 hmidreds and 1 ten ; 
1, 13 hundreds, and 21 tens are the same, therefore, as 4 
I, 5 hundreds, and 10. But the 28 units = 2 tens and 8 
mita, therefore the whole number — 



13 
3000 1 1000 + 300 I : 



21 



t=4|5i8|8 
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That U to mj, we hsTe carried from the imiU pUce 20 and plaOM 
tmong the tens, aa S ; ire have mrried 20 tem fiom tlie secc 
eolouui and pUced it unong the hundreds, aa 2 ; we have earned 
from the hundradi and placed it amoiig tjie thousandt, aa 1. 
also, the aniwer, £20 21i. 15d., giren in (31), £20 + £1 + la. 
ll. + 8d. = £21 2*. 3d. "Bj thiu trsnaferrjiig these parts &i 
one place in the line to another, no alteration ia made in the val 
of the line itB«l^ and the answer ii eipreeaed more conoisely bj 1 
aeoond method than by the ficst. Thia prooeas is called Carrging 
88. Sinoe (31) (he aummiiig np of all the parts aucceaeirely ii I 
■ nmming up of the whole, it matters not in what order the aere 
columns or tinea of Bgnrea are added np. The result most be I 
Mune in anj caae. For eiamplf, in the following sum — Add togetl 
the numbers 4083 + 769 + 8402 + 1237 + 9626 and 6642— 
flnt WTBnge the units in a vertioal column, then the tens, afterwai 
the hundreds and the thouaanda, thna : — 

We may &nt add np Qie thoosanda and fi 
them t« be 30 ; then the hundreds, whioh amoD 
to 25 ; then the tena, which are 23 ; and, last 
the 29 units. This answer, however, wants to 
oomcted by bringing the tens of each dmomii 
tion into the column on the Idt But if we h 
90 25 23 29 b^pm with the units column this second opa 
tion might have been avoided, for, ou finding t 
amount to be 29, it would have been erideut tl 
9 only Bhould rem^n as units, and that the 20 dioujd be tnuuf 
red to the next column, under the name of 2 tens. By be^nni 
■t the thousands, however, we csimot at once tell how many the 
Bands will appear in the aniwer, because some of the hundreds m 
require to be eipreaeed under that name. Hence it ia more m 
valient' always to begin at the right hand. 

* It ia impoTlaat that tha pupQ ahould Dot mittake ralet of men «nT«niam 
rolac which fuTolTC mattm ofprlDciple. It irill, thenfDn.br wcU Oat a few m 
•luMildlHdaDaiiithewifJiutdncrilHd, bslbR Uu oiualmtthod ia adopted. 



SIMPLE ADDITION. 19 

RULE FOR SIMPLE ADDITION. 

34. Arrange the figures so that the units of the same 
value stand exactly in the same column (81). Add 
up the figures in the first column on the right (33). 
If the total is no more than 9 it may be set down 
at once under the units. If it be an exact number 
of tens, a cipher (0) must be placed imder the units 
column and the tens removed to the next column, 
but if more, the units only must be set down, and 
the tens added to the next column. In the same 
way add up the tens column, carry the hundreds, if 
any, to the third column, and place the remaining 
tens only in the second column. Proceed in this 
way tin each column has been added. 

Exercise YII. 
Add together the following collections of numbers : — 

1. 123 + 68 + 4094 + 835 + 6294 + 8327 + 5186. 

2. 667 + 90 + 48 + 39 + 4728 + 1000 + 6489 + 327 + 4578. 
8. 628 + 847 + 269 + 947 + 2586 + 9324 + 82746 + 5372. 
4. 23 + 19 + 48 + 61 + 314 + 1000 + 8031. 

6. 7 + 19 + 324 + 8 + 160 + 2430 + 29. 

6. 12 + 150 + 3987 + 141 + 5 + 67 + 3005 + 498. 

>. 13 + 798 + 230 + 647 + 2350 + 826 + 97. 

8. 3290 + 574 + 386 + 2074 + 8826 + 5049 + 2786. 

9. 325 + 472 + 569 + 8072 + 40961 + 300040 + 713. 

10. 68 + 64 + 9721 + 3720 + 5829 + 6874 + 306 + 594. 

11. 37045 + 6879 + 3724 + 4562 + 82971 + 37256 + 409. 
IS. 2304 + 50695 + 28 + 14 + 3972 + 51 + 694 + 2804. 

13. 709 + 8304725 + 627 + 81 + 471 + 391 + 2740 + 83. 

14. 200 + 371209 + 621 + 30 + 8594327 + 3269 + 942. 

15. Add together three millions and forty, two hundred and fiye, 
sixteen thousand eight hundred, twelye hundred and fifty-nine, 
eighty-tiz, and ten thousand and four. 
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16. Add together four hundred and seyentj-three, five hundred 
and ten thousand, sixteen millions, five hundred and eighty, thirty- 
seren thousand, three hundred and seren. 

17. Add together four, five, nine, fifty, three hundred and eight, 
ten thousand, two thousand and nine, forty-eight, sixteen, and twelve. 

18. Find the sum of seventy-eight, two hundred and six, four 
hundred and eighty-three, twelve thousand, three hundred, fifty-four 
millions, two thousand six hundred and seven. 

19. What is the total amount of three hundred and five, seven 
thousand and ninety, six hundred and forty-seven, eight thousand 
three hundred and fifty-four, two hundred and eighty-six, four 
thousand three hundred and eight, seven himdred and forty-five. 

20. A man had in his possession several hoards of money. In one 
place he had 27 gold pieces and 156 silver ones, in another 758 
copper coins, 123 of gold, and 287 of silver ; in a third, 96 of each ; 
in a fourth, 37 of gold, 29 of silver, and 100 of copper. How many 
coins of each kind had he, and what was the total number of pieces ? 

21. The less of two numbers is 527 and their difference 279, 
what is their sum ? If the less be 782 and the difference 156, what 
is the sum ? 

22. A com merchant had four granaries, the first contained 297 
quarters of wheat, 563 of barley, and 641 of oats ; the second, 8507 
quarters of barley, 709 of wheat, and 56 of oats ; the third contained 
2634 of wheat, 1617 of oats, and 500 of barley ; the fourth contained 
728 quarters of each. How much of each kind did he possess, and 
what was the total quantity of grain ? 

23. How long is it since the year 1491 B.C. P How long since 
347 B.C. ? since 4004 B.C. ? since 2348 B.G. ? since 445 B.0. ? 

24. How many days from March 5th to Dec. 19th, inclusive ? 

25. If A possesses £537, B £29 more than A, G as much as A 
and B together, and D £185 more than the sum of the other three; 
what is their total possession ? 

26. A postman deUvered 628 letters on Monday, 510 on Tuesday, 
496 on Wednesday, 837 on Thursday, and as many in the last two 
days as in the three previous days, how many did he deliver in the 
week? 
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METHODS OF PROVING ADDITION. 

35. To pTove a sum is to verify the answer, and to show 
that no other could be correct. 

The tunuil method is to vary the form of the Bum and to see 
whether the same answer arises in both cases by different operations. 
The simplest way in which this may be done is to cast up each 
line of figures twice, beginning at the foot of the column in one case 
and at the top of it in the other. It is so exceedingly unUkely that 
the same mistake should be found in both answers, that when they 
agree we generally assume them to be right. Again, any line may 
be selected from the sum, and after the answer has been found, the 
70962 70962 ^^^^ '^^'^J he worked a second time, omitting 

2S85 2385 that line. If when this line is again added the 

247 247 same answer is found, we conclude that it is the 

(60689) 8247 ^^^^^ 

8247 5469 *™®®^®- 

C^9 QOQin 1^ the following example it may be seen that 

— 50689 ^^ answer is first found in the ordinary way, 

182999 132999 M^d afterwards by the omission of one line, 

which is added by itself. It is usual, for con- 
fenieiioe, to cut off the top line for this purpose, but the principle 
remains the same. 

86. A much more efficient and satisfactoiy method of proof is as 
follows. Suppose the sum to be 

70962 ^^'^ ^^^ ^^^ answer found in the ordinary way is 203494 ; 

8342 <^&Bt up the left hand column instead of the right, thus, 

749 7 and 8 and 8 are 18. But 20 stands trndemeath; set 

^^^ down the difference between 18 and 20, for this 2 must 
89724 
82461 ^'^^^ '^i^^&n. brought from the column to the right. Again, 

2 and 9 and 1 and 8 are 20, but the 2 tens of thousands 

203494 brought, from the left, and the 3 thousands, make 23 ; set 

' down 3 underneath, for this is the difference between the 

28220 1. 

^^^ 20 thousands in the column and the 23 thousands in the 

answer. Again, the sum of the hundreds colunm is 32 ; take this 
from 84 and set down the remainder 2 tmder the 4. Now cast up 
the tens column alone; they amount to 27. But because the 2 
hundreds already set down, and the 9 tens in the answer, make 29 
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tens, set down the difference between 27 and 29 under the tens. 
Now because the sum of the units column is found to be exactly 24, 
or 4 + 2 tens, the answer is proved to be right. 

SECTION n. — COMPOUND ADDITION, OR THE ADDITION OP 

CONCRETE QUANTITIES. 

753 ^^* ^^PP^'^ ^ ^^® following sum the figures in the first 
327 column on the left, 7, 8, 4, 3, instead of meaning simply hun- 
462 dreds of units, meant pounds, those in the next column shillings, 
^^ and those in the third column pence, the same rules that have 
been ahready stated will apply exactly. But here the value of the 
figures in the three columns, though dependent as before on local 
position, is not regulated by tens, hundreds, &c., but by the number 
of pence in a shilling, and of shillings in a pound. In the top line, for 
example, the 5 means 12 times more than if it had been one step to 
the right, and the 7 means 20 times more than if it had stood in the 
second column. When, therefore, we add together the numbers in 
the third line (6, 2, 7, and 3) and find them to be 18, we must con* 
sider this number of pence, not as 10 and 8, but as 12 and 6, the 12 
pence being 1 shilling. This 1 may, therefore, be carried to the 
place of shillings, and the 6 only set down to pence ; similarly, the 
column of shillings amounts to 23, but because 23 shillings make 
£1 and 3 shillings, the 3 only must be placed under the shillings, and 
the 1 transferred to pounds. The answer to this sum is therefixze 
£16 3s. Id. 

38. Whenever sums of money, or quantities of weight, or length, 
or other magnitudes expressed by concrete numbers, require to be 
added together, it is only necessary to know the meaning of the 
several terms employed (pound, yard, ton, mile, &c.), and how much 
of any one is contained in one of another name. This knowledge 
may be obtained from the tables in the Appendix, which should be 
leamt by heart. 

RULE FOR COMPOUND ADDITION. 

39. Place those numbers which refer to the same quan- 
tities in separate columns (31); add the numbers in 
each column bj themselvesi beginning with those of 
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the lowest value (3d), and transfer into the next 
column as many of the less as make one or more 
of the greater, placing only the remainder imder 
the first ; proceed in the same way until the num- 
bers of the highest denomination are reached, when 
the process is as in simple numbers. 



Example, — ^Add together 
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84 


41 



27 1 2 9 

EXEBOISB Yin. 

Work oat the following Addition suniB by the help of the tables : — 

1. £27 6a. 4id. + £808 15s. + £529 68. 8d. + £84 18b. 9d. + 
£2000 178. 8d. 

2. £606 18b. 8d. + £27 14«. 8id. + £9684 88. 7d. + £12 58. 
Sid. + £869 14b. 2id. 

8. £274 8b. 6id. + £1200 + £50 4«. 9d. + £788 14«. 5id. + 
£1029 16b. 2|d. 

4. £574 158. 4H. + £292 188. lid. + £279 168. 8id. + £27 28. 
lOid. + £69 28. 6d. 

5. 127 cwt. 1 qr. I71b8. + 24 owt. 2 qrs. 27 lbs. + 8 tons 17 cwt. 
1 gr. 18 lbs. + 5 tons 6 cwt. 8 qrs. 27 lbs. 

6. 82 Ib«. 5 oz. 8 dwt. 4 grs. + 8 lbs. 5 dwt, 19 grs. + 4 oz. 
17 dwt. 18 grs. + 5 lbs. 6 oz. + 8 oz. 14 dwt. 

7. 48 lbs. 18 oz. 4- 8 cwt. 2 qrs. 9 lbs. + 1 cwt. 8 qrs. 8 lbs. 
15 oz. 4 drs. 4- 3 tons 17 owt. 6 lbs. + 2 qrs. 9 lbs. 11 oz. 

& 17 miles 3 fur. 19 poles + 28 yds. 2 ft. + 10 in. + 4 miles 
8 for. 8 poles + 7 yds. 2 ft. 9 in. 

9. 7 acres 8 roods 9 poles + 2 acres 1 rood 19 poles + 27 acres 
8 roods 29 poles 18 square yds. + 52 acres 1 rood 27 poles 12 
square yds. 
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10. 21 qn. 8 bush. 3 pecks + 5 bush. 7 pecks 2 gals. + 2 bosh. 
3 pecks 3 gals. 3 qto. 

11. Of fire packages the first weighs 8 lbs. 3 oz. ; the second, 
2 qn. 15 lbs. ; the third, 17 lbs. 12 oz. 3 drs. ; the fourth as much 
as the first and third together, and the fifth as much as the first and 
second together. What is the total weight ? 

12. From half-past 5 p.k. on the 30th of June to 20 min. to 11 
A.K, on the 5th of September, how much time ellipses P 

13. Add together 29 acres 3 roods 13 poles, 100 acres 2 roods 
1 pole, 85 acres 1 rood 29 poles, 71 acres 3 roods 17 poles, and 12 
acres 2 roods 18 poles. 

14. One room contains 18 square yds. 3 square ft. 19 in.; a 
second, 42 square yds. 8 ft. 11 in. ; a third, 29 square yds. 5 ft. 100 
in. ; a fourth, 25 square yds. 2 ft. 81 in. ; and a fifth as great an 
area as all the rest together. What is the total surfoce P 

15. What is the sum of 65 gals. 3 qts., 28 gals. 2 qts., 44 gals. 
1 qt., and 83 gals. 2 qts. ? 

16. If I travel from A to B in 5 hours 7 mins., B to in 8 hours 
12 mins. 3 sees., from to D in 12 hours 8 mins. 14 sees., and 
from D to E in 5 hours 16 mins. 25 sees. ; in what time can I per- 
form the whole journey ? 

17. What is the united length of 6 roads, one measuring 8 
leagues 2 miles 7 far. 30 poles ; another, 27 miles 8 yds. ; a third, 
27 leagues 6 ftur. 25 poles ; a fourth, 29 miles 3 fur. 18 poles 2 yds. ; 
a fifth, 19 miles 7 tar. 21 poles 2 ft. ; and the sixth as much as the 
first, third, and fifth together? 

18. Add together 63 yds. 3 qrs. 1 nail ; 74 yds. 2 qrs. 2 naili ; 
98 yds. 3 qrs. 1 naU ; 103 yds. 1 qr. 1 nail ; 14 yds. 8 naila ; 27 
yds. 2 qrs. 

19. Find the sum of 3 miles 6 fur. 128 yds. 9 in. ; 7 miles 7 for. 
88yds.3in.; 10 miles 3 for. 25 yds. 6 in. ; and 18 miles 5 for. 206 
yds. 11 in. 

20. The following sums are owing to a tradesman, £792 10s., 
£23 18s., £54 6s. 2id., and £205 10s. 3d. What is the amonnt ? 
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SECTION nL — SUBTRACTION. 

40. Subtraction* is the process of finding how much 

greater one number is than another. The excess is called 

the remainder, or the difference. 

Obserwxtian. — Subtraction is the c^posite of Addition. In 
Addition two numben are often given, and we are required to find 
their sum; but in. Subtraction, this sum and one of the two 
numbers are given, and we are required to find the other number. 

Sxample, — "A man has twenty sheep, and seven of them die, 
how numy has he left?" This is a question in Subtraction. It 
m]£^ be expressed in several other ways, e.g.^ 3j how many is 
twenty greater than seven? or. What is the difference between 
twenty and seven ? or, What number of sheep must be added to 
seven, to make twenty ? 

' Si^ns. — , called minut, is the sign of Subtraction. 
Thus : 20 —7 = 13. Twenty mimu seven equals thirteen. That 
18^ twenty with seven taken away from it, leaves thirteen. 

41. Axiom Y. — We subtract one number from another 
when toe take each of the porta of the first away from the 
seoondy m any order whatever. 

Demonsiratwe Example, — ^If from £50 I first take away 7, then 
6^ and then 10 more, it is clear that I shall have taken away 7 + 6 + 
10^ or '£23 altogether. Now the same result would have been ob- 
tained had I first taken £20 and then £3, or if I had taken the parts 
of the 28 away from the 5 tens in any other order. 

O^neral Formula,— !£ a = 5 4- o + ({, 

then a? — a = ip — J — c — rf. 

* PreUmitutrif Menial Exercise, — Before any written tarns are attempted in 
labcnfllkm, aome readineaa ahoold be aoquired in telling the difference between 
u^ two munbera. 

One oi Hie best forms of this ezerdse is the selecdon of some nmnber, as 20, 
ad taking away some small number, as 3, from it, and then 3 again as rapidly as 
possible, SO, 17, 14, 11, 8, 5, S ; or begin with 100, and take away fours as nq;>idly 
u poaaible. Szereises of this kind should be repeated until the pupil is able to 
take 100, or any ottier large number, and from it subtract a series of 5, 6, or 7, in 
weeeaaion, without hesitation and without mistake. Afterwards more diflScnlt 
qneaHons may be asked, as. What is the diflRsrenoe between 10 and '5, between SO 
and 7, 54 and 10 r 

C 
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In setting down a smn in Subtraction, it is nsual to place the 
smaller number (that which has to be taken £rom the other) under- 
neath the greater. A line is then drawn underneath, and the 
answer, or the difference, is placed below it, thus : — 

8 apples signifies that if 3 apples be taken from 8, 

8 apples the remainder is 5. The 8 in this case 

— is called the minuend,* the 8 the sub- 

apples trahend, and the 6 the remainder. 

42. The simplest form a Subtraction sum can take will be first 
considered. 

Example. — ^How many must be added to 842 soldiers to make up 
a body of 587? 

Here 842, the subtrahend, is to be placed beneath 687. The 
several parts of the one may then be taken from the corresponding 
parts of the other. Thus, in 

ggy it appears that 200 -f ^ + 6 remain, after taking 
342 800 + 40 + 2 away from 600 + 80 + 7. In such a 

sum as this it matters little in what order the three 

^^ separate subtractions are effected; we may either take 
the hundreds away first, and the rest afterwards, or we may begin 
with the units. 

EXEBCISE IX. 

Find the difilsrence between 266 marbles and 182 ; between 478 
and 215: between 8274 and 1162. 

How many must be added to 23 to make 67, to 85 to make. 89, to 
723 to make 975, to 5321 to make 8'!r65 P 

43. It often occurs, however, that although the whole subtrahend 
is less than the minuend, yet some of the parts of the one are greatei 
than the corresponding tens or hundreds of the other. There arc 
two methods of solving such problems $ the method of decomposUiot 
and the method of equal cMitions, 

* From minuo, to diminish or lessen, and tubtraho, to subtract Latin pu 
ticiples having the termination and or end have always a pecoliar meaning. Thai 
minuend, that which has to he diminished ; subtrahend, that which hat to he sub 
tracted ; muldplicand, that which Am to he multiplied ; dividend, that which Aa 

he divided. Many other words, not connected with arithmetic, serve to illoMraft 
••me fonn ; as memoruidum, that which ought to he remembered. 
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Mgikod ofdMomposUion. JExample J.— **There tre 179 oatUe in 
one field, and 842 in another, how many more are there in the one 
than in the other P" Hero wb set down the 342, and underneath it 
the 179 i bat although the whole represented in the lower line can 
be taken from, the whole in the upper, yet the 9 unite of the lower 
eannot be subtracted from the 2 above it, nor can the 7 tens be 
taken £rom the 4 tens. Here, then, a prerious Exercise (YL b.) will 
be of serrioe, for by it we can decompose the minuend into more 
Jnanageable portions ; thus — We can easily subtract the lower 
342 = 200 + 13 tens + 12 line from the upper, as erery part of 
^^^ = 100 + 7 tens + 9 the one is now less than the oorre- 
163 = 100 + 6 tens + 3 sponding part above it. 

JExample H. — ^Take 3185 ounces from 7263 ounces. 

By Ex. VL 7263 = 7000 -f 100 -f 15 tens + 13 
By Ex. nL 3185 = 3000 + 100+8 tens + 5 

4078 = 4000 + + 7ten8 + 8 

OhservcfHon. — ^Here we take 5, not from 3, but fr^m 13, haying 
removed a ten from the 6 tens in the second place ; this leaves 8. 
Then we have to take 8 tens from 5 tens ; but this is impossible, so 
we withdraw 10 tens, or 100, from the 200 in the. next place of the 
minuend. But 8 tens from 15 tens can now be found ; th^ leave 
7 tens. 100 has now to be tiJ^en from 100, but as the difference 
here is nothing, we place a cipher to mark that the hundreds place 
is empty. 3000 taken from 7000 leave 4000, and the answer is 
thus found to be 4078. 

The method just described, however, though dependent on very 

sixqple principles, is not found to be very easy in practice. The 

ordinary process is explained by the following truth. 

44. Axiom VI. — We do not alter the difference between 
two unequal quantities if we addeqwal sums to hotK 

Demonstraivoe UxampU, — Suppose there are two heaps of stones, 
one of which contains 50 more stones than the other. It is clear 
that if 20 more stones be placed on the top of each heap, the one has 
still 50 more in it than the other. We alter the magnitude of each 
heap by equal additions, but we do not alter the difference be- 
tween them. 

General Formula. — ^If a — 5 = a?, 
then (a + c) — (5 + c) = x. 
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Hence it follows, that if in trying to find the difference between 
any two numbers, it is convenient to us to add any quantity or 
quantities to both of them, we are at liberty to do so ; for the re- 
mainder, which is obtained after making equal additions to the two 
original quantities, must be the same as would have been obtained 
before those additions were made. 

Thus if we wish to find the difference between 18 and 58, 'and we 
choose to add 2 to both before we work the sum, we are at liberty to 
do so, for the difference between 18 and 58 must be the same as 
the difference between 18+2 and 58 + 2, or between 20 and 60. 
This is the sort of operation which we employ whenerer we work a 
Subtraction sum, in which any of the parts of the subtrah^d 
are greater than the corresponding parts of the minuend. 

45. Method of equal additions, — Suppose, for example, we hare to 
find the difference between the numbers 20245 and 17386. 

20245 ^® begin this sum by trying to take 6 units from 5 ; this is 
17386 impossible. Let us add 10 to the 5 ; 6 from 15 leave 9. 

But as 10 were added to the minuend, the same must be 

added to the subtrahend. There are 8 tens in the next 
place ; let us call this 9 tens, and we shall have added ten to both 
the upper and the lower lines. Kext try to take 9 tens from. 4 tens : 
this cannot be done, so add* 10 tens to the 4 ; 9 tens from 14 ten^ 
leave 5 tens, which we set down. But having added 10 tens, or 
100, to the upper line, -we must do the same to the lower, by 
making the 300 into 400 ; 400 from 200 cannot be taken, so we add 
10 hundreds to the upper line, and say, 400 from 1200 leave 800 ; 
this is then to be set down. But to compensate for the addition of 
10 hundreds to the upper line, the same, or 1000, must be added to 
the lower. The 17000 then becomes 18000, which taken from the 
20000 leave 2000, and the answer to the sum is 2859. 

* The term " boTrowing," often applied to this artifice, is not employed here, 
becaose it is a very misleading one, and tends to conceal from the learner the real 
nature of the process of subtraction. It is evident that the principle involved in 
the ordinary method of working this role is, that of eqoal additions to minuend and 
subtrahend, and that nothing whatever is either borrowed ot paid. It would not 
be altogether inappropriate to apply the term to the several steps in the proeeas of 
decomposition described in (43), but here it is only a hindrance to the rij^t under- 
standing of the sulgect 
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46. But it miiflt be carefully noticed, that by this method we hare 

not actually taken away 17386 from 20246, but that both quantities 

ha>ye reoeiyed an addition, first of 10, then of 100, and lastly of 

1000, before the subtracting process was finished. The work shown 

at length is, 

Th. Hon. Tena. UniU. 
20245 + 1000 + 100 + 10^ 20 12 14 16 

> or 
17386 + 1000 + 100 + 10) 18 4 9 6 



Th. 
20 


Hon. 
12 


Tena. 
14 


18 


4 


9 


2 


8 


6 
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The real subtraction efildcted has not been of 17386 from 20245, 
but of 17386 + 1110 from 20246 + 1110; that is to say, 18496 
has been subtracted from 21366. But according to (44), the differ- 
ence between these two latter numbers is the same as that between 
the two original numbers, and the desired answer is obtained, though 
by an indirect process. 

BULE FOB SIMPLE SUBTRACTION. 

47. Place the less number under the greater, arrang- 
ing the digits as in Addition. Begin at the right 
hand, and subtract the units of each kind from the 
corresponding number above ; set down the differ- 
ences underneath. 

Whenever a figure in the lower line is greater 
than that above it, add 10 to the upper, then sub- 
tract; and in the next place, on tne left, take care 
to add 1 in the lower line, so that the same sum 
shall have been added to both.* 

* In praetioe, it is well to consider all Subtraction sums as Addition sums in 

■noilier fonn ; and when calculating, to mention only the number which has to be 

a&dad to the minuend, and not ttie subtrahend itselfl Thus in the sum 

»ga34 a' good oompnter wUl not say, 7 ftvm 14 are 7, 7 flrom 13 are 6, ice, but 

3S587 merelj looking at the upper numbers he will say, 7 and 7 (are 14), 7 «md 

(are 13), 6 and 6 (are 12), 3 and 6 (are 0), 3 afki 4 (are 7). The words 

"**^ in bnudcets need not be uttered ; it is sufficient to look at the upper row 
of nnmbcn* It is important in all calculations to use as few words as possible. 

g2 
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EXBBCISE.X 
(a). Work the following sums by the method of decomposition, 
and in the last six sums show at length, as in (4i3), what is the 
method employed : — 

1. Find the difference between 79 and 85; 640 and 27; 
293 and 1000; 41 and 506; 8097 and 73; 50962 and 1238; 
4096 and 79. 

2. Between 87245 and 37 ; 2739 and 176 ; 274 and 8571 ; 
39621 and 2874 ; 5962 and 4173 ; 8572 and 4961 ; 300 and 576. 

3.278-37; 400-59; 6281-497; 30000-7294; 4321 
- 897 ; 6210 - 891. 

(b). Work the following sums by the method of equal additions, 
and in the last six show, as in (46), what additions have been made 
to each : — 

4. Take four hundred and ninety-three from a thousand; 
seventy-nine from two hundred and thirty-six; eighty-four from 
four hundred and fifty ; nine hundred and thirty-seven from two 
thousand and twenty^ 

5. Take two thousand six hundred and nineteen from forty 
thousand and twelve; eight hundred and six from a million; 
two hundred and forty-five from seven thousand three hundred. 

6. 70968 - 32975; 3274 - 596; 30962 - 8147; 100000 - 
98735 ; 56934 - 8973 ; 20369 - 8725 ; 40336 - 2972 ; 
81572 - 30961 ; 48371 - 8961 ; 12345 - 4532. 

7. Findthedifferencebetween7209and6995; 48372 and 100628; 
4718 and 30198 ; 72386 and 59421 ; 87243 and 123961 ; • 79632 
and 81405; 2071 and 500000 ; 5098 and 37. 

8. The greater of two numbers is 1004, and their difference 49, 
what is their sum ? 

9. Take the sum of 798 and 6251 from the sum of 72835 and 
6109. Also, 587 -f 6403 from 5962 -f 8471 -f 9274. 

10. If from a sum of £92384, 1 pay £625 to one person, £804 to 
another, £2096 to a third, and £1527 to a fourth, how much will be 
leflP 

11. How long is it since the y^ar 543 A.D.P sincC 62 A.D.? 
since 1057 a.d. ? since 1666 a.d» ? since 185 aj). ? 
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12. If the ram of two nomben be 968647, «nd the leM be 209682, 
what it the gveater, and what if their difference F 

18. If one penon waa bom in 1810, another in 1795, a third in 
1889, and a fourth in 1842, how old would each be in 1854 P 

14. If a man owet £791 to one penon, £688 to another, £4627 
to another, and £1629 to a fourth ; and if to him one penon owet 
ao&df another £66, and another £5905, how do hit aflkin itand F 

16. Add the inm of 9546 and 8285 to their diffin-enoe. 

16. What number added to the tum of 696 and 8024 will giro 
the ium of 6096, 2887, and 2462P 

17. One thip oontaint 7928 poundt at merohandite, a tecond eon* 
tamt 89264»andathird 20688. What it the difference between the 
oontentt of the fint and tecond, the fln^ and third, and the tecond 
and third F 

18. Add together 17, 19, 68, and 40, and tubtraot the tum from 
that of 19, 64, 88, and 106. 

19. (18 + 6 + 209 + 637) - (628 + 81 + 19), 

20. (1786 - 9 - 12) - (285 + 672 - 761), 

METHODS OF PROYIKG SUBTRAOTION. 

48. From (40) it appeart that the remainder, or antwer, added 
to the tubtralMnd ought to make up the minuend. The timplett 
method of yerifying any antwer it, therefore, to add it to the lower 
line in the tum. If the retult eorretpondt to the upper, the antwer 
mutt be right, 

Ihut, 6096384 = minuend. 

2739726 = tubtrahend. 

2856659 = remainder. 

6096884 = remainder + tuMrahend. 

40. The method of prating Addition detcribed in (86^, tuggettt 
i timilar mode of proring Subtraction. Thut, 
M01A, Begin at the left hand, and set down at each ttep the differ- 
72988 ^^"^^ between the antwer thut obtained and the written 
-^— antwer. If after carrying on thit difference to the upper 
28276 figore to the right, and proceeding in thit way at far at 

---^ uniti, we find that all the differenoet are accounted for, the 
answer it right. 
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SECTION IV. — COMPOUND SUBTRACTION, OR THE SUBTRACTION OF 

CONCRETE NUMBERS. 

50. Let it be required to find how much is left in taking £5 98. 6d. 
{rota £8 Ss. 2d. ; and suppose that the greater sum of money is in 
the form of 8 sovereigns, 3 shilling-pieces, and 2 penny-pieces, from 
which we hare to pay away £5 98. 6d. ? It is dear that, although 
we hare enough money and to spare, yet we have not enough pence, 
nor enough shillings, while the money is in its present form. Such 
a payment will of course be made by getting change for one of the 
shillings, and turning it intp 12 pence ; and by changing one of the 
sovereigns, in Uke manner, mto 20 shillings. Thus, 

£. s. d, £. s. d, 

8 3 2 will take the form of 7 22 14 

From which, if we take away .596 

There will remain , • • 2 13 8 ' 

51. The method of decomposition described in (43), as applicable 
to tens and hundreds, will of course be equally suitable to hours and 
minutes, or to gallons and quarts, or to shillings and pence, or any 
form of concrete quantity. When the Tables are known, the learner 
will easfly be able to work the following questions. 

EXEBOISE XL 

Decompose the following sums in the manner of the two examples, 
f .6., taking a unit of each denomination except the lowest, and placing 
its equivalent in value among the numbers of the lower name one 
step to the right. 

JBxample I. — ^25 tons 16 owt. 8 qrs. 4 lbs. 2 oz. = 24 tons 35 
cwt. 6 qrs. 81 lbs. 18 oz. 

JExample H, — 12 miles 2 fur. 18 poles 2 yds* 2 ft. 7 in. = 11 miles 
9 fur. 52 poles 6i yds. 4 ft. 19 in. 

5 years 217 days 17 hours 54 mins. ; 27 weeks 3 days 4 hours ; 

tons 3 cwt. 2 qrs. 10 lbs. ; 47 lbs. 7 oz. 6 dwt. 5 grs. ; 276 qrs. 
8 bush. 2 pecks 1 gal. ; 18 hours 2min8. 17 secSk $ 11 yds. 2ft. 8 in. ; 
2 miles 8 fiir. 7 poles ; 5 miles 8 ydfl. 
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62. Thid meUiod of equal additions is, howerer, that by which 
such sums are unaally worked. 

JBxample J.— Take £79 17b. 8d. from £101 8s. Id. 

£. 

10 tens 

7 tens + 1 ten 
2 tens 



£. 


«. 


d. 


101 


8 


1 


79 17 


8 



21 5 10. 



£. 

1 + 10 

9+ 1 


s, 
.8 + 20 

17+1 


d. 
1 + 12" 

8 


1 


5 


10 J 



£. 

100 + 11 

80 + 10 


s, 
28 

18 


d, 

18 

8 



20+1 5 10 

We first try to take the pence of the subtrahend from those of the 
minuend (3 from 1) ; this cannot be done, so we add 12 pence to the 
upper line, 3 pence from 13 pence leaves 10 pence. But haying added 
1 shilling to the upper line, we must also add 1 to the lower, so we 
next say 18 shillings from 3 ; but as this is impossible we add £1 or 20 
shillings to the upper line, and say 18 irom 28 leaves 5 ; then haying 
increased the upper line by the addition of £1 we must do the same 
to the lower, and say, not £9 but £10 from 1 ; add 10 to this 1 and 
find what is the difference between £10 and £11. Haying set this 
1 down we add £10 to the lower line, and say 8 tens from 10 tens^ 
leave 2 tens. The answer, therefore, is £21 5s. lOd. It will be 
seen that £10 + £1 + Is. have been added to both lines. 

miles, frir. poles, yds. fi;. miles, frir. poles, yds. ft. 

Example n,— 3 5 28 2 2 3 18 63 7^ 2 

2 7 24 4 1 = 3 8 26 4 1 

5 38 3i 1 5 38 3i 1 

1 mile 1 fur. 1 pole have been added to both these quantities. 

BULE FOR COMPOUND SUBTRACTION. 

58. Place the less number under the greater, and 
arrange them as in Compoimd Addition. Begin at 
the right hand, and take away the parts of the less 
from the corresponding parts of the greater, setting 
down the dififerences underneath. If a number in 
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the stibtrahend be greater than the number abov< 
it, add to the upper line as many of that quantit^.^ 
as make one of the next higher denomination^ 
theA add one of the same denomination to th^ 
subtrahend, and proceed in this manner until th& 
whole subtraction is effected. 

EzsBCiSE Xn. 

(a). Solve the following queetioxui ; the first six by the method of 
decomposition, and all by the method of equal additions. 

(b). State, in the case of the last ten, what quantities have been 
added to each. (See Example II.) 

1. Find the difference between £79 16s. 3d. and £28 7s. 2id. ; 
between £125 and £16 2s. dd. ; £826 13s. 4d. and £123 7s. 3d. ; 
£246 13s. lid. and £298 38. 6d. ; £1000 and £297 16s. 3d. -, £5287 
16s. 5id. and £479 15s. lOd. ; £279 16s. 3d. and £500. 

2. £276 13s. 3d. - £49 I7s. 8^d. ; £4056 lOs. - £274 168 
3id.; £2741 5s. 6d. — £3 Is. 8d.; £3004 — £298 16s. 3id.; 
£19862 14a. 5id. - £7934 15s. 6id.; £100 - £89 17s. 5d.; 
£72385 lOs. 4id- - £6985 12s. 7fd.-£2728 12s. 5id. j £750 10s. 

• — £283 17s. 6id. 

3. 49 weeks — 27 weeks 3 days 5 hours ; 23 miles 8 fur. 8 
poles — 7 miles 3 fur. 4 poles 2 yds. ; 7 leagues 2 miles — 9 miles 
3 fur. 12 yds. 

4. Take from £1500 the following sums— £158 3s. 7}d., £62 
98. 7id., and £54 3b. 4d. How much is left P 

5. Find the difference between 1 ton and 7 cwt. 3 qrs. 14 lbs. ; 
between 17 lbs. 13 oz. and 2 qrs. 9 lbs. ; between 8 cwt. 1 qr. 17 lbs. 
and 12 cwt. 3 qrs. 5 lbs. ; and between 9 lbs. 10 oz. and 4 lbs. 3 6z. 
12dr8. 

6. By how much does a road 18 miles long exceed one of 12 
miles 3 fiir. 17 poles ? 

7. If I owe £79 16s. 4d., £18 3b. 2d., £27 158. 3id., and possess 
£600, while A owes me £15 98. O^d., and B £23 188. 2id., what 
balance will remain when all my debts have been received and paid. 

8. Subtract 72 tons 15 cwt. 3 qrs. from 100 tons 9 cwt. 1 qr. 12 lbs. 
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9. Subtract 25 acres 3 roods 4 poles from 105 acres. 

10. Subtract 8 leagues 2 miles 7 fur. from 7 leagues 1 mile 9 
poles. 

11. Subtract 56 yds. 2 qrs. 1 nail from 75 yds. 1 qr. 

12. Subtract 5 bush. 3 pecks 2 qts. from 7 qrs. 

13. If at 7 mins. past 2 on April 3rd, 1827, a man was 36 years 
19 days and 5 hours old, when was he bom ? 

14. If I possess £764 2b. 8d., and B has £29 3s. 5id. less than 
I, what sum have we together. 

** Section v. — ^addition and subtraction.* 

54. If there he three nwmhers^ such that the first is as many more 
or less than the second^ as the second is more or less than the thirds 
the sum of the first and third will equal the second added to itself 

Demonstrative JSxample. — 12, 7, 2. Because 7 is a« much less 
than 12 as it is more than 2 /. 12 -f 2 = 7 + 7, for, by (32), if 
what is taken away from one of the sevens be added to another the 
sum will remain the same. 

General Ibrmula. — a, 5, c. If 5 be as many less thoiLa, as it is 
more than o ; or, if 5 be as many more than a as it is less than c, 
then a -f" = 5 + 5. 

EXXBOISE Xni. 

(a). "Find two numbers whose sum will equal 8 -f 8 ; 12 -f 12 ; 
53 + 53; 19 + 19; lOO-flOO; 74+74; 327 + 327; 568 + 
568; 473 + 473; 29 + 29; 58 + 58; 413 + 413. 

(b). Place in each parenthesis a third number which, if added to 
the first, will equal ihe second added to itself; 

27,18, ( ); 47, 54,( ); 
3,17, ( ); 29,16, ( ); 
18, 100, ( ); 293, 600, ( ); 
409, 400, ( ) ; a?, a?, — 3 ( ) ; 
a - 3, a, ( ) ; a + 6, a, ( ). 

Corolla^ I, — ^In any series of numbers so arranged that there is 
the same diflf'erence between every pair of adjacent numbers, the simi 
of any two which are equally &tant fr^m a given number equals 
that number added to itself. 

* The principles laid down In this section are not absolutely neoesMuy to the 
solution of ordinary questions in tiie early rules, but they serye to elucidate ftuther 
the theory of Addition and Subtraetion, and to explain several important rules whidi 
will hereafter oeeur. They are plaeed here beeause tiiey belong to this sulQect 
alone, and are not dependent on any auibscqiMnt roles. 
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i7jramp29. — 2 5 8 11 14 17 20 23 26 

5, for example, is as many less than 14 as 23 is more than 14» 
henoe 5 + 23 = 14 + 14. In like manner, any numher in th» 
series added to itself will give the same amount as the sum of any 
two which are equally distant from it, as thus, 5 -f 11 = 8 + ^ 
17 + 23 = 20 + 20, 23 + 11 = 17 + 17, Ac. 

CoroVUvry II,* — In every such series of numbers the sum of the 
two extreme terms equals the sum of any two terms at equal dis- 
tances from the extremities, and the whole series is made up of a 
niunber of pairs, each pair haying the same sum as the two extremes. 



EXEBCISB XIY. 

Hake 12 series of 15 niunbers each, and show how eaoh illus*' 
trates the principle. 

65. ^ there he four numbens^ of tohieh the eeeond is at ma$igf more 
or less than theflret as the third is less or more than the fourth^ the 
sum of the first and fourth will equal the second and third, 

/-. . \ 

Demonstrative JExample.—^, 9, 100, 104. For, by (32), if the 
two numbers, 9 and 100, are taken, and if what is removed m)m the 
9 to make 5 be carried to the 100 to make 104, the sum of the two 
numbers wiU be the same; or, 9 + 100 = (9 — 4) + (100 + 4) j 
or, 6 -+- 104 = 9 + 100. 

General Formula, — a, b, e, d. If a be as many more than 5, as 
d is less than c; or, if ( be as many more than a, as o is less than <2, 
then a '\- d = h -{- 0. 

EXEBdSB XV. 

Place a fourth number in each of the following series, so that if 
added to the first it will equal the sum of the second and third. 

9,^^,20, ( ); 20,15,8, ( ); 3, 12, 70, ( ); 29,5,64^( ). 

a 4- 3, a, 5, ( ) ; » - 5, ar, y, ( ) ; a -f 7, a, », ( ). 
«» -f a?, m, n, ( ). 

Suppose 17 = gr — 6; 

ff.JPjlSC ); JP,g,3( ); p,g,m,( ). 

* ThiaooioUaryfonnsfhebasbofanimporteUriikfaiaritlmwti^ 
and it refbrred to in the duq^ter on that tulyeot. 
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Questiofu an AddUion and Subtraction, 

What is Addition ? Give an example. Quote one of the principlee on which the 
role for working it depends. What part of the role is shown to be neoessary bj the 
principle you mention? What sort of numbers are they which ought not to be 
added together? Why? Bepeat the axiom on this subject. Whatpart of tharule 
does this explain? 

Why are numbers placed in columns for Addition ? What is carrying ? What 
axiom is assumed when we carry a figure to the next column ? What is it to prove 
a sum ? How will you prove an Addition sum ? State the Rule for Simple Addition. 
For Compound. Explain the terms subtrahend, difference, sum, minuend, &c. 
Describe the method of equal additions. Of decomposition. State each of the 
axioms assumed in Subtraction, and give an example of each. 

Why is it easier to commence a sum on the right hand? What equal additions 
are always made in a Subtraction sum? Why ? How may a Subtraction sum be 
proved ? Give tiie reason. Give the Rule for Compound Subtraction. 

State in words what general troth of Arithmetic is illustrated by each of the fol- 
lowing equations : — 

1. If w ss X + jf + Zf then a + ws^a + x + y + z 

3. and a — to=sa — x — y — z 

3. a — cssa + x — e + x 

4. In aO, 25, SO; 30 + 30 = 35 + 25 

6. (* — y) + (as + y) = ar + as 
6. (x — y) + (a + y) = « + a 
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MULTIPLICATION AND DIVISION. 

SECTION I. SIMPLE MULTIPLICATION. 

56. To multiply a number is to repeat it, or add it to 
itself, a certain niunber of times. 

The number thus repeated is called the multiplicand;* 
the nimiber of repetitions is called the multiplier, and is 
always an abstract number; and the answer is called the 
product 

Observation, — In certain cases it is convenient to call both multi' 
plicand and multiplier factors, they being the two numbers which 
make {facio) or produce the answer. 

57. To multiply is, therefore, to find a number which 
is as many times greater than the multiplicand as the 
multiplier is greater than unity. 

58. Signs, The sign of MultipUcation is X , thus, 4x6 = 4 times 
6, or 4 into 6 = 24. 

So a X & = a multiphed by h, or taken h times. This is some- 
times written ah. 

Example. — ^There are 5 bags of money and 7 soyereigns in each, 
how many are there in all ? Here 7 soyereigns require to be multi- 
plied or repeated, and are called the multiplicand; the figure 5 
shows how many times the 7 soyereigns are to be taken, and is called 
the multiplier ; and the answer 35 soyereigns is the product, which 
is an amount as many times greater than the multiplicand (7) aa 
the multipUer (5) is more than unity (1). 

* The word Multiplication literally means manifolding ; it is derived from mtHttts, 
many, and pUeOf to fold ; duplication, complication, &c., are from the same root. 
MultipUcand means that number which is to he multiplied. Multiplier = that 
which shows how many times this multiplicand is to be taken ; and product (from 
pro-dueOy to bring forth, means that result which is produced by the process. 

Preliminary Mental Exercise.— Ab in Addition and Subtraction, it is necesaaiy 
here to make ourselves ftmiliar with the relations between a few simple numbers, 
in order that we may deal with all larger numbers part by part. For this purpose 
it is very desirable that the pupil should first make for himself a table, like that in 

^ the text, showing the effect of a series of additions to each of the first 12 numbers, 

^^■Bd afterwards learn it by heart 
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69. In the folloving Table it irill be s«in that the flnt IS namb«n 
■re uTiDged in a horizontal lino at the top, begiiming iritli the 
nnmbcr 1. In the second line the number 2 ii taken, and a aeriei 
of Iwoi are added to it in order, so (hat tJiree two« stand under the 
liiuuber 3, and fire twos under the number G, &c. In like nuumer a 
eet of equal additiona ie made to each of the Brtt tweire numbers in 
■nccessive horismtal linee. Hence, t« find 9 times 6, I look alimg 
the aiith horiumtal line, until I find the number exactly under the 
9, whiehie 5i; that is the enm of 9 additions of 6. The produet 
of any other two numben between 1 and 12 can be found in the 



leway. 



MULTIPLICATION TABLE. 
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e 


■7 


8 


" 


10 


11 


13 


2 


4 


G 


8 


10 


13 


14 


16 


18 


30 


22 


34 


3 


6 





12 


15 


" 


81 


24 


2* 


30 


33 


36 


4 


8 


13 


16 


20 


u 


2S 


32 


36 


40 


41 


48 


5 


10 


15 


30 


25 


30 


35 


40 


46 


50 


55 


60 


6 

7 


la 
14 


18 
21 


24 


3. 


« 


•12 


48 


54 


60 


66 


72 


38 




« 


49 


Sfi 


63 


70 


77 


84 


S 


18 


2i 


32 


4fl 


4a 


56 


(U 


72 


SO 


88 


96 


S 


18 


27 


36 


45 


5i 


63 


72 


81 


90 


99 


108 
120 


10 


30 


30 


40 


50 


60 


■70 


80 


90 


100 


110 


11 


23 


33 


U 


SS 


66 


77 


m 


m 


110 


121 


132 


la 


24 


36 


Z 


1 


12 


1 


96 


108 


120 


- 


144 



The nomben which form the diagonal of this figure, and whtoh 
■re endoeed in darker lines, are called the iqiumi of the numben U> 
whieh ftej bdong. It wiU be observed that the numbers on each 
•ida of this line are the same, but in e different order. 
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60. Multiplication is abbreviated Addition, but it will 
only enable us to perform those Addition sums in which it 
is required to add together the same nimibers. 

JExample. — If it be required to find what 4 times 57 wiU make, 
the sum may be stated as in the margin. In the units column, f,,- 
all the numbers to be added together are alike ; we are, there- 57 
fore, spared the trouble of making 3 different additions to the 57 
7, if we hare leamt by heart that 4 sevens make 28 ; and, in ^^ 
like manner, we need not make several mental efforts in order 'ZZZ 
to add the 5 to itself four times, if we have leamt from the 
tables that 4 fives make 20. But it is clear, that if all the lines of 
figures in the sum had not been alike, the Multiplication Table 
would not have helped us, but we should have been obliged to obtain 
the answer by ordinary addition. 

61. Multiplication, like Addition and Subtraction, is a 
distributive operation, ue., if it is performed on each of 
the parts separately, it is performed upon the whole. 

The following axiom is assumed throughout this Rule: — 

62. Axiom Vll. — If we multiply all the parts of one number 
by another, and add the several products together, we multiply 
the whole of the first number by the second. 

DemonHrctHve JExample. — ^To multiply 7 by 5, we may take the 
parts of 7 and multiply each by 5, thus : 

Because 7 = 4 + 2 -+- 1, then 5x7 = 5x4 -|- 5x2 

-h Wx^y or 20 + 10 + 5 = 35. 

General Formula. — If a =z h '\- c -{• d, 

then na =: nb -\- nc -{■ nd. 

In multiplying a number, such as 7962, which is composed of 
four parts, viz., 7000 + 900 -f 60 -f 2, by any number (8), it is 
therefore allowable to multiply each of these parts 7 9 6 
in order, thus; and the answer thus obtained, 56 



2 

8 



thousands -{- 72hundreds + 48 tens -{- 16, is the 56 I 72 I 48 I 16 
true one, and only needs to be corrected, as to its form, by the Bule 
^iascribed in (32). Henoe, 
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63. Case I.— To multiply by any nuhbeb less than 18 — 

RULE. 

Place the multiplier under the unit of the multipli- 
cand ; find the product of the multiplier and ntmiber 
above it; set down the imits digit of the answer, 
carrjdng the tens into the next place, as in 
Addition. Then find the product of the multiplier 
and the figure in the tens place ; set down the odd , 
tens, carry the hundreds, and proceed with each 
figure in the same manner. 

EXEECISE XVI. 

1. Find the product of the following numbers, 283 and 7 ; 50629 
and 5s 2964 and 4; 8274ai]id8; 59680 and 7. 

2. 20847 and 9 ; 618 and 11 ; 2984107 and 12 ; 51889016 
and 8. 

3. 729 X 6; 84237 X 7; 5864 X 9; 712848 X 9; 58574 X 2. 

4. 526387 X 7 ; 201306 X 6 ; 4158692 X 7 ; 728486 X 7. 

5. 424374 X 8; 886 X 9; 84729 X 6; 3964187 X 5. 

6. 418826 X 6 ; 702987 X 9 ; 546208 X 8 ; 812628 X 7. 

64. Axiom Vin. — Multiplying one number hy a second 
gives the same result as multiplying the second by the first* 

* Advanced students will be interested to know that this principle, which appears 
almost self-eridenti and is assumed without demonstration in ordinary Arithmetic, 
is made the subject of one of the propositions in the seventh book of Euclid's Ele- 
ments. The following is the method of proof :— 

Prop. XYI. If one number, A, be multiplied bj B, the product is the same as if 
B were multiplied by A ; i.e., AB = BA. 

Suppose B X A gives a certain result, x, then, according to the definition of 
Moltiplioation, x contains B as many times as A contains 1. 

.•. (I.) 1 : A : : B : a*. 

SimiUrly, if A x B gives a certain result, y, then, for the same reason, 

(II.) 1 : B :: A : y. 

But by a former proposition, ** If the first be to the second as the third is to the 
fourth* then the first is to the third as the second is to the fourth ; " hence the last 
propoaitlonmaytake the form, 1 : A : : B : y,butby(I.) 1 : A : : B : x. Hence, 
B is ooDtained as often in at as in y, and ar = y, or BA sa AB.— Q. E. D. 
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Detnotutrative JExample. — 3 times 8 is the same as 8 times 3 ; for 
if a number of characters be arranged thus, 00000000 
the whole may either be considered as 00000000 
three rows of eight each, or as 8 rows of 3 00000000 
each. By reference to the Multiplication Table it will be seen that 
the number 24 occurs twice, once in the third column, on the line of 
eights (3 times 8), and once in the eighth column, in the series of 
threes (8 times 3). 

General Formula, — a y^h ^s.h y, a, 

65. Corolla/ry I, — The product of any number of factors is the 
same in whatever order they are multiplied, 

JExample.S times 7 times 6 (3 X 7 X 6) = 6 X 7 X 3, or 
7x6x3. 

General Formula. — a XlfXcxd = hxdX c X a, 

or d X h X a X c. 

Observation. — The answer in all such cases is called the continued 
product of the iBctora. 

66. Corollary II. — We multiply by the whole of a number when 
we multiply successively by its factors. 

JEroinpfo.— Because 3x5 = 16; 7x3x6 = 7x15. 
Hence, multiplication by 15 may be effected if we first multiply by 
3, and then multiply that product by 5. 

General Formula. — ^If a X b =z x^ then nx = (na) b. 

67. Case II. — When the inrLTiPLiEE is greates than 10, 

AND ITS EACTOBS ABE KNOWN — 

RULE. 

Multiply by one factor, and that product by another 

factor, and so on till all the factors have been 

employed. 

Example. — Multiply 3247 by 56. 

56 = 7 X 8. 

8247 
7 

22729 = 8247 X 7 
8 



181882 = 3247 X 7 X 8 = 3247 X 56. 
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EXEBCISB XYII. 

1. Multiply 23972 by 28 ; 664 by 18; 2740 by 72; 39648 by 

56. 

2. 20974 by 144; 87412 by 35; 4693 by 49; 847209 by 63. 

3. 962187 by 24; 30962 by 55; 8291 by 45; 357 by 240. 

68. It follows, from the principle of our notation (16), 
that to place a cipher (0) on the right of a line of figures 
has the effect of multiplying the whole by 10. For each 
figure on being removed one place to the leil means 10 
times more than it did before. In the same way, placing 
two ciphers (00) to the right of a number multiplies it by 
100; three ciphers, by 1000, and so on with all the higher 
denominations. 

Example. — 496 X 10 = 4960. The effect of placing a cipher 
after the number is to alter the 6 into 6 tens ; the 9 which meant 9 
tens, into 9 tens of tens, or 9 hundreds ; and the 4 which represented 
4 hundreds, into 10 times 400 or 4000. Two ciphers would have 
had the eflfect of multiplying by 100 ; three, of multiplying by 1000, 
&o. 

69. Case III.— Whei^yeb aits nuhbeb of ciphebs is to the 
BiaHT of a multiplieb — 

RULE. 

Multiply only by the remaining figures, and add as 
many ciphers to the answer as there are in the 
multiplier. 

JExample.— Multiply 79834 by 400. 

First multiply it by 4. 79834 

4 



319336 = 4 X 79834 



Add 2 ciphers. 31933600 = 4 x 100 X 79834. 

70. Observation. — This answer has been gained by two steps. 
Because 400 = 4 x 100, we first multiplied by 4 ; but in adding two 
ciphers to this product, every figure in it is made to mean 100 times 
what it meant before, and the whole has therefore been increased by 
4 X 100, or 400 times. 
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EXBBOISE XYIII. 

1. Multiply 8746 by 30 ; 2974 by 200; 8274 by 8000. 

2. 66847 by 700; 3178 by 7000; 296845 by 90000. 

3. 21869 by 80000 ; 314721 by 50000 ; 23896 by 60000. 

4. 68471 by 400; 9874 by 80000. 

We haye now seen bow to multiply by any number greater than 
10, when that number is capable of being resolyed either into simple 
factors or into 2 factors, one of which is 10, 100, 10000 or one of 
that series. But there are many numbers, such, for example, as 
37, 146, &c., which cannot be treated by either of these methods. 
The ordinary process of working such questions depends on the 
following truth. 

71. If the multiplier he broken up into parts the sum of the 
products of each of these parts and the multiplicand mil equal 
the product of the whole, 

Demomtrative Example, — ^Because 7 = 3 + 4, therefore 29 X 7 
= (29 X 3) + (29 X 4). So if it be required to find the product 
of 238 and 42, we may take 238 X 40 and add it to 238 X 2, and 
the sum of these products will be the answer. 

Oeneral Formula. — ^If a =z h ■\- c^ xa ^ xh ■\- xc. 

K this principle be considered in connexion with the 
preceding (62) it will be seen that both multiplicand and 
multiplier may be decomposed into parts, and that the 
following proposition may therefore be assumed. 

72. Multiplication is always effected between two factors, if 
each of the parts of the one is multiplied by each of the parts 
of the other, and the sum of their products is taken. 

Demonstrative Example. — 26 X 78. 
Here 26 = 20 + 6, and 78 = 70 + 8. 
then'(20 X 70) + (5 X 70) + (20 X 8) + (5 + 8) = 25 X 78. 
General Formula, — If a = ft -j- <?> aiid ar = y -+- «, 

then ax =z by -^ hz -\- <^ -\- cz, 

73. Let it be required to multiply 723 by 364. Here the multi- 
plier consists of thne parts, 300, 60, and 4; but (72) if 723 is 
multiplied by each of these parts the sum of the products will giye 
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the required answer. We first multiply the parti of the multipli- 
723 c<uid (62) by 4, and find the 

864 answer to be 2892 ; we hare 

^ = 723 X 4 °^^* 1"'^^'\''J "^^ "^"^ 

43380 = 723 X 6 X 10 since 60 = 6 X 10, we may, 

216900 = 723 X 3 X 100 ^J (69)> multiply by 6 and 

place a cipher after it, there- 

268172 = 723 X ( 4 + 60 + 300) fore 723 x 60 is found to bo 
43880. It now remains to multiply 723 by 300. By (69) this may 
be done by multiplying by 3 and placing 2 ciphers (00) to the right 
of the product, hence 723 x 300 = 216900. The sum of these 

three products is (72) the product of 723 and 364, i.e., (700 + 20 + 

3) X (300 -f 60~+~4) has been found by multiplying each of the 
parts of the one factor with each of the parts of the other. The 
ciphers to the right of the second and third line are unnecessary, the 
value of the figures being shown by the place in which they stand. 

From these considerations we deduce the following rule, appli- 
cable to all oases in which the multiplier is a nimiber greater than 
10, and whose factors cannot easily bo obtained. 

RULE FOR LONG MULTIPLICATION. 

74. Write the multiplier under the multiplicand. 
Multiply first by the unit, setting down the answer 
as in the simple rule; next multiply by the tens, 
placing the unit of this answer in the tens place. 
Place, in like manner, the first figure of the 
himdreds product in the hundreds place, of the 
thousands product in the thousands place, &c., 
and add them up, as they stand, to find the total 
product. 

75. Sometimes one or more ciphers occur in a multiplier. When- 
erer this happens the student has only to remember that units 
multiplied by units give units as their product ; by tens, give tens ; 
by hundreds, giro hundreds, &c. It is necessary to think, then, of 
the yalue of each portion of the multiplier as it is used, to remember 

d3 
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that the first result obtained has the same yalae, and to place it 
aecordinglj. 
^irampZw.— Multiply 2798 by 204, and 63157 by 3005. 

I. n. 

2798 , 63157 

204 3005 

11192 = 2798 X 4 315785 = 63157 X 5 

5596 = 2798 X 200 189471 = 63157 X 3000 

570792 = 2798 X (200 + 4) 189786786 = 63157 X (3000 + 5) 

76. In (I.) it was necessary to observe that the 2 in the multiplier 
meant 2 hundreds, and that the first product (twice 8) therefore 
meant 16 hundreds, and must stand in the himdreds place. In (11.) 
the 3 of the multiplier meaning 3 thousands, 3 times 7 gives, as a 
product, 21 thousands, and the 1 must therefore stand in the thou- 
sands place, or three figures to the left of the unit. 

77. Observcftian, — ^Although in the process of Multiplication it is 
easy to see the necessity for beguming the operation on the right, in 
order that numbers of a certiun degree may the more conveniently 
be transferred from the lower place, there is no reason why the order 
of the partial multiplications should not be inverted or altered in 
any way we please. For example : — 

o^„Q« Here the first partial product obtained 

^'264 was that of the multiplicand and 200, 

the unit was therefore put in the hun- 

74572 = 37286 X 200 dreds place ; the second part of the multi- 

223716 = 37286 X 60 pUer was 60, and the first figure of the 

149144 = 37286 X 4 product took the tens place. The third 

9843504 = 37286X264 P'?f^°* 5°°^^^ ^^ a certam number of 

units, and stands m the same relation to 

the rest of the sum as if it had been placed first in the usual way. 

EXEBCISE XIX. 

1. Find the product of 279 and 14 ; of 8793 and 401 ; of 17986 
and 3709} of 274, 302, and 87; of 53 and 6948 j of 77 and 
810325; of 968 and 324; of 175 and 809625. 

2. Multiply 796284 by 37 ; 829741 by 59 5 304156 by 168 ; 
7428327 by 539 ; 920685 by 7098. 

3. 27468 by 3974 ; 814729 by 257 ; 638041 by 724 ; 57412 
by 387; 6541 by 729; 858604 by 23. 

4. 5684 X 301 X 29; 407 X 18 X 5; 5096 X 15 X 13j 
70271 X 21 X 8 ; 52965 X 4 X 17. 
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5. 878596 X 4 X 13; 729 x 8 X 61; 3190865 X 5 X 7; 
418327 X 6 X 9j 7184 X 6 X 2. 

6. If I hare 8 purses containing £17 each ; 6 containing £29 
each ; and 12 £5 notes, how much money have I P 

7. What is the difference between the product of 18, 19, and 
35, and that of 24, 17, and 12. 

8. Find the product of two numbers, the greater of which is 
1694, and the difference 189. 

SECTION II. — COMPOUND MULTIPLICATION, OR THE MLXTIPLICA- 

TION OF CONCRETE QUANTITIES. 

78. Compound Multiplication is effected by multiplying 

the several quantities one by one, and placing the answers 

as in Addition. 

The method of Long Multiplication employed in (74) depends on 
the &ct that each figure of the multiplicand, if removed one place 
to the left, would mean ten times as much. It is therefore not 
suitable for lines consisting of pounds, shillings, and pence, or any 
other concrete numbers. For example : the number 283 would be 
multiplied by 10 if a cipher were added. It would then be 2830. 
But 2 miles 8 fur. 3 poles could not be treated in this way, but 
would require to be separately multiplied. The other method of 
Long Multiplication is, therefore, to be used for concrete numbers. 

RULE. 

79. When the multiplier is not greater than 12 begin 
with the numbers of the lowest name, multiply each 
in turn, and carry the remainder as in Addition. 

But when the multiplier is greater than 12 resolve 
it into its factors, and multiply by each in succes- 
sion. If no factors can be found which will exactly 
produce the multiplier, take tlie nearest, then 
multiply the top line by the difference between this 
product and the multiplier, and add this product to 
tlie rest. 
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Example J.— Multiply £03 178. lOid. bj 274. Here we take 270 
and obserye that it ia made up thua : 9 X 3 X 10 = 270. The 
aom of money muat therefore be multiplied firat by theee nombera 
in Bucceaaion, and afterwaxda 4 timea the original anm ahould be 
added to the product. 

£. #. d, 

63 17 lOi X 274 (9 X 3 X 10 + 4) 

676 lOi = 63 17 lOi X 9 
3 



1726 2 7* = 63 17 lOi X 9 X 3 (27) 
10 



17261 6 3=63 17 101X9X3X10 (270) 
266 11 6 =63 17 lOJ X 4 

17506 17 9 = 63 17 m X 274 

Example J/.— Multiply 17 cwt. 3 qn. 20 Iba. 7 oz. by 97. 

tona cwt. <]ra. lbs. oz, 

17 8 20 7 X 97 (iJlTS + 1) 

12 



10 5 21 4 = 17 cwt. 8 qra. 20 Iba. 7 oz. x 12 

8 



82 1 2 4 = l7cwt.3qra.20lb8.7oz.xl2x8(96) 
1 17 3 20 7 



83 19 1 24 7 = l7cwt.3qra.20lbi.7oz.x(12x8-fl)97 



EXEBCISE XX. 

. (a). Work the following auma in Compound Multiplication. 

(b). Set down, in the firat aix, the aeparate Talue of each line, aa 
in the examplea juat giren. 

1. Multiply £1 88. 8d. by 6 ; £14 168. 6d. by 4 ; £2 98. Sfd. 

by 7. 

2. £17 88. 3d. by 11 ; £34 178. 8id. by 9 ; £236 68. 3id. by 6. 

3. £2746 188. lUd. by 8 ; £696 14a. 2id. by 16 ; £27340188. 
3d. by 24. 

4. £6629 7a. 2 Jd. by 95 ; £37206 by 78 5 £46027 4«. 2id. by 73. 
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5. £8964 7i. ijd. by 179 ; £7219 129. 6d. by 387. 

6. 18 acres 8 roods 25 poles by 7 ; 4 tons 17 cwt. 19 lbs. by 8 ; 
4 miles 7 fur. 8 poles by 13. 

7. 17 miles 7 for. 29 poles 3 yds. by 27 ; 17 lbs. 10 oz. 16 dwt. 
4 grs. by 19 ; 5 lbs. 7 oz. 2 scruples by 46. 

8. 3 cwt. 2 qrs. 7 lbs. X 29; 7 tons 2 cwt. 18 lbs. x 36 ; 
14 cwt. 2 qrs. 27 lbs. X 138. 

9. 17 dwt. 4 grs. X 18 ; 8 oz. 9 dwt. 12 grs. X 41 ; 7 lbs. 11 
oz. 19 grs. X 58. 

10. 15 gals. 2 qts. 1 pint X 8 ; 9 gals. 3 qts. X 18. 

11. 35 acres 2 roods 19 poles X 68 ; 27 acres 19 poles X 26 ; 
7 acres 3 roods 13 poles X 58. 

12. 27 leagues 2 miles 6 for. 2 yds. X 17 ; 7 miles 2 fur. 28 
poles X 59. 

13. 5 yds. 3 qrs. 1 nail X 15 ; 43 yds. 1 qr. 2 nails X 53. 

14. 23 weeks 5 days 7 hours X 9 ; 41 weeks 3 days 27 mins. 
X 42. 

15. Multiply 76 qrs. 4 bush, 3 pecks separately by 18, 52, and 21. 

16. Multiply £29 188. 6iid. separately by 14, 29, and 108. 

17. Multiply 372 acres 3 roods 29 poles separately by 26, 28, 
and 54. 

18. Find the cost of 117 lbs. at £2 6s. lO^d. per pound. 

19. Find the cost of 2300 gallons of spirits at 128. 8d. per gallon. 

20. If an acre of land produce 37 bush. 23 qts., what will 127 
acres produce. 



SECTION ffl. — ^ABBREVUTED METHODS OF MULTIPUCATION. 

80. The following methods will often be found of service in short- 
ening the operations of this rule. 

Case I. — Wbev the mtjltiplieb oe MXTLTipiJCAin), oe both, 

HATE Ainr lOJlCBEB OP CIPHEBS TO THE BIGHT — 

RULE. 

Multiply the significant figures only, and add to the 
product as many ciphers as there are in both factors. 
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JSromp^e.— 27000 X 89600. 

Here the 7 of the multiplicand means 7000, and the 6 of the 
multiplier means 600 ; therefore the one may he considered as 27 X 
1000, and the other as 896 X 100. But hjr (65) the fiictors of these 
numbers may be multiplied in any order, and the product of the 100 
and 1000 being 100,000, there remains the product of 27 and 896 
only to find ; five ciphers added to this product will giye the desired 
answer. 

EXEBCISB XXI. 

1. Multiply 26280 by 45000 ; 3729000 by 89680000 ; 4520 by 
3300. 

2. 14700 by 170 J 10740 by 36000 ; 5209000 by 170. 

3. 2874600 by 3970 ; 52860 by 2900. 

81. Case II. — Wsvs the muxttpiieb covtaiss the figube 1 — 

BULE. 

Add in the figures of the multiplicaiid at each of 
those steps of the first partial product under which 
the same figures would have been placed. 
JErampfe.— Multiply 279386 by 18. 

Ordinary method. 

279386 But as in this case each figure of the top line has had 

18 to be added in order, to that figure of the product which 

2235088 ^^^^^^ o^^ place to its left, it would be easier to make 

279386 ^^ addition at once, instead of waiting to set it down 

KfkOQCkAA underneath alter the first product had been obtained. 

5028948 rjTjjg g^jjj ^Qui(i tiien jjayg ij^en worked thus: 8 sixes 

are 48, set down 8 and cany 4 ; 8 times 8 are 64 and 4 are 68 and 

279386 ^ '"^ ^^> taking in the last figure of the multiplicand ; 

]^g then 8 X 3 = 24, add 7 and 8, the answer is 39. In 

P^ryetQCkAA *^ ^^^ *^® whole is effected in one line and by a shorter 

5028948 pj^ocess. This, of course, applies equally when the 1 is 

in the hundreds or thousands place. 

Exebcise XXn. 

1. Work the following sums in one line — 27896 X 17; 
30584 X 13 ; 5196 X 14. 

2. 48321 X 16; 70968 X 14j 5096384 X 19j 4078 X 17. 

3. 419635 X 16 ; 210478 X 17 ; 3121076 X 18 ; 51943 X 18. 

4. 4096X19; 123691X15; 51427x17; 31265x18. 
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5. Work the following in two lines— 6081 X 217; 60693 X 
189; 71546381 X 231. 

6. 718346 X 179 ; 31456 X 127 ; 549607 X 518. 

7. 21096 X 371 ; 85462 X 415 ; 430695 X 163. 

8. Work the following in three lines— 41863 X 2187 j 145963 
X 8194; 716384 X 5172. 

9. 814065 X 2134 ; 30796 X 8143 ; 51968 X 3147. 

10. 783260 X 9168 ; 4718 X 53729 ; 39682 X 4319. 

82. Case in. — ^When the multiplieb is nine ob consists op 

ANT NTHBEB OP NINES — 

RULE. 

Add as many ciphers to the multiplicand as there are 
nines in the multiplier, and subtract the multipli- 
cand from the result. 

^jrafl»i)26.— Multiply 32682 by 999. 

Here» because 999 = 1000 — 1, we may take the multiplicand a 
thousand times, and then subtract it once, and the required answer 
will be obtained. But to multiply by lOOO (68) we have only to 
add 3 ciphers. Hence, 

32682000 = 32682 X 1000 
32682 = 32682 X 1 

32649318 = 32682 X (1000 - 1) = 32682 X 999 

Observation. — A similar principle applies to cases in which the 
multipUer exceeds any power of ten, by one. Here the ciphers will 
be placed as before and the multipHcand added. But when the 
truth of the former method is imderstood, this will be too simple to 
require explanation. 

EXEBCISS XXIII. 

Find the following products — 

1. 8096 X 99 i 54032 X 999 ; 4865 X 9. 

2. 7038 X 101 ; 799263 X 8001 ; 171836 X 9999. 

3. 54185 X 10001 ; 7218 X 1001. 

4. 21386 X 11 J 50968 X 99 j 37254 X 99999. 



52 THE SCIENCE OF ABITHMETIC. 

88. Case IY. — Wnvs asy ove digit qv thx kitijiflies is 

COVTAIVED Ur AJrOTHSB FAST OF IT — 

RULE. 

Multiply first by the less, and afterwards multiply this 
product by the number of times the greater contains 
the less. Then add up as usual. 

JExamples.—Mviiiplj 8427 by 364; also 51240 by 742. 

I. n. 

8427 61240 

_ 364 742 

33708 = 8427 X 4 35868000 = 51240 X 700 

303372 = 8427 X (90 X 4) 2142080 = 61240 X (6 X 7) 

8067428 = 8427 X 864 38010080 = 61240 X 742 

In (I.) the first line of the product was mnltiplied by 9 in order 
to gire the second Ime, because 36 = 9 X 4. In (IL) the first line 
of the partial product has been mult^lied by 6 to gire the second 
line, because 42 = 6 X 7. Caution is needed here to set down the 
first figure of each answer ia the right place. This can only be 
done by remembering the yalue of t^ multiplier in each case, and 
by applying the rule giyen in (76). 

ExEBCiSB XXrV. 

1. 27963 X 279 ; 85066 X 82 ; 406954 X 963. 

2. 7401 X 667 J 13472 X 39 j 10968 X 62. 

3. 64186 X 486j 7096 X 7^; 2095 X 328. 

4. 37264 X 714 j 61386 X 497 ; 706258 X 369. 

SECTION IV. — DESCENDING REDUCTION. 

84. Reduction* is a process for finding how many quan- 
tities of one name are contained in a given concrete niunber 
of another name. 

* It it evident that this Bale, which it usually placed far in advance in books 
of Arithmetic, has its proper logical position here. First, because no other rule 
than Multiplication is needed to perform the process ; and Secondly, because no 
sum in Compound Long Division can ever be worked without Descending Beduc- 
tiun, or without assuming the principles here explained. 
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When it is required to reduce a quantity from a higher 
to a lower name the process is called Descending Reduction. 

When it is required to reduce a quantity from a lower 
to a higher name the process is called Ascending Reduction. 

85. Descending Reduction is performed by Multipli- 
cation. 

JExcunple I, — Let it be required to find how many fiurthings are 
contained in £57. This is simply a sum in Multiplication ; for if 
we know how many fiurthings are in £1, 57 times that number will 
evidently giye the number of fJEurthings in £57. Or, if we do not 
know that 960 fiuthings make £1, but only that 4 &rthings are 1 
penny, 12 pence a shilling, and 20 shillings £1, the successive multi- 
plication of £57 by 20, by 12, and by 4, will produce the same result. 
£. Because 20 shillings make £1, 20 times 

57 57 or 1140 is the number of shillings 

20 

in £57; and because 12 pence make 



1140 = shillings in £57 ig 12 times 1140 or 13680 is the num- 

21 

ber of pence in 1140 shillings. So also. 



13680 -. pence m £57 because 4 farthings make 1 penny, 4 

- times 13680 or 54720 is the number of 

54720 = farthings in £57 farthings in 13680 pence. But 13680 
pence = 1140 shilUngs or £57. Wherefore £57 = 54720 &rthings. 

Example IL — How many ounces are in 41 tons, and how many 
feet in 13 miles ? 

41 tons 13 miles 

20 8 

820 = cwts. in 4 tons 104 = furlongs in 13 miles 

4 40 



3280 = qrs. in 820 cwts. 4160 = poles in 104 furlongs 
28 5i 

26240 20800 

6660 2080 

91840 = lbs. in 3280 qrs. 22880 = yards in 4160 poles 

—i? lbs. -^ 



1469440 = Oi.m91840or41toii8 68640 = feet in 22880 yards 
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86. If the quantities proposed to be ledaoed are of dififerent values, 
it is necessary to add each niunber to the line of figures represent- 
ing the same kind as itself. 

Example XZJ.— Beduce £25 98. Sid. to fiurthings. 

£. #. d. 

25 9 3i 
20 



509 = shillings in £25 9s. (25 X 20 + 9) 
12 



6111 = pence in 509 shillings and 3 pence (509 X 12 -f 3) 

4^ 

24444 = &rthings in 6111 pence + 1 ferthing (6111 X 4 -f 1) 



RULE FOR DESCENDING REDUCTION. 

87. Multiply by as many of the less as make one of 
the greater; add in to each line all the figures of 
the original number which refer to the same name, 
and continue the process, step by step, until the 
number is reduced to the required denomination. 

Exercise XXY. 

1. How many seconds in 4 lunar months? How many in 2 
weeks 3 days ? In 7 hours 45 minutes ? From 5 p.m. on Tuesday 
to 7 A.M. on Saturday ? 

2. How many ounces in 7 cwt. ? How many pounds in 3 tons 4 
cwt. ? How many drachms in 3 Ihs. 13 oz. ? How many grains in 
5 oz. 11 dwt. ? 

3. How many feet in 4 nules ? inches in 17 yds. 2 ft. ? square 
feet in 4 acres ? square yards in 3 square miles ? 

4. How many half-pints in 7 gallons ? How many pecks in 19 
quarters of com ? How many gills in a hogshead of spirits ? How 
many pints in 12 hogsheads of ale ? 
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SECTION V. — SIMPLE DIVISION.* 

88. Division is a process — 

I. For finding how many times one number contains 
another. 

n. For separating a given quantity into a certain num- 
ber of equal parts. 

m. For finding a number which, if multiplied by 
another, will produce a third. 

rV. For finding the multiplier, when the multiplicand 
and the product of a Multiplication sum are given. 

89. The number to be diyided is called the Dividend ; that which 
diyides it the Divibob ;t while the number which shows the times 
or parts of a time which the Dividend contains the Diyisor is called 
the QxroTiENT.J 

JExample. — Divide 30 by 6. Here the 30 is called the Dividend, 
because it is that which has to be divided. The 5 is called the Divi- 
sor; and the answer, when found, will be called the Q^otient 
This question may take several forms, e. g, : — 

I. Find how many times 30 contains 5. 

H. Separate 30 into 5 equal parts. 

m. Find what number multiplied by 6 will give 30. 

lY. If 30 be the product of two &ctors, and 5 be one of those 
&ctors, what is the other factor ? 

Y. Divide 30 into as many parts as there are imits in 5. 

yi. Find a number which is as many times less than 30 as imity 
is less than 5. 

Vli. How many times can 5 be subtracted from 30 ? § 

* Preliminary Mental Exercise.— Before beginning to work this Rule the student 
should be frequently exercised in giving the results of the Multiplication Table 
inversely. Thus : the 7th part of 35; the 9th of 108 ; the 4th of 32, &c., &c. This 
should be done until both processes become very fiuniliar. 

f From the Latin, divide, to divide. 

t Quoties (Latin), how much, or, how many times. 

I It is important that a beginner should be accustomed to look at questions in 
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90. SiffUi. The ngn uied in DiTisioii is -r-> thus : 12 -^ 2 = 6 is 

to be read 12 dkfided by 2 equals 6. The same is more freqnentlj 

rqiretented bj placiiig tiie dtvidend shore the divisor and drawing a 

20 
line between them, e,ff, : -— = 4. In reading snch a mmiber, we 

6 

eommonly saj 20 2>^ 5 or 20 upon 5 equals 4. 

91. Division is a short method of working Subtraction. 

It was shown (60) that Multiplication was an abbreviated method 
of adding the same number to itself a certain number of times, but 
that Multiplication gives us no help in adding differetd numbers 
together. Sinularlj Division is of service when we wish to subtract 
the same number as often as we can from a greater number ; but it 
will be of no use in any other subtractions. Thus : the sum just 
given might be worked in the following manner, and it would then 
bo foimd that 5 can be subtracted 30 

from 80 six times in succession, and First^ 
leave no remainder, and therefore 25 First remamder. 

that 30 contains 6 exactly 6 times : Second_5 

06*erpa^«>».— Whoeverknowsthe _ ,20 Second remainder. 
Multiplication Table well, would, Thu^_5 
however, bo able to tell at once that 15 Third remainder. 

6 is the multiplier which makes 5 Fourth 5 
into 30, .nd Wee that 6 U the 55 Fourth remainder, 

answer to the sum. A knowledge v\$C^ ?% 

of the Multiplication Table is there- 

fore as necessary in this as in the 6 Fifth remainder, 

preceding Bule. Sixth^ 

92. From (56) it appears that Sixth remainder, 
the multiplier in every Multiplication sum must always be an 
abstract number, because it expresses "how mcmy times the multipli- 
cand is to be repeated, and cannot refer to a number of articles or 
things of any kind. It follows from this that in a Division sum 
either the divisor or the quotient must also be an abstract number, 
for one of those two numbers is always the multiplier which, if 



from each of the points of view described in the text; and the teacher 
well to give many exercises on the Multiplioation Table, varying the form of 
in the way described, before the pupil attempts to work out problems 
OB a slate. 
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applied to the other, will giye the diyidend. It is not necessary 
that hoth diyisor and quotient should be abstract, as only one of 
them corresponds to the mnltiplier of a Multiplication sum. The 
form of the question always determines which of the two is abstract. 
Thus : if we inquire how many times are £6 contained in £4S, the 
quotient will be abstract ; but if we ask what the 6th part of £48 
is, the divisor (6) is the abstract number. In the former case, £6 
is the multiplicand which, multiplied by 8, will give £48 as answer ; 
and in the latter case £8 is the multiplicand which, multiplied by 6, 
the diyisor, will produce the diyidend. In both cases one of the 
two mwt be abstract. 

93. Axiom IX. — We divide one number by another, when 
we divide all the porta of the one by that other, and add the 
answers together. 

Demonttrative Example, — ^Diyide 36 by 3 : now 36 = 30 -{- 6. 
If we first diyide 30 by 3, and find that the answer is 10, and then 
diyide 6 by 3, and obtain the result, 2, these two answers added 
together will giye the quotient required, i.e. : — 

36 30 6 

— = — -|-- = 10H-2 = 12. 
3 3^3 ^ 

Again, if 56 has to be diyided by 4, the parts of 56 may be taken 

in any way we like, and thus it may be diyided separately. Suppose 

we break up 56 into 20, 12, 16, and 8, which are its parts, then 

56 20 12 16 8 

~=:—-|- — + — + -- = 5 + 8 + 4 + 2 = 14. This is not a 
4 4 4 4 4 

oonyenient way; but still the answer might be found in this 

method, if there were any advantage in breaking up the number 

into those particular parts. 

Oenercd Formula, — ^Wheneyer a = h -{- c -{- d 

,^ a h , o , d 
Then- =-.H h- 

X X X X 

94. In Division we always proceed to separate the parts of the 
dividend in order, beginning with the highest. The right answer 
M^iU, however, be found by beginning with the lower numbers in 
the dividend and dividing each of them into the required number 
of paarts ; but in most cases this would prove very inconvenient. 
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^^/o In the sum, divide 468 by 2, it would be just as easy to 

begin at one end as another, thus : First take the half of 

^^ 8, and set down 4 ; then the half of 60, and set down the 

3 tens ; and then the half of 400, which gives 2 for the hundreds 

-- .- place ; but had the sum been, divide 568 by 2, 

we should, affcer taking the half of 8 and of 60, 

4 = 8 -r 2 have to take the half of 500, which is 250, and 

S vl — 500 -L 2 ^^^'^ *^ *^"^ would take this form : — 

* Here an Addition sum would have to be intro- 

284 = 568 -r 2. duced, and the sum rendered longer than neces- 
sary. The ordinary method is as follows : — 

Divide 293476 by 7. 

7) 293476 We here take the figures in order : 

"inooo — 280000 -I- 7 ^* *^ ^ which, being a number of 

1000 = 7000 -=- 7 ^^® ^^^ place, represents 200000, has 

900 = 6300 4- 7 to be divided by 7 ; but this will give 

20 = 140 -7-7 no answer in the 6th place : 29 there- 

,'Z 1 -L 7 ^^^* which is a number of the 5th place, 

. ' is taken, and is found to contain seven 

41925J = 293476 -r- 7 400OO times, and to leave 1 of that 
denomination, t.e., 10 thousands, undivided; these 10 thousands, 
added to the 3 thousands, make 13000, the 7th part of which gives 
only 1 in the thousands place, and leaves 6000 still to be divided ; 
and 6000 + 400 give.6400, which, divided by 7, gives 900, and 
leaves 100. Tl^s remainder, added to 70, makes 17 tens, the 7th of 
which is 2 tens, with a remainder, 3 tens ; these^ with 6 units, make 
36, the 7th of which is 5, leaving 1 remainder. The 7th of this 1 
cannot be found, so it is placed at the end of the sum thus j, and 
signifies that the division of this 1 has not been effected, but that 
the answer is 41925 and the 7th part of 1. 

95. Observation I, — ^It will be seen that, as we ascertained at 
everv step the greatest number which could come into that place 
of the answer, each figure as it was found might simply have been 
written without the ciphers in its proper place, and a great deal of 
trouble saved. Accordingly it is usual to omit all the numbers 
placed in the example except the last line. Beginners, however, 
should work out a few sums m this way. 

OhservaUon H. — ^Again, we did not take a 7th part of each of 
the numbers as they stood, but of the nearest wtmber tohich con- 
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tained an exact ntunber of seyens. Thus : the 7th of 280000, not of 
290000, was first taken, because it gaye an exact 4 in the 5th place, 
the remaining 10000 beins carried forward and accounted for after- 
wards ; so also the 7th of 7000, and not of 13000, was taken, the 
6000 being carried on. Again, the 7th of 6400 could not be found 
in hundreds, so the 7th of 6300 was taken, and the remaining 100 
carried. In like manner the 7th of 14 tens, and not of 17 tens, was 
next found ; the 7th of 35 units, and not of 36 units. The whole 
diyidend has therefore been resolyed, for the purpose of diyiding it 
by 7, into the following parts : 280000 + 7000 + 6300 + 140 + 
35 -\- 1. Each of thepe parts contains an exact number of seyens, 
except the last, and all oi them, if added together, would make up 
the whole diyidend. 

Case I. — ^Whbn the divisob is less thak 13 — 

RULE. 

96. Place the divisor on the left of the dividend (94), 
and £uid how many times it is contained in the first 
figure of the dividend, setting down the answer 
immediately under that figure. If it is not con- 
tained in the first, carry that number on, and join 
it to that on its right; then find how many times 
the divisor is contained in this number, carrying 
the remainder, if any, on to the next place, and 
setting down each figure of the quotient beneath 
that of the same value in the dividend. Whenever 
the divisor is not contained at aU in the figures, 
write a cipher, to mark that that place is empty, 
and carry the remainder on as before. 
Hxamples, — ^I. The complete process : — 
Diyide 729346 by 6. 
6 )729346 

100000 = 600000 -T- 6 leaying a remainder of 100000 

20000 = 120000 -7- 6 leaying no remainder 

1000 = 9000 -7- 6 leaving a remainder of 3000 

600 = 8000 -r 6 leaying a remainder of 300 

50 = 300 -f- 6 leaying a remainder of 40 

7 = 42 ~- 6 leaying a remainder of 4 

1== 4-r.6 

1215571 = 729346 *t- 6 
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H. The contracted or common process : — 
6)729346 

121557J = 121557 and the 6th part of 4. 

EXEECISE XXYI. 

(a). Work the following sums in Division in the manner described 
in (XL). 

(b). Set down the first 8 sums as in (I.), showing what are the 
parts into which the dividend has been broken up, and adding them 
together to give the original dividend: — 

1. Divide 72963 by 5 ; 847256 by 8 j 124376 by 11 ; 12301 
by 9; 547229 by 11; 729834 by 6; 271 by 5. 

„ 72981 86945 302718 47216 82915 32917 

^' 7 ' 11 ' 9 ' 8 ' 6 ' 4 . 

3. 32916 -i. 8; 841729-7-7; 729186 -f- 12; 32741 -f- 5; 
54729 -f- 6. 

274 + 8 66 + 37-9 ^ 4096 + 58 + 4 ^ 273 + 87 

^' 5 '3 ' 7 + 2 '16-5 

97. Axiom X. — We divide hy the prodiLct of two or more 

numbers when we divide by each of them successively. 

Demonstrative JSxample, — If we first take the 7th part of a num- 
ber, and then the 4th part of this quotient, we shall evidently have 
obtained the 28th part of the original nimiber ; for, as the 7th is 
contained 7 times in the whole, and the 4th of this 7th is contained 
4 times in the 7th, this quantity is contained 4 times 7 times, or 28 
times in the whole. Hence the 4th of a 7th is a 28th, and to divide 
by 4 and by 7 is to divide by 4 times 7, or 28. So, abo, to divide 
by 3 and 5 is to divide by 15, &c. 

sc X ' b 
General Formula, — ^If a = J x <?, then - = — ' — 

a c 

98. Case II.— When a divisob is gbeateb than 12, and 

ITS PACTOBS ABB KNOWN — 

BULE. 

Resolve the divisor into its factors, and divide by 
them in succession. 
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jExample,—J>rnde 87423 by 56 : now 56 = 7 X 8. 
7)87423 

8)12489 = 87423 -f- 7 



1561^ = 87423 -H 8 x 7 or 56. 

EXEECISE XXVII. 

1. Diride 4362 by 28 ; 12475 by 45; 962842 by 84. 

2. 27961 by 49; 378412 by 120; 23918 by 72. 

3. 649 by 21; 62833 by 44; 12719 by 63; 8274 by 26. 

4. 39628 by 18 J 23718 by 32; 96247 by 99. 
6. 82742 by 42; 39728 by 63; 82164 by 56. 
6. 72910 by 84; 39721 by 48; 29714 by 108. 

SECTION VI. ^LONG DIVISION. 

99. Many divisors cannot be resolved into £actoT8, and many 
more could not be so resolved without much trouble. To divide 
by a number greater than 12, the following process is therefore 
employed : — 

Divide 479632 by 28. 

28)479632 (10000 , ^^ """ ^^ ^t.'. '^ ^^^^' ^^'/^'^ 
280000 7000 standing m the fifth place, mean tens of 

28^)199632 ^^ thousands, and inquire how many times this 

196000 20 nimiber contains 28 ; the answer is once, but 

28) 3632 „o *fl the 47 are tens of thousands, we set down 

2800 ^ 10000 as part of the desired quotient ; 19 tens 

28) 832 ^ of thousands are thus left undivided and are 

z^. carried to the fourth place ; with the 9 thou- 

^/ ^^^ sands which stand there they make 199 thou- 

— - sands, which divided by 28 gives us 7000, 

leaving a remainder, 3000, to be carried to the 

hundreds place. This 30 hundreds + 6 hundreds when divided by 

28 gives 100 and leaves a remainder 8 ; this 800 or 80 tens added 

to 3 tens makes 83 tens, and this divided by 28 gives 2 tens for the 

quotient, leaving a remainder 27 tens ; 27 tens or 270 if added to 2 

give 272, which divided by 28 gives 9 and leaves a remainder 20. 

This last remainder cannot be divided by 28, so it is set down with 

E 
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the mark of diyision under it (|g), and this represents the 28th part 
of 20. The answers added together giye 17129 and the 28th part of 
20, or 17129fg. 

100. Observation. — ^It is necessary again to notice here that the 
whole dividend has been broken up for conyenience into a number 
of parts, and that each of these has been separately divided by 28. 
The parts have been chosen because e&ch of them, except the last, 
contains an exact number of 28's ; and the number of 28's thus con- 
tained in each part is separately set down as part of the quotient, and 
these partial quotients are added together at the end of the sum. 

Now the parts into which the whole has been resolved are — 

280000,' 196000; 2800; 560; 252; and 20. 

And because it has been ascertained that — 



280000 contains 28 


10000 times 


196000 „ 


7000 „ 


2800 „ 


100 „ 


560 


20 „ 


252 


9 « 


20 


the 28th part of 20 times 



Therefore 479632 contains 28 17129 and the 28th part of 20 times ; 

Or, the sum of these partial dividends contains 28 as many times as 
the sum of the several partial quotients. 

RULE FOR LONG DIVISION. 

101. Write the divisor to the left of the dividend and 
separate them bj a line. 

Take as many figures from the left of the dividend as 
there are in the divisor, or if this be a smaller 
number than the divisor take one more figure of the 
dividend; consider this separately as the first partial 
dividend. Find how many times it contains the 
divisor, place this number on the right as the first 
partial quotient. Multiply the divisor by it, and 
subtract this product from the first partial dividend, 
setting down only the remainder. 
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To this remainder add the next figure of the dividend. 
Find how many times this contains the divisor, and 
set down the number thus found as the second 
partial quotient Multiply as before and subtract 
the new product from the second partial dividend, 
setting down the remainder only. To this re- 
mainder add the next figure of the dividend, and 
proceed as before. 

102. OhaervoHon, — 2%« valiie or place of eachfywe in the partial 
quotient is the same as that of the right hand figure of the partial 
dividend to which it belongs. Hence, if after bringing down one 
figure of the dividend, the partial dividend obtained is found not to 
contain the divisor, place a cipher in the quotient to show that a 
place is empty, bring down another figure of the dividend, and pro- 
ceed as before. 

'Example. Divide 53946028 by 253. This may be set down in 

three ways : I. By showing the whole process, and stating the value 

of each line of figures as it is obtained. II. In the ordinary method, 

showing only the process of subtracting each product from the 

partial dividends. IIL In the contracted method, in which only 

the several partial dividends are shown.* 

I. 



253)53946028(200000 
253 X 200000 = 50600000 10000 



r 

OD 

s- 
J? 



OP 



263 X 10000 = 



253 X 3000 = 



3346028 
2530000 

816028 
759000 

67028 



3000 

200 

20 

5 



= 60600000-7-253'" 

= 2530000-7-253 

= 759000 -r- 253 

= 60600 -r- 253 

= 5060 -i. 253 

= 1265 — 253 

= 103 -r- 253 



253 X 200 = 60600 213225J8g = 5394^028-^253 



I 

OD 



253 X 20 = 
253x5 



6428 
6060 

1368 
1265 

"103 



O 



% 



* When the principle of the Rale is understood, this method should invariably be 
employed in practice. It is evident that the several remainders written down 
hare are the only fiiin^'es required afterwards, and that writing the several pro- 
duets in order to subtract them is a waste of time and labour. 
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IL 253)53946028(213225^1 IH. 253) 53946028 (213225^8 J 

506 334 

"334 816 

253 S^O 

~«Tft ^2 

759 1368 

15^ 103 
570 

506 



642 

506 

1368 
1265 

103 

EXEECISB XXVIII. 

(a). Work the following sums as in Example m. : — 

(b). Analyze the Bums (in 1 and 2) in the manner described in 
Example I. 

1. Divide 279684 by 507; 8920562 by 357; 72874 by 36; 
509782 by 57; 723486 by 327; 5796843 by 126. 

2. 4098765 by 78 ; 3250796 by 235 ; 8096274 by 427 ; 506897 
by 525; 829704 by 18. 

3. 72843-f-65; 786321 -f-49; 52786 -r- 4098 ; 306845 -f- 47 ; 
27839-7-163; 42745-7-87; 309628 -j- 541 ; 407864 -f- 587 ; 
39721 -T- 675. 

4. 5098-^18; 672543-^29; 458327-^123; 50986-^372; 
278437-7-526; 209685 -=- 324. 

5. Find a number equal to the expressions — 

29864 507968 , 325 + 29 + 5 62870 - 327 
31 ' 27 ' 47 + 4 ' 5X9 

6. 2783 X 6 , 1293 X (8 + 5) . 12086 - 119 

17 ' 263 ' 27 X 3 

589 + 27 + 163-8 , 31 X 47 
25 + 19 '14 + 7 
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SECTION VU. — COMPOUND DIVISION, OR THE DIVISION OF 

CONCRETE QUANTITIES. 

103. It has been seen that in Simple Piyision we begin with 
numbers of the highest value, divide tliem, and after getting the 
Lu^gest possible quotient in a number of tlie same value, carry on 
the remainder, reduce it from thousands into hundreds, or from 
hundreds to tens, and then find the greatest quotient in this lower 
name. So if instead of thousands, hundreds, tons, and units, the 
dividend consisted of pounds, shillings, pence, and fiurthings, it would 
be necessary to find the quotient in pounds, then carry on the 
remainder and reduce them to shillings, afterwards to divide the 
shillings and carry on the remainder to the pence, and so on. (See 
Kule for Descending Eeduction.) In the following example it will 
be seen that the two processes are really the same in principle :^- 

Divide 23733 by 6, and also £23 7s. 3id. by 6. 



6)23733(3 thousands 
18 

5 thousands 
10 

6) 67 (9 hundreds 
54 

3 hundreds 
10 

6)33(5 tons 
80 

3 tens 
10 

6)33(5 units 
30 

3 remainder 

Answer — 3 thousands, hun- 
dreds, 5 tons, 5 units, and the 
sixth part of 3 $ or 3955]. 



8} (3 pounds 



£. 9, 

6)23 7 

2? 

6 pounds 
JO 

6)107(17 shillings 
102 

5 shillings 
12 

6) 63 (10 ponce 
60 

3 pence 
4 

6)15 (2 farthings 
12 

3 farthings remainder 

Answer — 3 pounds, 17 shillings, 
10 pence, 2 farthings, and the 
sixth part of 3 farthings; or 
£3 17s. lOd. 2i fartliings. 



e2 
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104. Although we do not in practioe set down 10 as a multiplier, 
as shown in the former of these examples, yet we mentally make the 
same reduction as if we did so. Thus, after finding the 6th of 23 
thousands to giye a quotient 3 thousands and leaye 5 thousands 
remainder, we hring down the other figure to its side and treat the 
new numher 57 hy itself. But this 57 is of a lower name than 
thousands; the 5 thousands haye really been conyerted into 50 
hundreds and added to the other hundreds of the diyidend. The 
next remainder, 3 hundreds, is reduced in like manner to 30 tens 
and added to the 3 tens which already form part of the diyidend. 

This method of reducing the remainder of each denomination or 
place into equiyalent numbers in the lower name or place, is employed 
throughout the whole of Simple Diyision, and is equally applicable 
to Compound. In the second of the examples the number of 
pounds remaining after the first quotient is obtained is reduced to 
shillings and added to the other shillings of the diyidend. A new 
diyision is then made of shillings only, the remainder reduced to 
pence and treated in the same way. 

RULE FOR COMPOUND DIVISION. 

105. Divide the numbers of the highest name as in 
Simple Division. By the Rule of Reduction (87) 
bring the remainder and the next figure into equi- 
valent numbers of the next lower name. Make a 
new Division sum with this number, and set down 
the answer by itself. Reduce the remainder into 
numbers one step lower, and divide this new num- 
ber separately. Proceed in the same way with the 
remainders imtil the lowest is reached. 

106. Observation. — "No new truth of Arithmetic is wanted or 
illustrated here. Axiom IX. teUs us that it is allowable to break 
up the diyidend in any manner which may be most convenient, and 
to diyide it part hj part. And it has been seen (94) that it is more 
conyenient to begm with the greater numbers. 

JExample.-^Wha.t is the fourteenth part of 23 tons 17 cwt. 3 qrs. 
5 lbs. ? 
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I, The entire process* 

tons owt. qrs. lbs. 
14)23 17 8 5(1 ton = 14 tone -f- 14 
14 14 cwt. = 196 cwt. -i- 14 

9 tons ^ ^™- 

20 14 lbs. = 196 lbs. — 14 

14)197(14 lbs. i^^- =84oz. ^14 

J'*'^' II. The ordinary or contracted praceu, 

. -^ tons cwt. qp8. lbs. 

14) 7qr8.(0 14)23 17 3 5 (1„ 14„ 0„ 14„ 6* oz. 

_f5 9 

14) 201 (14 lbs. 20 

196 197 

5 lbs. 1 
_^ _4 

14) 90(6 oz. 7 

84 _28 

6 201 

5 

16 

90 
6 

Ansioer. 

1 ton 14 cwt. 14 lbs. 6j^ oz. =: 28 ton 17 cwt. 8 qrs. 5 lbs. -f- 14. 

EXEBOISE XXDC 

(a). Work the following sums : — 

(b). Analyze the sums in (2), (7), (10), as in Example 1. 

1. Divide £728 lis. 8d. by 4 ; £52 10s. 4id. by 6 ; £298 10s. 
8id. by 3. 

2. Find the 5th of £297 168. 3d. ; the 6th of £274 13s. 8d. ; 
and the 7th of £1000. 

8. Find the 7th, the 8th, and the 9th of £6274 15s. S^d. 

4. £297 148. 3id. -r- 28 ; £3654 10s. lid. -f- 352. 

5. £1270 3s. 7d. -H 514 ; £1560 3s. -r- 17 ; £2740 3s. lid. -r- 
610. 

6. £12783138. 9d.-r 60 5 £3185 3s. 6id. -i- 137 ; £2186 158. 
8d. -f- 49. 
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7. £29841 13s. 7id. -r 631 ; £62108 iTs. 9|d. -r- 65 ; £270 
lOs. -r 135. 

8. 73 cwt. 1 qr. 26 lbs. -r ISj 21 tons 6 cwt. 3 qrs. -f- 29; 
7 cwt. 25 lbs. -r- 5. 

9. 6 lbs. 3 oz. 4 dwt. -r 8 ; 15 lbs. 11 oz. 7 grs. -7- 14 j 29 lbs. 
3 dwt. 14 grs. -f- 125. 

10. 17 miles 2 fiir. 17 poles -f- 16; 192 miles 6 for. -H 23; 
7 fur. 18 poles 3 yds. -f- 14. 

11. Find a 4th, a 6th, an 11th, and a ISth of a field of 17 acres. 

12. 372 qrs. 2 bush. 1 peck -f- 8 ; 17 qrs. 7 bush. 3 pecks -r-27 ; 
15 qrs. 6 gab. -f- 9. 

107. In Compound Division the divisor is generally 
abstract, and the quotient consists of concrete numbers of 
the same kind as the dividend. It is evident (89) that the 
word quotient does not in strictness apply to such an 
answer as this. 

108. Sometimes, however, a concrete number has to be 
divided by another similar concrete number. 

Example. — How many times is 2|d. contained in £43 18s. 7d. ? 
Here the answer will be an abstract number. 

Now because, by Bule of Descending Beduction, 
2id. contains 9 £Etrthings, and £43 8s. 7d. contains 42172 ^things. 
The question takes this form : — 

How many times are 9 £Etrthings contained in 42172 farthings ? 

Or, how many times are 9 contained in 42172 ? 

42172 
By Simple Division — ^ — =: 4685| = the answer. 

109. Obaervaiion. — It is evident that the two numbers must refer 
to magnitudes of the same name. It would be absurd to ask how 
many times 3 miles were contained in 17 days. 

It should also be noticed that although we may divide one concrete 
number by another, we cannot multiply one concrete number by 
another. Tlie question, for example. Multiply £17 3s. by £17 38. 
is evidently unmeaning. For of two &ctors the multipUer must 
always be an abstract number (56), but of divisor and quotient, 
either may be concrete, provided the other is abstract. 
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RULE FOB DIVIDING ONE CONCRETE NUMBER BY ANOTHER OF 

THE SAME KIND. 

110. Reduce both to the same name (the highest to 
which both can be reduced) and divide tlie greater 
by the less. 

EXSBOISE XXX. 

1. £17 38. 9d. -h 3id. ; £965 148. 3id. -h 28. 6Jd, ; £87 4*. 
l^d -7- 7id. 

2. £392 lOs. 3id. -r- Is. 7id. ; £62 lOs. -r Is. 3d. ; £274 18s. 
5d. ^ 4Jd. 

3. £1027 5s. 6d. -^ £2 3s. 8d. ; £453 128. 8id. + 2s. 9|d. ; 
£62 38. 6d. -f. Is. 8^. 

4. 23 lbs. 15 oz. -f-2 oz. 8 drs.; 17 owt. 3 qrs. -r- 17 lbs. 3 oz. ; 
196 cwt. -f- 2 lbs. 11 oz. 

5. 17 miles 3 fiir. 18 poles -r- 29 yds. ; 23 miles 6 fur. -f- 6 yds. 

2 ft. I 412 miles 6 fur. 18 poles -r 3 miles 2 fur. 

6. 5 years 186 days -f- 17 hours 3 mins. ; 27 weeks 4 days -7- 

3 days 6 hours. 

7. 17 acres 3 roods 29 poles -7- 2 roods 7 poles ; 5166 acres 2 
roods 14 pole? -f- 5 acres 3 roods ; 29 acres 1 rood 13 poles -f- 39 
poles. 

a 17 bush. 2 pecks -7- 5 pints ; 728 qrs. 3 bush. 1 peck -f- 2 
qn». 3 pecks ; 2974 qrs. -t- 1 bush. 1 peck. 

9. How many coins worth 2jd. each are worth £25 ? 

10. How many fourpenny pieces and sixpences are there in 
£28 178. 6d. ? 

11. How many guineas are in £7934 ? 

12. Seduce £1738 to half-guineas, and the some number of half- 
guineas £0 pounds. 

13. How many packages, each weighing 11 oz., can be made from 
2 qrs. 18 lbs, ? 

14. How many allotments of 18 poles each can be made from 19 
acres 3 roods? 

15. How often will a hoop 2 ft. 3 in. in circumference reyolye in 
rolling 3 miles ? 
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ICETHODS OF PROVINO MULTIPLICATION AND DIVISION. 

111. The connexion already explained (88) between Multiplication 
and Division shows that either rule may be used to prove the other. 
For because the answer to a Multiplication sum is produced by 
multiplying a given number by a second, it follows that to divide 
this answer by the second is to reproduce the original multi- 
plicand. 

TO PROVE MULTIPUCATION — ^RULE. 

112. Divide the answer by the multiplier, and if it 
gives the multiplicand the sum is right. 

EXEBCISE XXXI. 

Prove the first twelve sums in Exercise XYI. by this rule. 

A similar method applies to Division, because (88) the quotient 
sought is always such a number that if it be used as a multiplier 
and applied to the divisor it will produce the dividend. The 
remainder however, if any, being that portion of the dividend which 
continues undivided, must be added to the product of divisor and 
quotient. 

TO PROVE DIVISION — RULE L 

113. Multiply the quotient by the divisor, add the 
remainder to the result, and if the answer equals the 
dividend the sum is right. 

ExxBCiss XXXn. 

Prove the first 12 sums in Exercise XXYI. (3 and 5) by this 
method. 

TO PROVE DIVISION — ^RULE H. 

114. Select from the sum, after working it, all the 
partial dividends which have been taken, including 
the remainder. Add these together, and if the 
answer equals the dividend the sum is right. 

kOhservation. — ^This has been already explained (100) as a process 
of analysis, it is also a method of proof. 
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ExEBOiSE XXXm. 
Frore Bums in Exercise XXVL (2 and 4) by this method. 

115. Coding out nines. The reason of this Bule will be found in 
the chapter on properties of numbers in the Appendix. 

I. To prove Multiplication. 

Add up the figures in the multiplioand, 
gg ^ divide the sum by 9 and set down the 

remainder. (InExampIe, 7 + 9 + ^ + 



63704 28 = 9x3 + 1 3 = 25 = 2 x 9 + 7, «rf Ahwi7). Do 
39815 the same with the multiplier. (In Ex- 

jgjQg. J ample, 5 + 8=13 = 9 + 4,»e< doum 

4). Do the same also with the answer 
to the sum (4 + 6 + l+8 + 5 + 4 = 28 = 3x9 + l,*tf< 
down 1). Now, if the product of the two former remainders (7 and 
4) divided by 9 leaves this last remainder (1), the sum is likely to 
be right ; but if not it is certainly vnrong. 

EZSBOISE XX\IV, 

Prove the first 12 sums in Exercise XXTIL by this method. 

n. To prove Division. 
2 6 Add up the figures in the divisor and quotient, 

29)683475(23568 divide each by 9 and set down the remainders 

103 
^OA over them. (In Example, 2 + 9 = 11, set down 

197 2 over divisor^ and 2 + 3 + 6+6 + 8 = 24 

235 = 2 X 9 + 6, set down 6 over quotient.) Then 

3 ^ subtract the remainder from the dividend and 
add up the figures which fffe left. (In Example, 6 + 8 + 3 + 4 
+ 7 + 5 — 3 =: 30.) Divide this by 9, and if the remainder is the 
same as that obtained by dividing the product of the other two 
numbers by 9 the answer is likely to be right ; but if not it is cer- 
tainly wrong. (In Example, 2x6 = 9 + 3, and 30 = 3x9 + 3.) 

EXEBOISB XXXV. 
Prove Boms in Exercise XXvill. (1 and 2) by this method. 



72 THE SCIENCE OF ARITHMETIC. 



SECTION Vm. — ^APPLICATION OF DIVISION TO REDUCTION. 

116. The reduction of any concrete number to an equi- 
valent number of a higher name is called Ascending 
Reduction. 

Ascending Reduction is to be worked by Division. 

UsMmple. — ^How many days are in 1000000 seconds ? Here, if 

we know the number of seconds in a day, and divide 1000000 by it, 

we may at once ascertain the number of days. The same result may 

be reached by successiye steps, thus : Because there are 60 seconds 

in one minute, therefore there are one-sixtieth part of 1000000 

(i(i\ 1 000000 nunutes in 1000000 seconds. Hence 16666 minutes 

fi OMfifififi 40 '"^^ ^ seconds = 1000000 seconds. But because 

JpTaHfi — j« there are 60 minutes in one hour, there are one-six- 

11 — 1 q *^^*^ P^ ^^ 16666 hours in 16666 minutes. Hence 

277 hours 46 minutes = 16666 minutes. But again, 

because there bt6 24 hours in a day, there are one-twenty -fourth of 

277 days in 277 hours. Hence 277 hours = 11 days 13 hours. 

Therefore we have found successiyely that 

1000000 seconds = 16666 minutes 40 seconds. 

1000000 seconds s= 277 hours 46 minutes 40 seconds. 

1000000 seconds = 11 days 13 hours 46 minutes ^ seconds. 

RULE FOR ASCENDING REDUCTION. 

Divide the number by as many of the less quantity as 
make one of the next greater. Leave the remainder, 
and divide the first quotient by as many of its 
denomination as make one of the next above it. 
Leave the remainder and continue to divide each 
new quotient until the highest is reached. 

ObsertaHon. — The ralue of each remainder U that ofUhe dividend 
which it is left, and eeydh quotient has the value of the denomi- 
ion just above that <^ the dividend from which it is obtained. 
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JEsample, — ^Reduce 2534 fEtrthings into poundB, and 4398 grains 
into pounds troy. 

4) 2534 farthings 24) 4398 grains 

12) 633 2 = 633 pence + 2 farthings 20) 183 6 = 183dwt. 6gr8. 

20)52 9 = 52 shillings 9 pence ~9 3 = 9oz. -f3dwt. 

2 12 = 2 pounds 12 shillings /. 4398 grains = 9 oz. 3 

/. 2534 farthings = £2 12s. 9id. dwt. 6 grs. 

ExEECiSE XXXVL 

1. Reduce 1233 furthings to pounds, and 171923 halfpence to 
pounds. 

2. How many pounds in 27963 farthings, and in the same num- 
ber of halfpence and pence ? 

3. Reduce 23856 seconds to hours ; 158960 minutes to days ; 
and 10005000 hours to years. 

4. How many crowns in 583721 farthings ? 

6. Reduce 270628 feet to miles, and 863 inches to yards. 

6. What is the number of tons in 447826 ounces ? 

7. By how much does the number of gallons in 10000 pints 
exceed the number of hogsheads in 10000 gallons ? 

8. Reduce 7098 grains to Troy pounds, and the same number to 
Aroirdupoise pounds. 



• • 



SECTION IX. — ^MULTIPLICATION AND DIVISION. 



118. MULTIPLIOATION. — The relations between multiplier, multi- 
plicand, and product, in the former of these rules, and between the 
corresponding terms, quotient, divisor, and dividend, in the l&tter 
rule, are so important that it is necessary, before proceeding further 
in arithmetic, to examine them somewhat more closely.* 

119. Definitions. — When, a number is multipUed by itself the 
product is called the second power of that number. If this product 
be again multiplied by the first, the new product is the tlwrd power. 
Thus, the product of eight twos is the eighth power of 2, and so on. 

This is expressed thus, 2* ^ 2 to the 8th power. 

So also, a' = aXax<>XaXa = a raised to the fifth power, 
or the product oifive a's. 

* Por the right understanding of the more advanced portions of the science, the 
axioms here stated are indispensable, and they will frequently be alluded to iu 
ftttare demonstrations. 

F 
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The number which indicates the power to which a number is 
raised is called the Exponent. Thus in the expressions, lO', a*, a^^ 
2, 6, and m are the exponents. 

Ohsertation. — ^All the numbers represented by 1 followed by 
ciphers, are powers of 10. Thus 10 = 10*, 100 = 10», 1000 = 10», 
10000 = 10*, 100000 = 10", &c. By counting the ciphers we get 
the exponent of the 10, ».e., we learn what power of 10 the number 
represents. 

120. Axiom XT. — We increase or diminish the product 
when we increase or dminish the multiplier. 

DemongtraUve Example. — If we have a number, say 26, to be 
multipHed by 6, and obtain a certain answer, it is evident that 
multiplying by three times 6 would give three times that answer. 

Again, if instead of multiplying by 6 we multiphed by the 3rd 
part of 6, we should obtain only one-third of the product. 

Qeineral Formula, — If ax h ^ c, then a X mb ^mc 

and a X - = -. 

121. Axiom Xn. — We increase or diminish the product 
when we increase or diminish the multiplicand. 

Demonstrative JSxample. — Suppose on multiplying one number 
by a second we obtain a certain answer, multiplymg ten times that 
number by the second would give ten times that answer; and 
similarly, multiplying a tenth part of that number by the second 
would give only a tenth part of that answer. 

General Formula. — If a X h = x, then na X I ^ nx 

«nd?x J=-. 
n n 

The result of the two last articles may be generally expressed 
thus: — 

122. Jff we increase or diminish either of the factors a certain 
number of times we make the same increase or diminution in the 
product. This is sometimes expressed by saying that the product 
v(mes as the muKiplioand or multiplier. 

123. If one factor is increased as many times as another is 
diminished the product remains unaltered. 

Demonstrative JSxample. — ^If instead of multiplying 8 by 6 we 
multiply twice 8 by the half of 6, or if we mnlti]^ thne times 8 by 
the third of 6, we obtain exactly the same answer. For the increase 
of the one iBudor^ which tends to make the product a certain number 
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* 

of times greater, destrojB the effect of the decrease of the other, 
which tends to make the product the same niunber of times less.* 

Thus 7 times 12 = (3 x 7) X i? or (4 x 7) X ~.t 

3 4 

General Formula. — (a X h) =: na X . 

n 



EXEBCISB XXXVII. 

Place a factor in each of the parentheses so that the products 
shall be equal 

6X9 = ^X( ); 16xl2=( ) X -; 4©xd = ^X( ). 
3 4 7 

18X6=21^X( ); 36x8=~x( ); 350xl7=^X( ). 
aXb=Ba X ( )j wXy = ^( ); p X q = fip X ( ). 

124. Corollary L — If there he three numbers so related that the 
first is as many times greater or less than the second^ as that second 
is greater or less than the third, the product of the first and third 
will equal the second multiplied hy itself. 

This is only a particular application of the truth expressed in (123). 

Thus : 7, 14, 28. Here 14 = 2 X 7, and 28 = 2 X 14. But 
(123) 14 times 14 = the half of 14 X twice 14, or 7 X 28. 

Again, in the numbers 3, 12, 48. Because 12 is as many times 
more than 3 as it is less than 48 ; therefore 12 X 12 = 3 X 48, 
and generally 

If a is as many times greater than 5, as 5 is greater than <^ ") mv 

or, > _^f^ 

If a is as many times less than 5, as 5 is less than c ) 



* The prmeiple here explained enggeets to us another method of proving Molii- 
plication, although it is too cumbersome to be often used. Suppose I have 560 to 
multiply by 36, and after doing it wish to verify (he answer; twice 586, or 1172, 
multiplied by the half of 36, or 18, would produce the same result; so would 6 times 
586 multiplied by the sixth part of 36. 

■f Although the form employed here (V) appears fttu;tionrU, it is necessary to 
remind teachers that we are here only concerned with it as far as it implies dxvUion, 
It will of course be read ** the fourth part of 12." Throughout the whole of this 
duipter dmilar expressions should be read in the same way. The teacher will see 
that no one definition or prindple of ** Fractions" is anticipated by this arrange- 
■MBt, aKboQgh when a pupil arrives at Fractions it will be a great advantage to him 
to be already ftmiliar with such forms under the name of divisor and dividend. 

f2 
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EZBBOISS XXWJJLL 

Place a number in each parenthesis so that the products of the 
first and third shall equal the second multiplied by iteell 

1. 3,12( ); 2,14( ); 18, 6 ( ). 



2. 36,18( ); 27,9( ); 7, 21 ( ). 

3. 25, 5 ( U 72, 144 ( ) ; 18, 54 ( ). 

4. a, 3a ( ) ; x,nx ( ) ; «p, jp ( ). 



125. Whenever the product of two numbers is known 
to equal the product of two others, and any 3 of these four 
numbers being given we are required to find the fourth, 
we must find the product of the one pair which is given 
and divide by the remaining one. 

Because 16 X 3 = 4 X 12, the 16th part of 4 X 12 will equal 
3 ; the 3rd part of 4 X 12 will gire 16 ; the 4th part of 16 X 3 
will gire 12 ; and the 12th part of 16 X 3 will give 4. If either 
of these had been unknown it might hare been found thus : — 

12 = 15-^; 4 = i?^ii; 16 = i2ii?. 3=i-^<i?. 
4 12 ' 3 ' 16 

General Formula. — ^Whenever ah ^ cd 

~w cd ■, cd ah J ab 
Then a ^ — ; b ^ — ; c = ; d=^ —. 

bade 

EXEBCISS yXlTTY 

Place a number in each parenthesis bo that the products shall be 
equal in each of the following cases. 

1. 16 X 8 = 2 X ( ) ; 27 X ( ) = 4 X 9. 

2. 81 X 4 = 12 X ( ) ; 542 X 36 = 391 X ( ). 

3. 4726 X 9 = 27 X ( ) ; 6089 X 63 = 716 X ( ). 

4. 16 X 7192 = 314 X ( ) j 154 X 379 = 812 X ( ). 
6. 7246 X 372 = 128 ( ) j 100 X 5 = 75 x ( ). 

6. 36 X 81 =243 x( ); a X b =: e X ( ). 

126. CoroUartf 11. — If there be fowr numbers so related that the 
first is as many times more or less than the second, as the third is 
more or less than the fourth, the product of the second and third will 
equal that of the first aud fourth. 

For in this case the second and third would give a certain product ; 
but of the other two one is as many times greater than the second 
as the other is less than the third, or one is as many times less than 
the second as the other is greater than the third, hence (123) the 
two product must be equaL 
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Example. — 5, 20, 3, 12, Here the second equals 4 timeB the first, 
and the fourth 4 times the third. 

So because of the numbers 5, 20, 8, 12, the second is as manj 
times greater than the first as the third is less than the fourth; 
20 X 3 = 5 X 12, i.e., 20 times 3 = the fourth of 20 X 4 times 3. 



EXSBOISB XL. 

Place a number in the vacant places in each of the following 
exercises, such that if multiplied by that which is linked to it it will 
equal the product of the other two. 



1. 6 16 7 ( ) 2. 

3. 10 ( ) 4 12 4. 

6. 17 ( ) 9 18 6. 

7. 25 5 7F ( ) 8. 
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20 


16 ( 
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90 
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•) 18 
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) 



9^ pq p ( ) m 10. ( ) h a nXa 

It may easily be inferred from the last paragraph that — 

127. If there he a series of numbers^ arranged in order hy regular 
and equal multiplication or division, they may he formed into a 
numher of pairs of factors, each pair giving the same product. 

Thus, in the following series, in which each number is 3 times that 
on its left, 

'l2 36 loS 324 972 2916 

108 multipHed by 324 would give a certain product. But 36 ^ 

"il^ and 972 = 108 X 3. /. 108 X 324 = the third of 108 X 3 
a 

times 324 = 36 X 972. So also 12 is as many times less than 108 

as 2916 is more than 324; therefore 12 X 2916 = 108 X 324. 

In the same manner any two numbers may be taken in such a 
series, and their product wiU be found equal to that of -any other two 
at equal distances from the first two. 

128. From (125) we infer that the product of any two niunbers 
at equal distances from any one of such a series will equal the second 
power of that one. For by the hypothesis every figure on one side 
of it will be as many times less than the number as that in the 
corresponding place on the other side will be greater; hence the 
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product of the two numbers bo chosei^ will be equal to the square of 
the middle one. 

EXBBOISE XLI. 

'Find how many equal produets can be made out of either of the 
following series : — 

1. 1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024. 

2. 3,6,12,24,48,96,192. 

3. 1,5,25,125,625,3125,15625. 

4. 32, 16, 8, 4, 2, 1, \, 

129. Division. — It is necessary to remember that in every Division 
sum the dividend is the product of which the divisor and the 
quotient are the two factors, and that because 

In multiplication, multipher X multipHcand = product; 

In division, quotient X divisor = dividend; 

Therefore every truth which could be asserted of the parts of a 
Multiplication sxmi can be asserted in another form which will be 
appHcable to Division. 

130. Axiom XIII. — If we increase or dimmish the dividend 
a certain number of timeSy we make the same alteration in the 
quotient. 

Demongtrative ^Example, — ^If 28 divided by 4 will give a certain 
answer, 3 times 28 divided by 4 will give 3 times that answer, and 
the half of 28 divided by 4 will give the half of that answer ; or, 

General Formula, — ^If - = jr, — = war, and "^ = -. 

b h b n 

Observation. — This is the converse of that in (122). It was there 
stated that increasing one of the £Ekctors increased the product ; here 
it is asserted that increasing the product makes necessary the increase 
of one of the factors. For the quotient being one of the factors, and 
the other (the divisorj remaining the same, whatever increases the 
product (the dividend) makes a corresponding increase necessary in 
the other factor. Similarly it may be seen that if the dividend 
has been diminished while the divisor remains the same, the other 
factor (the quotient) must also be diminished as much as the dividend 
has been. This is sometimes expressed by saying that the quotient 
vOfTiea as the dividend. 

131. Axiom XIV. — If the divisor be increased a certain 
number of times, the quotient is diminished in the same degree ; 

^ue [/"ike divisor be diminished^ the quotient is increased. 
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Demonstrative Sxample. — ^If 270 diyided by 15 giyes a certain 
answer, 270 diyided by twice 15 would give one-half of that answer ; 
and 270 diyided by a fifth of 15 would giye 5 times that answer. 

General Formula. — If ~ = a?, then _>:=-, and = nx, 

b nb n b -r- n 

Observation. — ^The assertion in (123) that if one fisu^tor be increased 
while the other is dimimshed the product remains unaltered, was 
seen to be true in all cases. Its conyerse is equally true, that i^ 
while the product remains the same, one of the factors be increased 
the other must be diminished, and if one be diminished the other 
must be increased. But in Diyision sums the diyidend is the pro- 
duct and the quotient and diyisor are the fisictors. Hence with the 
same diyidend and a smaller diyisor we haye a greater quotient, and 
with the same diyidend and a greater diyisor a smaller quotient. . 

The truth contained in the two last axioms may be concisely 
expressed thus : — 

132. The answer to a Division sum is made gi-eater by 
increasing the dividend or by diminishing the divisor; 
but it is made less by diminishing the dividend or by 
increasing the divisor.* 

133. Axiom XV. — If the dividend and divisor be either 
both increased or both diminished the same number of timeSy 
the quotient remains unaltered, 

Denumstrative Meample, — ^If 42 diyided by 6 giyes 7, twice 42 
diyided by twice 6 will giye the same answer ; ten times 42 diyided 
by ten times 6 will giye t^e same answer ; as also the half of 42 
diyided by the half of 6 ; or the third of 42 diyided by the thurd of 
6, &c., &c. So — 



General Formula. — ^If - = a?, ?? == a?, and - 



n 

= a?. 



bn i -7-» 

Observation, — ^This axiom depends on the same considerations as 
(122). It was there stated if one factor remained the same while 
the other was increased or diminished, the product was increased or 
diminished in the same degree. It is equally eyident that if the 
product and one factor are both increased or both diminished in the 
same degree, the other factor may remain the same. But in eyery 
Diyision sum the diyidend is the product of which the diyisor is one 
£Eu;tor and the quotient the other. 

* In the higher arithmetic it would be thus enunciated :~The quotient varies 
directly aa the dividend and inverMly as the divisor. 
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EXXBCISE XLII. 

Find three other pairs of divisors and diTidends which would give 
the same quotient as each of the following : — 

1. ???j 47^3; 29^6. 

10 

2. 58 -i- 4; 572^12; 435 -f- 8. 

3. 48 -r- 6; 59-r-12j 523 -r- 6. 

4. 15 -r- 3; 498 -r- 20; 135 -M6. 

This principle is practical^ applied in the following cases : — 

134. Case I. — ^Whek both DiriDBirD aito diyisob tebmi- 

KATE IK ONE OB MOBE OIFHEBS — 

RULE. 

Cut off the same mimber of ciphers from both, and 
work the division with the mmibers thus diminished. 

For to cut off a cipher is to divide by 10 ; to cut off two, three, 
or four ciphers is to divide by the second, third, or fourth power 
of ten. But if this be done to both, the sum will be more readily 
worked, and the quotient will be the same as if the numbers had not 
been altered. 

EXEBOISE XLIII. 
Work the following sums by the contracted method : — 

1. 58600 -^ 700; 273000 -r- 18000 ; 396180 -r- 600. 

2. 3500-^400; 5169000 -f- 800 ; 37290 -f- 90. 

3. 7200 -r 100; 51980-^60; 573000 -f- 27000. 

135. Case II. — ^When the divisob is kot a whole ntjmbeb — 

RULE. 

Multiply both divisor and dividend by such a nimiber 
as will convert the divisor into a whole number, 
and then perform the division. 

Example. — Divide 573 by 3f . 

Here we choose 4 because it is the multiplier which, appHed to f , 
will convert it into a whole number. 

(573 X 4) -f- (3i X 4) = 573 -f- 3|, 

. But 573 X 4 = 2292, and 3| X 4 = 15. 
, 573 _ 2292 _i.oi2 
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EXEBOISB XLIY. 

Worl the following sums : — 

1. 463 -r 2* ; 827^-51; 1006 4- SJ* 

2. 687 -f- 4i ; 827 ^ 2| ; 789 -4- 5^. 

3. 6908 -r-2i; 6172 -f.4i} 3976 -J- 6i. 

4. 12506 ^3i; 1089-7-5^5 1627-^-71. 

5. 1396^41; 4096-5-31; 8162-5-44. 

136. Cask III. — WHEmBTEE the peoduot of ant bet of 

NTTMBEES HAS TO BE DIVIDED BY THE PRODUCT OF ANOTHES 
SET, AND THE TWO BETS CONTAIN COMMON FACTOBS — 

RULE. 

Strike out the factors common to dividend and divisor, 
and perform the division with the remaining pro- 
ducts only. 
This operation is called Cancelling^ 

Jfxawpfe.— Divide 75 X6x8x4 by 5x9x8x6. Here 
the 8 and 6 occur in both, and 75 mav be resolved into 15 x 5. 
Hence 8 and 6 and 5 may be rejected, oecause we thus divide both 
dividend and divisor by the same numbers, and (133) this does not 
alter their quotient. Hence, 

75 X 6 X 8 X 4 _. 75 X 4 _ (15 X 6) x 4 _. 15 x 4 

5X9X8X6 5X9 6X9 9 

EXEECISE XLV. 

SimpUfy the following bj cancelling, and find the answers :— 
, 5X4X3 28X12 27x4x9 
9X6X5* 7x12* 3X8X9* 

2. (214 X 6) -i- (27 X 6) ; (23 X 5 X 108) -^ (4 X 5 X 12). 



3. 



7X8X9 20X12X48 h X c X d 



-X » 



3X8X6 24X8X10 a X x X b X o 



137. Suppose it is required to multiply 6* by 6'. Now (119) 6* is 
6 X 6 X 6 X 6, or the product of 4 sixes, and 6' = 6 X 6 X 6 
or the product of 3 sixes. Hence 6* X 6' = (6 X 6 X 6 X 6) X 
(6x6x6)= 6', or the product of 7 sixes. The same principle 
applies to all similar cases. Hence we find the product of different 
powers of the same number by adding the exponents of those 
powers. This may be generally expressed — 

Example.— a^ X a?* = or" + * = a?', and a"* X a* = a"* + *. 

f3 
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The operation of diyision depends on the same considerations. 
Thus to diyide 3' by 3' is to diyide the product of 5 threes by the 
product of 2 threes. 

3* _, 3X3X3X3X3 _ g,., _ g, 

3* 3X3 

Hence whenerer a certain power of a number has to be divided by 
the same number raised to some other power, we must subtract the 
exponent of the diyisor from that of the diTidend. 

Example, — «• -f- j^ = «•"* =s «•. 

EXEBCISE XLVI. 

Simplify the following expressions : — 

1. 8' X 8»; 12* X 12« X 12*; 15' X 15* X 15. 

2. a* X a'; p^ Xp* X p; 2* X 3" X /. 
3 6* X e\ 15* X 15' X 15* , 3* X_7 

& ' 15' X 16 ' 3» X 5' 

. 20* X 25 X 8 5« X 6* X 5 16* X 14" 
*. . — : . 



5. 



20 X 16 ' 5* X 9 ' 16* X 14 

tf* X 6. a* X J*. i>* X 2* 



9 rr-» 



a X b aXV pT X ^ 



Questions on Multiplication and Division. 

Define Multiplication, maltiplicand, multiplier, product, and foctor. What is s 
•qnare? Hoir can Molttplication l»e said to be abridged Addition? What is a 
distributive operation? Ezpms the product of 7 and 9 in four diflereut ways, 
shuwing of what parts the whole is made up. 

State the first axiom assumed in Multiplication. Gire qn example. State the 
second, and give an example. What rule may be deduced from the second axiom ? 
If in multiplying by 7000 we multiplj by 7 and add three ciphers, what principles 
•re illustrated by the process ? 

What is Long Multiplication? State tibe rule and the troth on which the rule 
depends. What method is always employed in Compound Multiplication ? Why 
is no other method allowable ? State how a sum may be shortened when 318, 99, 
101, or 309 is the multiplier. 

Define Reduction. How modi of Bednotion may be performed by Multiplication ? 
Give an example and state the rule. 

What is meant by Division, dividend, quotient, divisOT ? In how many different 
ways can yon state the problem a + b? What sort of Subtraction sums may be 
abridged by the Rule of Division 7 What is the first axiom assumed in Division ? 

State the Rule for Simple Division. Why is it better to commence at the left hand 
sum 7 How do you divide by a large number when its factors are known 7 
troth assumed in this role. 
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Oive the Bole tar Long DiTiaion. What ia meant by partial dividands and 
quotients T If all the partial dividenda be added up, what should be their sum ? 
9ow does the Bule for Descending Beduotion ^>p1y to Compound DiTision 7 When 
is the answer to a Division sum really m quotient T When is it not so? 

State the methods of proving Multiplication and Division. Show how Ascending 
Beduotion belongs to Division, and why T What is meant by the third or fourth 
power of a number? Define exponent, and give an example. How does the 
Inerease of the multiplier or multiplicand aflfect the product ? State the axioms on 
this subject. 

What cliange may take place in the fltctors which wDl have no eSuot on the pro- 
duct ? G i ve an example. What inferences may be drawn Arom the truth you illus- 
trate? Give examples — I. Of three numbers, the product of the first and third 
equalling the square of the second ; and II. Of four numbers, having the product 
of the first and fourth equal to that of the second and third. State the reason in 
each case. 

Construct a series of numbers such that the first and last shall give the same pro- 
duct as any pair equally distant Arom them, and give the reason. In Division what 
is the efibct of increasing or diminishing the dividend ? the divisor? 

What changes can be effected in the divisor and dividend which will not affSsct the 
quotient? State the truth in words, and give an example. What practical uses 
arise out of this principle ? Explain cancelling, and give an example. How may 
different powers of a given number be multiplied or divided ? 

State in words the truth expressed by each of the following formula : — 

1. Ifz^y + z, then tna = my + mx 

2. xyz = zxy 

. 3. If xy =s Zf then mz = (mx) y 

4. If w szp + q, and n = y + z, then mn ss py -^ pz + qy + qz 



5. If m ssx + 


y + z, then- 
n 


n n n 


6. If« =xy, 


then *»_"••*•« 


1 


7. Itpq = z, 


thenji X mq =amz, txidp x — s 1 

m m 


9. pq sstHp X 






9, If cd = «/; 


then e B ff » 
J 


and c = */ 
d 


10. If- = 0, 
n 


then^ = xo, 
n 


and*" -^*-o + a 
n 


11. If!^ = o, 

7» 


then - = V 
pn p 


and *" ,. a op 
n -r p 


12. r? = "11^. 


m -r X 





n ujl- n -r X 
13. «"» X a'^ ss a^ + *, and «■• -i- a* = a*» - ' 
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EXEECISE XLVII. 
MiSCELIiAlTEOirS EXEBCISES ON THE AbITHHETIC 07 InTEGEBS. 

I. The less of two numbers is 347 and their difference 58, what 
is their product ? 

^ 2. Find one number equivalent to each of the following expres- 
sions : — 

289 + 735 5^725^ (237 X 14 X 8) - (19 + 7 -€)• / 
18 609-14 ^ 

3. What is the price of 1 yard when 48 cost £15 10s. 4d. ? 

4. Multiply 2s. 4d. by 215 ; and 3s. 9d. by 175. 

5. What will be the amount of the wages of 6 labourers for 28i 
days at 2s. 3d. each per day ? 

6. Divide £3 15s. 5id. by 23 ; and £50 by 17. 

7. Find the product of the sum and diffin^noe of the two num- 
bers, 792 and 68. 

8. What is the difference between the simi of the squares of 519 
and 432 and the square of their sums ? 

9. Simplify the following expressions : — 

128 + 19 + 64 - (8 + 123). 

796 - 14 4- 8 - 3 + 153. 

2740 X (58 + 6) ; 3709 X 695 + 8. 

2718 - (45 + 6 - 1). 

(409 - 8) X (627 4- 14) ; (5296 + 13) -f- (29 - 3). 

10. How many times will a wheel 7 ft. 3 in. in circumference 
revolve in traversing 14 miles ? 

II. How many farthings are there in 27 sovereigns, 50 half- 
crowns, 87 shillings, and 43 sixpences ? 

12. How many minutes are there in 365 days, 5 hours, and 48 
minutes? 

13. In £58 12s. 6d. how many francs at lOd. each ? 

14. Beduoe 125 yds. 2 ft. 4 in. to inches. 

15. An English sovereign will exchange in Belgium for 25 francs 
20 centimes (100 centimes = 1 franc) ; in Prussia for 6 thalers 20 
groschen (30 groschen = 1 thaler) ; and in Frankfort for 12 florins 
(60 kreutzers = 1 florin). How will the sum of £12 14s. 6d. 
(English) be paid in the money of these countries ? 

16. Keduce £123 15r. 9|d. to farthings. 

17. How many American dollars, value 4s. 2d., are equal in value 
to £20? 

18. How many coins worth 4s. 9d. are there in £231 16s. ? 

19. How many parcels, each containing 4i oz., can be made up 
out of 3 qrs. 17 lbs. ? 

20. If 17 men reap 19 acres 2 roods 17 poles in a day, and 8 of 
them reap one-third of an acre each, how much ought each of the 
^hers to reap ? 

k 
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21. A silyersmith makes 18 spoons, eaoli weighing 2 oz. 7 dwt. 
19 grs. ; three dozen and a half others weighing 1 oz. 11 dwt. 7 grs. ; 
and 19 silver forks, each weighing If oz. : how much silver must he 
use? 

22. What is the worth of 17 Ihs. 6 oz. 10 dwt. of gold at £3 178. 
lOid. per oz. ? 

23. If one-thirteenth of a certain gold coinage he alloy, what is 
le ouantity of pure gold in 274 pieces weighing 54 grs. each P 
zi An EngHsh sovereign weighs 123 grains, what is the weight 

of £235 lOs. in gold ? 

25. If a man advances 2 ft. 6 in. each step, takes 72 steps per 
minute, and walks 4^ hours, how far will he go ? 

26. Find the difference in feet between the polar and the equa- 
torial diameters of the earth, the one being 7,899 miles 1 fur., and 
the other 7925 miles 5 fur. 

27. How much English money is equivalent to 187 Italian ducats, 
at 3s. l^d. each ? 

28. If a plank be 6f in. wide, what length of it will give a surfiioe 
of 2 square feet ? 

29. How many pieces worth 2id. each are there in 150 guineas, 
£70, 34 crowns, 17 half-crowns, and 89 sixpences ? 

30. A ship is worth £3,700, and the cargo is worth 6 times the 
ship; what is the worth of one-fifteenth of the ship and cargo 
together P 

31. A pack of wool weighing 2 cwt. 1 qr. 19 lbs. costs £15 4b. 
lOid., what is its cost per lb. P 

32. A gentleman's yearly income is £900 guineas: he spends one- 
twelfth of his income in charity, and spends on an average £11 5s. 
per week ; what can he save in a year P 

33. Three persons purchase a ship worth £24,000 ; the first takes 
two partrt ; the second, three ; and the third, four parts : what is the 
value of each man's share P 

34. What number subtracted from the second power of 29 will 
leave the product of 16 and 19 ? 

35. If a steam-vessel reach a port 3,050 miles distant in 4 weeks 
3 days, what is her average speed per hour P 

36. What is the difference between the daily income of a man 
whose salary is £250 a year and of one who receives £720 per annum ? 

37. What is the number, from which, if you take the third power 
of 35, will give the second power of 79 as the answer P 

38. What is the total weight of silver in half a dozen dishes, each 
weighing 49 oz. 3 dwt. 4 grs. ; a dozen plates, each 16 oz. 17 dwt. ; 
and a sidver weighing 126 oz. 15 dwt. 18 gra. ? 

39. By how much must the square of the sum of 12 and 3 be 
multiplied in order to give the third power of the difference between 
108 and 59? 
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40. Wliftt is the total length of 49 pieces of dbtii, each measoni^ 
27 yds. 2 qrs. 2 nails P 

41. If ^I purchase 17 hogsheads weighing 14 cwt. each, at £24 
per cwt., and am allowed 3 lbs. in every cwt. for waste, at whatjprioe 
most 1 sell in order to gain 2id. per lb. P 

42. Suppose in London 1 person dies per annum out of eveiy 44, 
in a manufacturing town 1 in 41, and in a rural village 1 in 49 ; how 
long will it be before there is a total of 63,000 deaths in all threes 
supposing the population of the first to be 2,250,000, the second 
783,000, and the third 2,792 P 

43. How many acres are contained in three countries, of which 
the first comprises 723,100 square miles, the seconid 12,342, and the 
third 89,704 square miles P 

44. What number, divided by the sum of the cubes of 3 and 4^ 
will give as quotient the square of the sums of 7 and 8 P 

45. If I buy 1,874 yards of doth, at 4s. G^d. per yard, and sell 
at 6s. 3d., what do I gain P 

46. If a merchant insures his warehouse when stocked at £17,630, 
but when empty at £2,935, by hew much does he calculate that the 
worth of his stock exceeds that of the warehouse ? 

47. If 1,792 persons, 292 carriages, and 17 single horses, pass 
through a toll-gate in one day, the first paying one-halfpenny, the 
second 2|d., and the third l|d. each, how much money is received P 

48. How many guineas, sovereigns, crowns, hali-crowns, and 
shillings, and of each an equal number, are there in £1,548 P 

49. If I buy 1,453 gallons of spirits at 6s. 7d. per gallon, and 
aftier losing a quantity of it by an accident, gain £25 profit by 
selling the remainder at 88. lOd. per gallon, how much was lost ? 

50. If I have to measure a distance of three furlongs with a 
line three rods and a half long, how many times will the line mea- 
sure the distance P 

51. How many pounds of tea at 6s. 6d. per lb. must be given in 
exchange for 293 yards of silk at 3s. 4id. per yard P 

52. If 2 cwt. 1 qr. of sugar costing £3 6s. per cwt., and 1^ cwt. 
at 4| guineas be mixed together, what is the value of a pound of the 
mixture P 

63. A person buys a hogshead of wine in bond for £36, the duty 
is 6s. 6d. per gallon, what must it be sold at per dozen to gain £15, 
six bottles being equal to one gallon P 

64. If a person gives £46 10s. for 107 gallons, how much water 
must he add to it in order to reduce its value to 7s. 9d. per gallon P 
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PRIME AND COMPOSITE NUMBERS. 

SECTION I. ^MEASURES AND MULTIPLES.* 

138. A number is a measure of another, or is said to 
measure it, when it is contained an exact number of times 
in that other. 

Thus: 5 is a measure of 30, llof56, 12of36. 

139. A number is called a multiple of another when it 
contains that other an exact number of times. 

Thus : 48 is a multiple of 6, 24 of 8, and 56 of 7. 

140. Observation. — "Measure" and "multiple" are correlative 
terms, as they describe opposite and yet corresponding relationship. 
Whenever there is a measure, the number of which it is a measure 
is its multiple, and whenever there is a multiple, the number of 
which it is a multiple is its measure. 

For, because 27 is a multiple of 9, 9 is a measure of 27. 
So, if d? is a measure of y, y is a multiple of x. 

141. A number is called a. common measure^ of two or 
more others when it is a measure of each of them. 

Thus : 7 is a common measure of 21, of 70, and of 14. 

If a is a measure of i, c, and dy it is their common measure. 

142. A number is called a common multiple of two or 
more others when it is a multiple of each of them. 

Thus, because 48 contains an exact number of sixes, of twelves, 
of eights, it is a common multiple of 6, 8, and 12. 

* TbeM words, measure and multiple, are relative terms; they always show 
the relatiouship between one number and another, and do not describe any 
abstract property of either. Thus we cannot simply say 13 is a multiple ; but 12 is 
a multiple <if three or of four. So it would be unmeaning to say that 9 was a 
•measure merely, unless we said it was a measure qf some other^number, as, that 9 
is a measure of 27 or of 106. 

f The word eomtnon can never be properly used except when a number is con- 
sidered in relation to two or more others. It is never right to say that a is a 
common ipeasure or a common multiple of 5, for instance. If it be common it 
must be common to two or more others, as, « is a common measure of b and c» 
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Oh»enatum. — The product of any two numbers is evidently tlieir 
common multiple, although, as will afterwards be seen (163), it is 
not the onlj, and it may not be the least, oonmion multiple. 

Thus, 5x6 must eridently contain an exact number bo£h of 
sixes and of fives, and is thererore their common multiple. 

143. Every number is either Prime or CJomposite. * 

A prime number is one which has no measure. All 
other numbers are composite. 

Thus : 5, 7, 11, 19, are prime numbers. 

144. Numbers are said to be prime to one another when 
they have no common measure. 

Thus, the number 20 is not a prime number absolutely or con* 
sidered by itself^ nor is the number 9, because both have measures ; 
but as neither of 'the measures of the one is also a measure of the 
other, they are relaiweUf prime or are prime to one another. Such 
numbers are sometimes called incommensurable. 

145. ObservaUon, — ^The number of measures a given number may 
have is limited : it may have none at all, or it may have only one or 
two, and in all cases the number of measures can easily be deter- 
mined ; but the number of multiples a number may have is unlimited, 
for it is manifest that we may add it to itself an infinite number of 
times, and that each time we do this we have a new multiple of it. 
So also if we take two numbers at random ; it may be that th^ 
have no common measure, and if they have, the number of such 
measures will probably be very small and can soon be determined^ 
but they will certainly have a common multiple, and there is no 
limit to the number of these common multiples which may be taken. 

146. Axiom XVL — If one number measures another it 
measures all multiples of that other. 

Demonttratioe Example. — ^For if 7 measures 28, or is contained 
a certain number of times in 28, it must also measure twice 28, or 
three times 28, or any number of 28's. 

General Formula. — ^If a measures h it must also measure xh'. 

For let it be granted that a is contained n times in b, then b =, 
na ; then xb = xna and contains a xn times. But if a number 
is contained xn times in another it measures that other. 

* Prime, from primui, first ; compoftUe, Arom coMpono, eompo$UHi, pot together. 
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147. Axiom XVll. — If one number measteres two others 
it must cUso measure their sum. 

DemonttraHve Example, — Because 6 is a measure of 12 and also 
of 18, it must also measure 12 -|- 18, or 30. 

General Formula. — If a measures b and c it measures h -{- e. 

For if it measures d it is contained an exact number of times in 
it ; let it be contained n times, then an = b. Similarly, let c contain 
a, m times, then c = am ; but because b =z an and c = am, there- 
fore (71) b -\- c =z a X{m-\-n)iOrb-\-c contains a, (m -|- n) 
times, and is therefore a multiple of a. 

148. Axiom XVJJLL. — If one number measures two others 

it measures their difference. 

^Demonstrative JExample. — ^Because 5 measures 60 and 15 it must 
also measure 60 — 15, or 45. 

General Formula. — If a measures b and c it measures b — cor 
c ^ b. 

As in the last example, let b contain a, n times, and c, m times, 
then b ^ c must contain a, (» — m) times, and must therefore be a 
multiple of a. 

149. If one number measures the divisor and dividend in a 

Division sum it must also measure the remainder. 

Demonstrative Example. — In the sum, because 6 24)372(15 

is a measure both of 24 and of 372, the divisor and ^ 

dividend, it must also measure the remainder 12 ; 71^ 

for by (146), because 6 measures 24 (hyp.), it abo X20 

measures 360, which is a multiple of 24; but 6 also 

measures 372 (hyp.), and 12 is the difference between ^^ 
360 and 372. Wherefore (148) 6 also measures this difference. 

General Formula. — In the sum, let n be a measure of a f^)^/^ 
and abo ofb; it must also measure d ; for by (146), because ca 
it measures a it must measure ca^ which is a multiple of a ; — 
and it measures b by hypothesis, therefore (148) it must 
measure d, which is the difference between b and ca. 

150. ff one number measures the divisor and remainder 
it must also measure the dividend. 
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DemontiraiwB Example, — In the last case it might be in&ned 
from the fiict that 6 measures 12 and 24 that it must also measure 
372, for this is the sum of 12 and of a multiple of 24. 

General Formula. — If n measures both a and cJ it is also ^\r/^ 

a)o{c 

a measure of b. ca 

For n being a measure of a is (146) also a measure of ca, — 
but by hypothesis it also measures d^ therefore (147) it must ^ 

measiure the sum of ca and d. But h is the sum of ca and d. 
Wherefore n measures h, 

151. Corollary. — From the last two propositions it may be 
inferred, that the greatest number which meatwres the divisor and 
remainder is also the greatest which will measure the divisor and 
dividend. For, because every number which measures the divisor 
and remainder (150) also measures the dividend, and because every 
number which measures divisor and dividend (149) also measures 
remainder, the greatest which is common to divisor and remainder 
is also the greatest common to dividend and divisor. 

152. Gbeatest Commok Measube. — It is often required to find 
the greatest number which will divide two or more others without a 
remainder, — in other words to find the greatest common measure of 
those numbers. Whenever the numbers are small, or are within the 
range of the tables which we know by heart, we may find their 
greatest measure by simple inspection and without trouble. But 
whenever the numbers are large we adopt the principle just enun- 
ciated, and by making one of the given numbers the divisor, and the 
other the dividend, we solve the question in the following manner : — 

Let it be required to find the greatest 252)2097^8 
common measure of 252 and 2097. These 2016 

numbers are too large to be determined by 

simple inspection, so we divide one by another. °^/ r^f ^ 

Now by (151) we know that the greatest com- 

mon measure of 2097 and 252, the divisor 9) 81 (9 

and dividend, will also be the greatest of 252 81 

and 81, the divisor and remainder. But 
these are also too large. We make one of them the dividend ; and 
again the greatest common measure of this divisor (81) and the new 
dividend (252) must also be the greatest common measure of 81 and 
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of 9, the dmsor and new remainder. But on applying one of these 
to the other we find that it is a measure of it, and must therefore 
be the greatest common measure of both. 9 is therefore the great- 
est common measure of 252 and 2097. 

153. Let it be required to find the greatest f^\ f^ /g 

common measure of any two numbers, m Sm 

and », and let n be the greater. Let it con- ^^ 

tain m 3 times and leave a remainder o, ^)^\ 

oo 
Let o be contained in m 5 times and leave a 

remainder p^ &c., &c. ; and let s the last p) o (8 

remainder be contained exactly twice in r. ^ 

Then sis a common measure qfm and ». v .^ 

a) » (2 
For since it measures r it is a common 2a 

measure of itself and r. But because (150) — 

whatever measures remainder and divisor 'O^Cl 

measures also the dividend, therefore s ^ 

measures q. Again, for the same reason, s)r(2 

since it measures q and r it also measures p, 2s 

and because it measures p and q (the divisor 

and remainder) it must also measure o (the dividend). But what- 
ever measures o and p must also measure m, and whatever measures 
fit and o must measure ». But s measures m and o, therefore it 
measures m and n. 

S is also the asEATEST common measure ofm and n. 

For, if it be possible, let them have a greater, and let it be a. 
Then because, according to this hypothesis, a measures m and n, it 
also measures o (149). And £ot the same reason, measuring m and 
Of the divisor and dividend, a must also measure p, the remainder, 
and if so must also measure q ; and because it measures p and q it 
also measures the remainder r, and therefore also measures s. But 
by hypothesis a is greater than «, therefore it cannot measure «, and 
therefore no greater number than « is a common measure of m and n* 

154. Observation. — The object of this process is gradually to 
diminish the numbers under inspection until they are small enough 
to have their measure easily ascertained by the tables. We start 
with two numbers which are too large to allow us to determine their 
greatest common measure by simple inspection. But as the 

• BiieUd,bookTiLprop.2. 
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remainder in a Diyision sum must always be less than either 
divisor or dividend, and as whatever is the greatest common mea- 
sure of the two original numbers is also the greatest common 
measure of divisor and remainder, the eifect of the first step is to 
give us two smaller numbers to compare. If these two (the divisor 
and remainder) are not small enough, we treat them in the same way 
and find another remainder, which is of course smaller than either. 
Thus we proceed until we obtain two numbers so small that we can 
readily tell whether they have or have not a common divisor. If 
they have, that number is also the common divisor of the two original 
numbers ; if they have not, the two original numbers have not any 
common measure. 

If in the course of the operation we perceive that a remainder, 
being a prime number, does not measure the preceding remainder, 
we may at once conclude that the two given numbers are prime to 
each other ; or. 

If any two consecutive remainders are observed to have no common 
measure, it is useless to proceed further, because in that case it will 
be evident that the numbers themselves have no common measure. 

RULE TO FIND THE GREATEST COMMON MEASURE OF TWO 

NUMBERS. 

155. Divide the greater by the less. If there be no 
remainder the less of the two numbers is a measure 
of the greater and therefore the greatest conmion 
measure. 

But if there be a remainder, bring down the former 
divisor and divide it by the first remainder. After- 
wards bring down the second divisor and divide it 
by the second remainder, and so on until there is 
no remainder. The last divisor is the greatest 
common measure of the two original numbers. 

If the last divisor be 1, the numbers have no common measure, 
i.e.y they are incommensurable. 

ExEBCiSE XLVm. 
Find the greatest common measure of the following numbers : — 

1. 35 and 40; 288 and 36; 570 and 930. 

2. 266 and 637; 1793 and 462; 125 and 360. 



I 



I 
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d. 472 and 720; 162 and 2763; 800 and 468. 

,4. 65935 and 47355 ; 7228 and 4196; 1286 and 907. 

6. 10987 and 1495 ; 1271 and 31628 ; 4096 and 84. 

6. 4058 and 432; 823 and 1700; 17962 and 815. 

156. Suppose it Ib required to find the greatest common measure 
of 80, 18, and 21. By (155) we find that the greatest common 
measure of 80 and 18 is 6, or that whatever measures 30 and 18 
must also measure 6. Wherefore, whatever measures 30 and 18 and 
21 must also measure 6 and 21 ; and 8, which is the greatest common 
ineasure of 6 and 21, &c., must he the greatest common measure of 
80, 18, and 21. It is evident that if any two of the given numhers 
have no common divisor, the whole of the given numhers have no 
common divisor, and are therefore incommensurahle. 

To find the greatest common measure of a, b, c, and d, ,Let the 
greatest common tneasure of a and bhem; then, hecause whatever 
measures a and h also measures m, the greatest common measure of 
a, 5, and o must he that of m and o ; let this he n ; then hecause 
whatever measures a, 5, and o also measures n, the greatest common 
measure of a, 5, c, and d must he that of n and d ; let this be p ; 
then p is the greatest common measure of a, b, c, and d, 

RULE TO FIND THE GREATEST COMMON MEASURE OF THREE OR 

MORE NUMBERS. 

167. Find by (155) the greatest common divisor of 
any two of the given numbers. Then find the 
greatest common measure of the divisor thus 
obtained, and another of the given numbers ; 
proceed in this way until the numbers are ex- 
hausted. Xbe last of these common divisors will 
be the number sought. 

Exercise XLIX. 
Find the greatest common measure of the following numbers : — 

1. 25, 75, and 100 ; 24,16, and 80; 64, 48, and 120. 

2. «05, 2622, and 1978 ; 6914, 896, and 5784 ; 170,262,568. 
8. 68, 700, and 871; 108, 6144, and 1116; 729, 1871, and 1695. 
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158. Axiom XIX. — Every number is either a prime number 
or may he resolved into pnme factors. 

Demonstrative JExample. — ^For if the number can be divided by 
another it is not a prime number, and is therefore measured bj the 
diyisor and the quotient, which are its fitctors. If either of these 
fiictors has a measure it also may be resolved into its &ctors, and 
this process may evidently be carried on imtil all the Victors are 
prime numbers. 

Let a be a number : if it has no measure it is a prime number ; 
but if it has, let it equal h X c\ then if h and c are prime numbers 
a is resolved into its prime fitctors ; if not, let 6 = « X ^andc =£f X 
hf and let c, y, ^, A be prime numbers. Then azzexfXffXh 
and is resolved into its prime fisu^tors. 

BULE TO RESOLVE A NUMBER INTO ITS PRIME FACTORS. 

169. Divide by the smallest prime nmnber which 
will measure it. Then divide the quotient so foimd 
by the smallest prime number which it contains; 
and proceed in this way until a quotient occurs 
which cannot be divided. The series of divisors 
and the last quotient are the prime factors. 

JSxam^le.^'ResolYe 390 into its 2)390 

prime factors. Here we divide first , ~ 

3 1 195 
by 2, then by 3, then by 6, and at ^ 

last come to a quotient which is a 5^g5 

prime number. The number is thus — 

found to consist of 2 X 3 X 6 X 13. ^^ 

But by the rule, each of the numbers -A^^- ^^O =2 X 3 X 5 X 13. 

thus chosen was a prime number. Wherefore 390 has been resolved 

into its prime £eu!tors. 

EZEBCISE L. 

Besolve each of the following numbers into its prime fEUstors :— - 

1. 347; 58; 196. I 8. 7189; 6541; 4127. 

^. JOJBT; 3526; 409a I 4. 28169;. 5481; 71086.. 
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160. It is not difficult to ascertam how many prime ntunben can 
be found within any giren limit. If we set down a column of all 
the numbers in order, &om 1 to 100, we may mark off those which 
are not prime numbers in the following manner : — 

Begin by marking off erery number which contains two, that 
being the lowest prime number ; thus 4, 6, 8, and the whole series of 
eren numbers will be marked. It is evident that not one of these 
is a prime number, as every oi^e is divisible by 2. Then commence 
from 3, which is the next prime number, marking off every number 
which contains 3. Thus 6, 9, 12, 15 and the whole series of mul- 
tiples of 3 will be excluded from the list of prime numbers. In like 
manner commence from 5 (the prime number next in order) and 
point off every number in the series which contains an exact 
number of fives. Thus 10, 15, 20, &c., will be excluded from the 
list. Again, take 7 (the next prime number) and mark off its 
multiples 14, 21, 28, &c. ; then do the same with 11, and so on 
with aU the prime numbers in succession. Every number which is 
not prime will be excluded. In the list, the number of marks affixed 
to each figure shows the number of its prime factors. In the series 
of numbers given it will be seen that the only prime numbers are — 
2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 81, 37, 41, 43, 47.* 
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* This process of eliminatmg aU tiie composite nmnbers from a series was 
invented by Eratosthenes, a Cyrenian Greek, who had charge of the Alexandrian 
Library in the time of the second Ptolemy, and paid great attention to Mathemati- 
cal Science. It is called the sieve of Eratosthenes. 
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EXBBCISE LI. 
Make out a similar list to that in the Example (from 1 to 200), 
and ascertain how manj prime numbers there are. 

161. Least Common Multiple. — The smallest number 
which can be divided by two or more others without a 
remainder is called the least common multiple of those 
others. The rule for finding this number depends on 
several simple considerations. 

162. Hie prodiict of two or more nwmbers is a common 
multiple of all of them. 

Demonstrative JSxamvple. — The product of 4, of 7, and 9, must 
contain an exact number of fours, of sevens, and of nines, and is 
therefore a multiple of each of them. A common multiple of anj 
set of numbers can always therefore be found bj multiplying them 
together. 

Oeneral Formula. — If aX&:=c, cisa common multiple of a 
and h, 

163. If two or more numbers have a common measure, their 
product divided hy that common measure iviU be a common 

multiple of those numbers. 

Demonstrative JExample, — If it be required to find a common 
multiple of 30 and 12, we may do it at once (162) by taking their 
product, for SO X 12 = 360 = a common multiple of 30 and 12. 
But because 6 is their conmion measure, and 30 = 6 X 5, and 12 = 
6 X 2, it is evident that 6x2x5 will be a multiple of both, for 
it will contain the 12 five times, and the 30 two times. Therefore 
60, or 12 X 30 divided by their greatest common measure, is their 
least common multiple. 

Oeneral Formula. — If a z=. mx and h = my, then mxtf is a com- 
mon multiple of a and h. 

For mxy contains a y times, and it also contains h x times. It 
is therefore their common multiple. But since a = mx and h = my, 

ah := mx X my, and ? = «ikry, or the product of the two 

m 

numbers divided by their greatest common measure gives the least 

ixmtmon multiple. 
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RULE TO FIND THE LEAST COMMON MULTIPLE OF TWO NUMBERS. 

164. Find (155) their greatest common measure and 
divide their product by this number. 

ExxBCiSB Ln. 
!Find the least common multiple of the following numbers : — 

1. 25 and 35; 72 and 108; 63 and d9. 

2. 54 and 842; 300 and 42; 75 and 100. 
8. 82 and 96; 7123 and 456; 372 and 48. 
4. 235 and 195 ; 124 and 16 ; 50 and 30. 

165. If in any set of numbers two or more are found having 
a common factor J the product of these numbers divided by the 
common factors mil he a comrrum multiple of all of them, 

DemonHrative JExample, — Suppose it is required to find the least 
common multiples of the four numbers, 16, 20, 21, and 14. Here, 
because 16 = 4 x4,20=5 x4,21=3 X 7, 14 =2x7; 
therefore 4x4x5x7x3 will be a multiple of each of tbem, 
for it will contain all the £Etctors of each ; but this will equal the 
whole product divided by 4 X 7. 

General Formula. — If a =: mxy b =: xy, c =: yz^ and d =: mz^ 

then mxyz is a common multiple of a, b, c, and d ; 

for it contains a yz times, b mz times, c mx times, and d xy times ; 

J abed 
and mxyz = . 

xz 
166. The exclusion of common &ctors is usually effected by the 
following process : — 

Let it be required to find the least common multiple of 15, 18, 
20, 32, 12, and 100. 

8)15 18 20 82 12 100 
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3 14 15 
3x4x5x2x3x4x5 = 7200 the least common multiple. 
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Here it was first observed that 3 was a common measure of several 
of the given numbers, viz., 15, 18, and 12. Dividing each of these 
by their common &ctor, we find that (165) 3x5x6x4 will 
contain each of them. The other numbers, 20, 32, and 100, were 
brought down. 

At the second line we have therefore this result : — 

The product of3x5x6x20 X32x4xl00i8a multiple 
each of the original numbers. 

But of these numbers, three, viz., 20, 32, and lOOj are divisible 
by 4. 

Wherefore 4x5x8x25isa common multiple of 20 X 32 X 
100. 

At the third line we have this result : — 

8x4x5x5x6x5x8x25isa multiple of each of the 
figures in the second line, and therefore of each of the original 
numbers. 

Again, dividing three of these numbers by 5 and afterwards by 2 
we have 

The product of 3, 4, 5, 2, 3, 4, and 5, or 7200, is a common multiple 
of all the original numbers. This is evidently a much smaller 
number than the product of 15, 18, 20, 82, 12, and 100. 

167. Observation. — The division by common factors in any order 
will always give a less common multiple than the product of the 
given numbers, but it does not always give their least common 
multiple. In order to obtain this it is necessary only to divide by 
prime numbers, or a number which, like 4, is the square of a prime 
number. 

168. The same result might have been obtained by resolving the 
numbers into^ their prime £eu!tors by (159). Thus : 

' 15 = 3 X 5 ^^^ because the highest power of 

18 = 3x3x2 2 occurring in any one of these num- 

20 = 2 X 2 X 5 bers is the 5th (in 32), therefore if we 

82 = 2X2X2X2X2 take the fifth power of 2, or 2 X 2 X 
12 ^ 3x2x2 
100 =5x5x2x2 2X2X2, in our common multiple 

all the other twos may be neglected ; 

and because the highest power of 3 which occurs is the 2nd (in 18), 

therefore if we take 3' in the common multiple the other threes may 

be neglected, SUmUarly, because 5 X 6 occurs in the last number 
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(100) jihe fives which occur in the other numhers mxy be neglected. 
Hence, 

2x2x2x2x2x3x3x6x5or2»x3*X5*jor 7200 
= the least common multiple of 15, 20, 18, 82, 12, and 100, for it 
contains all the prime factors of each of them. 

But the product of all the numbers is 2" X 3^ X ^\ which is a 
much larger number than 7200. 

TO FIND THE LEAST COMMON MULTIPLE OF THREE OR MORE 

NUMBERS RULE I. 

169. Divide as many of them as possible by any 
prime number which is a common measure of any of 
them. Bring down the undivided numbers, and 
divide those in the second line by any other prime 
measure of any of them. Proceed in this way imtil 
no common measure can be foimd. The product of 
all the divisors and of the numbers remaining in 
tRe lowest line will be the least common multiple 
required. 

RULE II. 

170. Resolve all the given numbers into their prime 
factors. Take each of these factors to the highest 
power which occurs in either of the given nimibers. 
The product will be the least common multiple. 

Observation. — It is evident that if any one of the numbers is 
seen to be contained in another it may be struck out at once. Thus, 
in the example given, because 20 is a measure of 100, whatever is 
a multiple of 100 will certainly be a multiple of 20, and therefore if 
a multiple of the 100 be founa the 20 may be neglected. 

EXEBCISE LIII. 

Find the least common multiple of the following numbers : — 
(a). The first four sun^s by the second method, and 
(b). The whole by the first. 
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1. 26,75, and 80; 12,28, and 44; 29, 16, and 40. 

2. 15, 14,16, and 18; 27, 80, 54, and 27. 

8. 105, 110, 14, and 17 ; 854, 68, 852, and 81. 

4. 1,2, 8, 4,5,6, 7, 8, and 9; 20,12,15,18,4. 

5. 2712, 816, 54, and 15 ; 21, 27, 36, and 19. 

6. 5908, 5612, and 8047 ; 250, 860, 49, and 700. 

SECTION n. — SPECIAL PBOPERTIES OF NUMBERS. 

For oonvenience in working subsequent rules, and especially in 
determining the common fetctors of numbers by simple inspection, 
the following truths are important. 

171. Bvery even number is cUvieible by 2, and every number whose 
two last digits are divisible by ^is itself divisible by 4. 

The former assertion is self-erident ; and because 100 =: 25 x 4 
therefore any number of hundreds is a multiple of 4 ; and if the two 
last digits also form a multiple of 4, the whole number is divisible 
by that number, e.g.^ 1800, 16924, 24986, are divisible by 4. 

172. Every number whose three last digits are divisiUe by S is 
itself divisible by 8. 

For because 1000 is divisible by 8 any number of thousands is so 
likewise. Hence, if the three last digits form a multiple of 8 the 
whole is a multiple of 8, e.g,, 17000, 25828, and 491720 are divisible 
by 8. 

173. ^ery nwnber ending in or 6 is divisible by 6. 

For every number ending in consists of an exact number of tens, 
and 10 = 5 X 2. Again, every number ending in 5 consists of a 
number of tens -|- 5, and is therefore a multiple of 5. 

174. JSvery prime number terminates with one or other of the 
digits 1, 8, 7, or 9. 

For numbers terminating in any other digit have already been 
shown to be composite. 

175. Every number the sum of whose digits is divisible by 9 or 9 
is itself divisible by 9 or 9, and every number the sum of whose digits 
if divided by 9 or 3 would give a certain remainder^ would itself ff 
divided by 9 or 9 give the same remainder. 

For beeauBo 10 = 9+ 1, 7 tens must contain 7 nines + 7, 8 tens 
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= 3 nines + 3, and if any number of tens be taken, it will, if divided 
by 9, give the same number as a remainder ; n tens -^ 9 ^ » times 
and n remainder. 

So also because 100 = 99 + 1 and 99 = 11 X 9, 700 =; 
7 X 99 + 7, and n hundreds divided by 9 will give n remainder. 
The same is also true of thousands, tens of thousands, millions, &o. 
Suppose, for example, it is required to divide 723425 by 9. 

7cr V /noN 723425 700000 ,20000 ,3000 ,400 ,20 ,5 

Now by (93) = + -r + + — +— 

•^^^9 9 9 9U99 

If the division be performed separately on each of these parts we 
shall have a series of remainders, 7, 2, 3, 4, 2, and 5. If the sum of 
these remainders be divisible by 9 the whole number is divisible by 9, 
but not otherwise. Here the sum of the digits is 23, or 2 X 9 + 6 ; 
therefore, if the whole number were divided by 9 the remainder 
would be 5. 

Because 3 is a measure of 9; 10 and every power of 10, if dimin-. 
ished by 1, would be a multiple of 3 ; therefore 80, 800, 8000, or 
800000 if diminished by 8 would have the number 3 for one of itt 
factors. Hence, if the sum of the digits composing a number be 
divisible by 3 the number itself is divisible by 3. 

The method of proving Multiplication and Division by casting 
out the nines (115) is founded on this truth. Por if one feu^tor 
divided by 9 give a certain remainder, and another factor divided by 
it give a second remainder, then the product of these two factors 
divided by 9 will give either the product of these remainders or the 
same remainder as that product. Hence, if we find by casting out 
the nines of the multiplicand and multiplier, separately, that the 
product of these two remainders divided by 9 gives the same 
remainder as is foimd by casting out the nines of the answer, that 
answer is likely to be right ; although it is evident that if the answer 
contained exactly 9 too much or too little, or if a cipher were in- 
correctly placed in the answer, this method would fail to det.ect the 
error. 

The method of proving Division will appear exactly the same 
when it is remembered that the dividend is always the product of 
the two flEkctors, divisor and quotient. 

Observation. — This peculiarity of the number 9 is not an essen- 

Cx2 
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tial property of the mmiber itself but is s ofmeeqiienoe of our 
hermg adopted s dedmal notatkm. Had the base of our tTstem of 
arithmetic been 5 instead of 10, the same property -woEdd hare 
belonsed to the nmnber 4 ; and, general^, if r represent the scale of 
notation, the sum of the digits diyided by r -> 1 always gives the 
same remainder as if the wli^le number were divided by it.* 

176. If an even number have ^ke enm of Us digite dkitible hy 3 
that number is divisible by 6. 

For because it is even it is divisible by 2, and if it be also divisible 
by 3 it is divisible by 2 X 3 or 6. Thus 528, 3738, 2346, are 
divisible by 6. 

177. If the sum of the diyits of an even number be divisible by 9 
the number is divisible by 18, and if the sum be divisible by 3, while 
the tens and units are divisible by ^12 is a measure of the number. 

The proof of this is the same as in the last case. 

178. Every prime number greater than 6 would^ if increased or 
diminished by unity ^ become divisible by 6. 

For every number greater than 6 would, if divided by 6, leave a 
remainder 1, 2, 8, 4, 5, or 0. If the remainder be it is not a prime 

* Many of the renilti of the principle here ezpUdned aie rather cmioiu than 
lueftily although it !• a good exercise for pupils to find out similar peculiarities and 
to trace out their reasons. For example : 

1/ in any Une cf figwrts the turn qf the digits be subtracted from the whole, ike 

retnainder is always a mvMpte qf9; and \f the figures composing a Une he trans- 

posed in any order and subtracted from the Une itself, *^ remainder is also 

divisible by 9. 

Example J. 723435 s a multiple of 9 + 5 

Subtract 5 



723420 B a multiple of 9 

II, 723435 = a multiple of 9 4- 5 

Subtract 23 xs the sum of the digits , or (2 x 9) -I- 5 

723402 s a multiple of 9 

IIL 723425 = a multiple of 9 -i- 5 

Subtract the same figs, transposed 437532 s a multiple of 4- 6 

285903. a multiple of 9 

It is evident that having once ascertained that the original number if divided by 

9 leaves a remainder 6, we may take away either 6, or 9 4- 5, or any number of 

nines + 6 from that number, and an exact multiple of 9 will be left. But the same 

figures transposed in any order will always give the same sum ; and the number 

1^ tbejr jyepreaeai will always therefore be a multiple of 9 + 5. 
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xinmber. If the remainder be 2 or 4 the number oonnBts of 6» + 2 
or 6» -f* ^ <^^ ^ either ease is diyisible by 2. If the remainder be 
3 the number oonsiBts of 6ii -|- 3 and is diyisible by 3. Therefore 
every prime number is either 6ii -f ^ or 6ii + 1* In the former 
case adding 1 to it, and in the latter case taking 1 from it, would 
make it a multiple of 6. Hence any one of the prime numbers 7, 
11, 18, 17, 19, 23, 29, 31, 37, &c., would, if increased or diminished 
by unity, become divisible by 6 ; although it does not follow that all 
numbers expressible by6ii + 6orby6fi + Iure prime. 

Questions on Prime a/nd Composite Numbers. 

Define the words measure, multiple, prime, composite, common measare, oommon 
multiple, incommeAsurable. 

Deduce three inferences from the supposition that a measures h and e. State 
the axioms relating to this subject What propositions applicable to ererj DiTision 
sum are founded on these axioms 7 

Give the rule for finding the greatest common measure of two numbers. Tdce 
343 and 539 as an example, and demonstrate each step of the process. How is the 
greatest common measure of three or more numbers ascertained 7 Describe the 
process of resolving a number into prime ftujtors, and of excluding all the composite 
numbers from a given series. 

In what way can a common multiple of two or more numbers always be found 7 
When will a less number serve the purpose 7 Give the rule for finding the least 
common multiple — I. of two, and II. of three or more numbers. 

How may you tell by simple inspection when a number is divisible by 2, by 4, 
by 8, or by 5 ? What numbers are divisible by 9 or by 3, by 18, or by 6 ? By what 
test may a prime number be known 7 Show how the method of proving Multipli- 
cation or Division by casting out nines is to be demonstrated. 
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FRACTIONS* 

SECTION I. ^NOTATION OF VULGAR FRACTIONS. 

179. That part of Arithmetic which treats of whole 
mimbers is called Integral Arithmetic or the Arithmetic of 
Integers.f In Integral Arithmetic imity is taken as the 
standard, and considered capable of increase. In Fractional 
Arithmetic imitj is taken as the standard, and considered 
as capable of division. In the former we are concerned 
only with magnitudes greater than one ; in the latter with 
magnitudes less than one.^ 

The figures 1, 2, 3, 4), 5, &c., all represent different multiples of 
umtj ; the expressions which occur in Fractions refer to the parts 
of unity. 

180. In (96) and (99) the expressions } and g were used at the 
end of BiTision sums, and stated to mean the gixth part of four, and 
the twenttf-eiffhth part of twenty, respectively. We were then not 
able to do more, with such expressions, than to leave them as 
divisions which had not been effected. The object of Fractional 
Arithmetic is to investigate such expressions more fully, and to give 
us an extended notion of Division. 

181. Every fraction represents a quotient, the upper 
figure being the dividend and the lower the divisor. 

182. The lower of the two numbers is called the denominator % or 
namer, because it shows what parts of imity have to be taken ; and 
the upper is called the nwmerator^ or numberer, because it shows 
how many of these parts are to be taken. 

• Yrom frango, I break ; fraettm^ broken (Latin). 

■f Integer (Latin), whole or undivided. In the word integrity we have it applied 
to moral character, and signifying singleness of purpose ; but in Arithmetic the 
word always means unbroken and the opposite to fractionaL 

X Preliminary Menial Exercise. — Before commencing this Rule many questions 
on the Tables involving both Multiplication and Division should be solved 
menti^^ly. Such exercises may take two forms, e.g.y I. Find | of 35, y^ of 96, | of 
66, ^ of 65, &c., and II. What is that number of which 20 is | ; of which 16 is | ; 
of which 24 is ^1 ; of which IS is ^j- 7 &c., &c 

/ (iMjn) numero, I number or count ; and denominOf I give a name to. 
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Thus } signifiee that vaaity is dmded into nine parts, of 
which eight are taken ; it also means the ninth part of eight, or the 
part which eight is of nine, or the quotient which would be obtained 
on dividing eight bj nine. 

183. Fractions are called proper when their denominator 
is greater than their numerator, as VV i ^^^ improper when 
the numerator is the greater, as f, or when both are equal, 

The last expression, ^, means that 1 is divided into 10 equal parts, 
and that 10 of them are to be taken ; in othw words ^ means the 
whole unit ; {^ would mean something more than the whole unit. 

Whenever the numerator exceeds the denominator the fraction 
represents more than one, and as this is not a part of unity merely, 
but a whole number and a part, the expression is called an improper 
fraction. Whenever the numerator equals the denominator the ex- 
pression represents exactly one, and is still called improper because 
it is not a fraction at all, but a whole number. But whenever the 
numerator is less than the denominator it signifies that all the parts 
into which unity has been divided are not to be taken, and therefore 
that the expression is really fractional and only represents a part. 
It is hence called a proper fraction. 

Nevertheless such expressions as {J or { will often be met with in 
fitictions, and are subject in aU respects to the same rules and the 
same considerations as what are called proper fractions. The dis- 
tinction therefore is not of much importance, and makes no new 
rules or statements necessary. 

184. A mixed number is one which consists of one or 
more whole numbers and a fraction, as 2|, 5 J, 18-i7y, &c. 

185. Every mixed number mxiy hive its form altered to 
that of an improper fraction, and every improper fraction to 
that of a mixed number. 

Demonstrative Example, — ^The mixed number 5} consists of five 
whole numbers and seven eighths. But because 1 '= | therefore 5 
must equal 5 X | or ^. Hence 6J = ^ + | or y. 

General Formiula,--a + 5 = ^ + ^ = ^!^±i. 
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186. TO SBDUCE A MIXXD FITMBEB TO AS IM7ROFKB FKACTKHI — 

RULE. 

Mnltdplj tHe wbole nnmber by the denominator of 
the fraction; add the numerator, and place the 
denominator imder the sum. 

ExEBcissLiy. 
Bednce the fbllowing mixed nuinben to improper firactioiis : — 

1- 7^; 8|; 3ft. 4. 47t; 2^; 183^. 

2. 31}; 54ft; 23y. 

3. 123i; 21ft 5 Iff. 

187. To BEDTTCE AS nCFBOFEB FBACTIOIT TO A IflXSD VTHCBEB — 

BULE. 

Divide the numerator hj the denominator; the quo- 
tient will be a whole number, and the remainder 
will be the numerator of the fraction. 

Example. — ^Bednce ^ to a mixed number. Here because | = 1, 
7 contains 1 seven times and leaves a remainder 2. There are there- 
fore seven whole nmnbers and two fifths in f. That is, ^ ^ '^i* 

EXEBCISE LY. 
Keduce the following fractions to mixed numbers : — 



6. 21^; lot; m + -. 

n 



1. Hi ¥; W. 
3. *l'i W; 's^. 



^ ««*; S»; «?. 
6. t?; •^; 1p. 

6. ^r; 'rf; *r 



188. Every principle which has been demonstrated con- 
cerning the relations of dividend, divisor, and quotient 
(130 et seq.), can also be asserted of numerator, denomina- 
tor, and fraction, e.g. — 

189. If the numerator of a fraction be increased or dimin- 
ished the fraction is increased or diminished in the same degree. 

Thus - has a certain meaning, but — or — r— means twice as much, 

- or —z— meana only half as much. 
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190. If the deru)mimitor of a JracHon he increased the frac- 
tion itself is diminished^ hut if the denominator he diminished 
the fraction is increased in the same degree. 

Por - has a certain meaning, but r- or g-^ means only half as 

much, because here the diyidend remains the same and the divisor 
is doubled, wherefore (131) the quotient is diminished one-half. It 
is evident that if anything be divided into 8 parts, and again into 

16, the sixteenth is only half as much as the eighth, wherefore — is 

a A 6 

half of -. And by the same reasoning - or g-7^ is twice as great 
as -. 

191. (hroUary L — A fraction may he multiplied hy a whole num- 
her either hy multiplying its numerator or hy dividing its denomi- 
nator hy that number. 

Uxample.-^^ X 2 = -^q- = i5 = jo— 2 = 5 
General Formula, — - X c = -— = 



h b h^o 

192. Corollary H. — A fraction may he divided hy a whole number 
either by dividing the numerator or by multiplying the denominator 
hy that number. 

XT , 10 . - 10-r6 2 10 10 

General Formula. — ~ -7- c = "^ ^ = — 

b b be 

193. Observation. — The second method can only be employed 
conveniently when the multiplier or divisor is a measure of the 
denominator or the numerator. In such cases it is preferable to the 
other. 

EXEECISE LVI. 

(a). 1. Multiply J by 6 ; §by3; ftby4. 

2. I X 6; iXl; ^X 5. 

3. T^X 4; i X«; S X 2. 

4. iSx5; Ax 7; ij X 17. 

5. IJX 3; ft X8; i4 X 9. 
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(b). 1. Bmde jl by 6 ; ^byS; j| by & 

3. tf-4-6; if^8; fi^6. 

4- S-^7; 3-4-14; {J -5- 7. 

6. «-=-12; ^4-3; «^4 

6. a-M4; 8-7-20; g -7- 10. 

194. TjT^^ numerator and deTiammator he both muUipUed 

cr both divided by the same namber^ the value of ihejraction 

remains unaltered,* 

Demonttratwe Bxamfle L — ^The fraction fg has a certain meaning. 
But by (189) if the nmnerator be multiplied by 2 it becomes j{, or 
twice as much; while if the denominator be multiplied by 2 the 
fraction becomes f^ or half as mnch. Bat if both be multiplied by 
2, and it becomes J{, it is manifest that the one change will neutral- 
ize the other, and that the fraction wiU remain unaltered. Similarly, 
if both the numerator and denominator of -^ be divided by 3, and it 
becomes }, it will have been increased by one process just as much 
as it is diminished by the other, and will therefore be unaltered. 

* It is oeoesMuy to notice that equal addUiona to koQi numerator and denomi- 
nator ^ make an important diflbtenee in the raloe of tiie iiraedona. Forezan^le, 
in the teriee of fractions — 

T» it T» ¥» ¥» A» A» ff* T¥» Tf» TT* TI* 

it may be noticed that one is added to both nmnerator and denominator at eaeh 
soeoesrire step. Bat because the original nanerator, 3, is less than the denomi- 
nator, 5, the inCTease is rslotively greater to the nomerator than to tiie denominator, 
and tiie fraction is increased at each step. Nerertfaeless there is a Umit to this 
increase, for eqnal additions ean never make the frnetioD mean so mnch as one. 
i88888i woold stOl be less than onitf. 

If, however, the fraction be improper, as f, it is obvious that equal additimis will 
increase tiie denominator relaUvdy in the greatest degree, and that therefbie they 
will have the eibet of diminishing the fraction; tiius, in tiie following senes of 
fractions, idueh are formed by equal additions of one^ — 

f» V» V» V# y» V» tt» if» tt» H» il» if» 
every fraetion is less than tiiat on its left In this case the limit of unity is again 

constantly ^proadied but never reached, for it is obvious Aat if a million were 
added to both numerator and denominator and it beeame i{HSH> ^^ would not be 
so small as one. 

is therefore greater or leas tfian -, according as ^ is a proper or impr op er 



ft + » ^ b 

action, 
Janpntper. 



fraction, while ^ is less than - if diat fraction is proper, but greater if it is 

O — % Q 
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DetnofuiraHve Example IL — In the dia- h 

gram (a) the dark line surrounds a space 
which is evidently two-fifths (J) of the whole 
surface. In {b) the dark line surrounds a 
space which is the same fraction of the 
whole but contains six fifteenths {fg). For 
because in a each portion is three times as 
large as each in &; three times as many 
portions are required in the latter to ex- 
press any giyen magnitude. Hence } = A« 

GeneralJFortnula. — - = — = — Zl_ . 

b bn b -T- n 

195. Every fraction may be expressed in an unlimited 
number of forms. When it is expressed by higher num- 
bers the new numerator and denominator are formed by 
equal multiplication, and are called equi-mnltiples of the 
original figures. When it is expressed in a lower name 
the nun^erator and denominator are formed from the first 
by equal division, and are sometimes called equi-sub-multiples 
of the original numbers. 

196. By (145) it wiQ be seen that the number of multiples a given 
number may have is unlimited, but the number of measures is 
limited. Hence eveiy fraction may be expressed in an infinite 
number of ways by using two greater numbers ; but it can never be 
expressed by lower numbers unless the numerator and denominator 
have a common measure. 

EXEBCISE LVII. 

(a). !£)xpress each of the foUowiog fractions in four different 
ways: — 

*• "n J TO » «• ^' i§ J 5§ » g4* 

(b). Express each of the following numbers in fractional forms : — 

1. 17 with the denominators 3, 8, and 7. 

2. 4 6, 9, and 6. 

H 
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3. 12 with the denominaton 8, 8, and 4. 

4. 4 15, 12, and9. 

6. 9 21, 3, and 14. 

197. For convenience of working it is often necessary to 
express a given fraction in its lowest terms. Whenever 
the fraction is thus expressed the numerator and denomi- 
nator must be prime to one another, for otherwise they 
could be divided by their conmion measure. 

198. To REDUCE A VBACTION TO ITS LOWEST NAME — 

RULE. 

Find by (155) the greatest common measure of the 

numerator and denominator. Divide both by that 

measure. The resulting fraction will be equal 

to the first and expressed in its lowest terms. 

Example, — Eeduce ^ to its lowest terms. 

Here by (1 55) 252) 1084 (4 

1008 

"76)252(3 
228 

"24 (76 (3 
72 

4)24(6 
24 

4 is found to bo the greatest common measure of 252 and 1084. 
Hence, 

lUb4 -" 1084 + 4 ~" *m' 
EXEBOIBE LVIII. 

Reduce the following fractious to their lowest names : — * 

1- Hi; A'Aj Jf. 4. 8J; \%', :^, 

2- rj; fill m 5. {3,. ^. ^. 

3. M; Ml ?»• 6. ^; ^%; 



* In many cases this may be done by simple inspection. See sectiuu ou Special 
/Vt»/wrti«» of Numbent. 
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199. In order to add, subtract, or in any way comparo 
fractionR it is always necessary to leducc them to u coinnion 
<lenominator. 

If two fraotionN, | and ), are tnkon and it iH rr(iuir(>d (o find 
which is tho gntator, the (lueition in not roodiljr answorod. For 
although by (131) ^ is less tlian if, it is not easy to say how much 
less I nor is it easy to say whether 6 of tlie ninths may not bo 
greater than 3 of the sevoiitlis. If both had tho same denominator, 
and if the question were, "How much greater in | than |?'* tlio 
answer would clearly bo |. But in their prusont form the values of 
the two fractions cannot be compared. 

200. It is tho same hero as with tho Addition and Subtraction 
of Integers ; it was explained in (30) that two concrete numl)ers 
oould not be added or subtracted unless they referred to the same 
magnitude. Thus, 6 shillings and 4 pence do not make 9 of either, 
but if we call tho 6 shillings 00 pence, thoTi wc may say GO pcm*o 
•f 4 ponce = <Vi ponco. In tliis case wo cotUd not eflbct addition 
until wo had found, for the objects to be a<ldcd, a name which 
applied to both. In other words wo reduced them to a ** common 
denominator,*' and then the process became one of Simple Additicm 
or Subtraction. 

Now tho same thing is needed in adding or subtracting fVactions. 
Wo want to find a name which will apply equally to each of them. 
It has been shown that all fractions (196) admit of being expressed 
in an infinite number of forms, by applying the same multiplier to 
numerator and denominator. It has also been shown (146) that a 
common multiple may always be found for any set of numbers. 
Therefore if wo choose a common multiple of all the denominators 
this number will serve as the denominator for each of the fractions. 
Suppose, for example, we wish to compare together i, i, and } : we 
observe that 60 is a common multiple of tho three denominators ; 
and because 60 is a multiple of 8, any fraction having 8 for its 
denominator may be so multiplied as to have 60 for its donomi- 
tor (196). So also because 6(t is a multiple of 4 and of 6, any frac- 
tions whlttever, which have 4 or 6 fov their denominators, may bo 
expressed with the denominatof 60. Now no smaller number than 
60 would have served the j>urpose here, because 60 is the least 
(xrnimon multiple of the 8 denominators in question. 



112 THE SCIENCE OF ABITHXETIC. 

201. We nuMf take amg mmUvple whatever of a denominator to 
serve at the denominator of am equivalent fraction^ hut when two or 
more fractions have to be compared it is necessary to take a common 
multiple of all the denominators. 

Demonstrative Example. — Jjei it be required to reduce |, |, and if 
to a common denominator. We first choose the product of the 3 
d^ominators to serre as the conmion denominator of all three. 

2 ^ 5 ^ 7 This number is 105. Now, first we want a 

t = 3^~5~ir7 ^^ t5& • fraction which shall be equal to |, and yet 

4 X 3 X 7 which shall have 105 for its denominator. To 

1 = 6 X 3 X 7 = TO make 105, the denominator, the 3 has been 

6x3x5 ^ multiplied by 5 X 7. But unless (194) what- 

X 3 X 6 ^^ ^ ^^^^ ^ ^1^ denominator is done to the 

numerator the fraction will not remain the same. Wherefore we 

2x5x7 

multiply the 2 also by 6 X 7 ; and | = g— ^ -^ = ^. 

Again, in the case of the second fraction, |, we ask ourselves what 
has been done to the denominator 5 to make it 105 ? The answer 
is, " It has been multiplied by 3 X 7." We infer, therefore, that 
the numerator also must be multiplied by 3 X. 7, and hence that | 

H^ 4x3x7 ^ 

'^— 6 X 3 X 7 — Tw- 
in the third place we propose the same question, " What has been 
done to this denominator 7 to make it 105 ? *' It has been multiplied 
by 3 X 5. Therefore the numerator 6 must be multiplied in the 

H <y O y K 

same manner, and f = ^^^^^ or ^ft. 

202. Observation, — ^When fractions are thus reduced into the 
same form it is easy to compare them, to say which is the greatest 
or least, to add them together, or to find the di£ference between any 
two of them. Thus, in the example just given, it appears that } is 
the greatest fraction of the three, for it contains 84 *' one hundred 
and fifths,*' while f contains 72, and | contains 70 of them. 
But until they are thus reduced we cannot tell their sum or differ- 
ence or in any way compare them accurately. ^ 

General Jbm-te.-! i, i, 1, = '^. ?M}, !?*, ?W. 

b d f h hdfh bdfk bdfh Mfk 
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To SEDUCS 7BACTI0NS TO A COMMON DENOMINATOR — 

BULE. 

203. Multiply aU the denominators together for the 
common denominator. Then multiply each nimie- 
rator by all the denominators except its own, for 
each of the successive nimaerators required. 

JExample. — Reduce |, ^^ ^j, and f, to a common denominator. 
_ * X 7 X 10 X 4 ^ 6x5x7x4 __ 

3 — 5x7x10x4^^ im IJ — lUx5x7x4 — "rab 

la _ 12 X 5 X 10 X 4 _ ^^ , __ 3 x 5 x 7 x 10 _ 

V— 7x6xl0x4~«W «— 4x6x7x10 — TWO 

EXEBCISE LIX. 

Beduoe the following firactions to a common denominator : — 

1. f, f, andj. 2. ^ ^ and |f|. 

3- &A»M»d^. 4. j, U, f, andiV- 

5- AiA»A.and|. 6. A, tJb. ft» "^d ti- 

7. ^, &andj. 8. ^i, |1, and f,. 

9. U,{J,and.5J. 10. 1?, H. t8u. and A- 

11- A>i&»ra»andft. 12. A, A, if , and ^. 

204. The process just described is applicable to aU fractions what-^ 
ever, but is not always the best, for it is desirable (197) in dealing 
with fractions to express them by numbers as small as possible, as 
they can in such cases be more readily dealt with. Therefore when- 
erer the denominators of a fraction have a less common multiple than 
their product, the least common multiple will be a better common 
denominator than that which would be obtained by the last rule. 

5^5 For instance, if it be required to reduce -f^, A» 

— 12 X 6 — B5 i, and 75i to a common denominator, we may by 

3x4 (163) ^d that 60 is the least common multiple of 

" 15 X 4 Bo all the denominators. Thus, in the first case, 

, ^ X 10 because 12 is multipUed by 5 to make 60, the 

^ ^ ^ I numerator is also multipUed by 5 ; and because 

"y ^ ft 

7 =r _- 4 in the fraction ^ 15 is multipUed by 4, the 

numerator 3 must also be multipUed by 4. So 
also on dividing 60 by 6, we find that the denominator of the third 
fraction has been increased 10 tilhes, and must therefore increase ther 
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1, ten times. The last fraction, ^ lias its numerator increaaed 6 
times becaose its denominator has been so increased. 

205. Two things onfy reqoire to be kept in riew in this and the 
former rule. 

L The common denominator chosen must always be a common 
multiple of all the denominators. 

11. Whatever is done to the denominator of each fraction to pro- 
duce the common denominator must also be done to the numerator 
of that fraction. 

206. To BEDTTCB PRACTIOKS TO A COICKON DENOMIFATOB WHBK 
XnEIB DENOMIKATOBS HATE A LESS COICKOZT XTJIiTIPLB THAIT THSIB 
PEODUCT — 

RULE. 

Find thje least common multiple of the denominators, 
divide this multiple by each of the denominators in 
succession, and multiply each nvunerator by the 
quotient thus found. 

Example. — ^Reduce y^, ^, |, J^ and -flj, to a common denominator. 

^ Bj (106) it may be found that 180 is the least common multiple 
^f the denominators 18, 20, 5, 12, and 10. 



_ 7 X 10 

^5— lb X io-"tSj' 

5 — ^ X ^ _ 



4 — 



4x36 
5 5 x UO 

ft — 12 X 15 

9 x 18 
ft -^10 X 18 



— Tta 



9 
36 
15 

18 



180 -f- 20 =9. 
180-f-5 = 36. 
180-f-12 = 15. 
180-^-10 = 18. 



Exercise LX. 

Reduce the following fractions to a common denominator : — 

1. ^ and ^. 2. A and y^g. 3. ^, ^, and i). 

4. i, ^, and ^. 5. A, ift, and {. 6. jV 4 and ij. 

7. ^ A, and J^. 8. A, A, and «. 9. ?, A, «, and «. 

^^- rf. ^^, iJ, and ^. 11. tSo, A, A, and ^ft. 12. |, A, and jlfc. 
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SECTION II. ADDITION AND SUBTRACTION OF VULGAR 

FRACTIONS. 

207. Whenever fractions have the same denominator they 
may he added together hy adding their num^ators only. 

Demonstrative Example. — J + 8 + i -h tf = ^ = *f . 

The denominator is the namer of the parts into which the unit 
is divided; consequently all the fractions which have the same 
denominator refer to the same parts of unity. Hence f and f must 

3 + 3 
make } or —f~ j^^^ ^ truly as £3 and £2 make £5. 

General Formula, — - 4- - t - = — ■ ■ 

b b ^ b b 

RULE FOR ADDITION OF FRACTIONS. 

208. Reduce the fractions to a common denominator 
by (203), add the numerators only, and place the 
common denominator under the sum. 

209. Observation, — Sometimes the numbers to be added together 
are improper fractions or mixed numbers. If the former, they 
should be reduced to mixed numbers, and the whole numbers should a 
then be added by themselves, and also the titictions by themselves. ^ 

Example.— Yinei the sum of 6^, 8^, 12J, 2|. 

By (9) these may be added in any order, thus : — 

5i + 8ft + 12i 4- 2f = 5 + 8 + 12 4- 2 + f + ^j -h i + |. 
Adding together the whole numbers and bringing the fractions to a 
common denominator, we have — 

27 + i8 -h A + ?? + J8 = 27|J = 29*. 

EXEBCISE LXI. 

1. ! + f 2. f, + ft + tV 3. f -h tt + *. , 

4. 2fj + 3J. 6. m + 6i + tV 6. ft + iH- Iffl. 

7. 4i + 6? + ji. 8. 4i + ^. 9. !,« + y 4- 4- 

10. H + Tfe+T&. 11. A + ^^ + A. 12. 15 4- 2i 4- If. 

13. T + fi + ?• 14- V + 141 + iV 15. iJ 4- ♦ + lOOj. 

16. ft 4- lOi 4- 3J. 17. 21f, 4-8 + 1*. 18. 12i 4- ',' 4- ft. 
19. How much of a ship does a person own who has purchased 

at different times J, |, i, and J^? 
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SUBTBACTION OF YCLGAE FRACTIONS. 

210. Whenever two fractions have the same denominator, 
their difference can be found by finding the difference between 
their numerators. 

DemomHrative JExample. — {^ — ^ = yj = j^. 

General Formula.-'L - 1 = f-lf . 

h h h 

211. Observation. — ^If the numben be mixed numbers it is more 
cofnTenient first to reduce them to impn^per fradaons, and thrai per- 
form the subtraction as in the rule. 

Example. — 7% — 3|. Here it would not be eas]^, as in Addition, 
to deal with the whole numbers by ihemselTes, because |, as such, 
cannot be taken firom f . 

Hence by (185) 7i = ?, and 31 = 'f 
By (203) ? = W. andi?=S. 
By (210) •tf-fi=UijZ«=u. 

By (187) If = 3^ = the answer. 
BULE FOB THE SUBTBACTION OP FBACTIONS. 

Reduce them to a common denominator (203); 
subtract the less numerator fix)m the greater, and 
place the common denominator underneath this 
difference. 

ExBBCiss LXTT. 
Find the difference between — 

1. ^ and f^. 2. g and Q. 3. {} and \. 

4. A and f . 5. fg and |f . 6. ^ and \^. 

7. 21? - 17}. 8. 1^ - {J. 9. y - A- 

10. \^ - 3i. 11. 26? - 18H. 12. ^ - ^3. 

13. 172* - ?. 14. 21ft - 7J. 15. ¥ + A - A- 

16. Find the sum and difference of f and {. 

17. To what number can I add 7i so as to make 24^ ? 

18. By how much does the sum of d0| and 6f exceed the sum of 
lO^and^i? 
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SECTION in. — MULTIPLICATION OF VULGAR FRACTIONS. 

212. Multiplication has been described (56) as a method of 
increasing a number or taking it a certain number of times. In all 
cases in which integer numbers are the multipliers this definition is. 
true, and the effect of multiplication is to increase the multiplicand. 

For every integer represents a certain number of units, while a 
fraction always represents certain parts of a unit ; to multiply l)y 
an integer is, therefore, to take the multipUcand a certain number of 
times, while to multiply by a fraction is to take the multiplicand 
certain parts of a time. The effect, therefore, of multiplying by a 
number less than imity is not to increase but to diminish the 
multiplicand. The definition given of Multiplication in (57) re- 
quires to be somewhat expanded in order to meet this case. 

213. To multiply one number by another is — 

I. To take the multiplicand as many times, or porta of a time, as 
there are units in the multiplier. 

II. To find a number which is as many times more or less than 
the multiplicand as the multiplier is more or less than imity. 

ni. To do to the multiplicand whatever has been done to imity 
to make the multiplier. 

From this it appears that to multiply by a fraction, say f , is to 
take the given number f of a time, that is to take f of it. The 
word of, placed between two.frttctions, means exactly the same as 
the sign (x) of Multiplication, thus : to multiply { by ^ is to take 
}J of I. Eeducing a Compound Fraction to a simple one is therefore 
only a form of Multiplication, and the reasoning and rule which 
apply to one case apply equally to the other. 

214. We multiply by a fraction when we multiply by its 
numerator and divide by its denominator. 

215. Demonstrative Example I. — Let it be required to multiply 
lObyf or to take 5 of 10. We first take 4 of 10, or divide 10 by 7 ; 
by (192) this is ]f ; but it was required to take six sevenths of it, 

therefore we multiply this by 6, and y x 6 = — 7— = y. 

216. Demonstrative Example IL — Let it be required to multiply | 
by }, that is to say (182) to multiply | by the ninth part of 7. We 

h3 
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first multiplj it by 7. Now to multiply a fraction by a whole 
number lb (191) to multiply its numerator. Wherefore | multiplied . 
by 7 equals ^. But it was not required to multiply by 7, but by 
the ninth part of 7. Wherefore ^ is nine times too great, and the 
required answer must be one-ninth of this fraction. But (192) to 

take one-ninth of a fraction is to multiply its denominator by 9, and 

28 
I of ^ = - — - or j;. But this asiswer would hare been obtained at 

once by multiplying by the numerator and dividing by the denomi- 
nator. 

217. Demongtrative Example 727. — Suppose it be required to mul- 
tiply fj by |. This is equivalent to taking | of J.j (213). Let ua 
first take J of ^j, that is to say, divide ^j by 8. Now by (192) to 
divide a fraction is to multiply its denominator, whence /j ^ 8 = 

~ — - = j^. One eighth of the fraction ^j has now been taken. 

But it was not required to find ^ but f ; wherefore JgisZ times too 

little : we must therefore multiply it by 3. But (191) to multiply a 

7x3 
fraction by 3 we must multiply its numerator, and ^ x 3 = — -v- 

= {}. But this is the apswer which would have been found at once 
by multiplying the numerators together and also the denominators. 

218. Demonstrative JExample IV. — To multiply } by ^, we have 
(213) to do to the multiplicand Q) whatever has been done to 1 in 
order to make -f^. But to make ^ unity has been multiplied by 8 and 
divided by 11. We have therefore to multiply J by 8 and divide it 
by 11. But (191) to multiply by 8 is to multiply the numerator, 
and to divide by 11 (192) is to multiply the denominator. Where- 

General I\,rfmda.-tx-xtrz'^ or, ? of f = ?!f . 

h d f bdf b d bd 

219. To ICTTLTIPLT FRACTIONS, OB TO BEDUOB A COMPOUND 
PBACTION INTO A SIMPLE ONE—' 

\ RULE. 

Multiply the immerators together for a new numerator, 
and the denominators for a new denominator. 
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220. OhservaHon L — It generallj saves trouble liere to bring all 
mixed numbers into improper fractions before multiplying them, 
and then to reduce the answer, if an improper fraction, to a mixed 
number. 

Observation II. — Three inferences can easily be deduced from the 
explanation in (212). I. That when a number is multiplied by a 
proper fraction, the ^answer is always as much less thai! the midti- 
plicand as the numerator of the multipUer is less than its denomi- 
nator. II. That the product of any two or more proper fractions 
is less than either of the factors ; and III. That the square, cube, &c., 
of any proper fraction is always less than the fraction itself. 

Observation III. — Whenever the same numbers occur in the 
numerators and denominators of any of the fractions which are to be 
multiplied or compounded, they may be cancelled or struck out, by 
(136). 

EXEBCISE LXIII. 

Solve the following expressions : — 

1. *Xf; A X j?; j X ? X 2i. 

2. ftxfx V; V X Vl 3i|X 5j. 

3. t of I of A J J of A; ♦ X f off. 

4. 2i a of i»J ; M 3i X 'f ; 41A X ? X J. 
B. Q + i) X (§ofJ)j Aofj-AofA. 

6. (4i4-20-(liXi); (Jofi)4-(?X A). 

7. lOOJ X 253J J (409f + 2j) X 15? j 31^ X iS- 

8. ? of I of 100; (/s of 12) X (f\ of 7) J § X J of ft. 

9. What is the product of the sum and difference of -f^ and ^^ ? 

10. How much must be added to ^ of 60 to make ^^ of f of 1250 ? 

11. From what number can I subtract the product of {J and -ff 
so that the remainder may be the sum of ^j and |) ? 

SECTION IV. DIVISION OF VULGAR FRACTIONS. 

221. The word Division throughout Integral Arithmetic conveys 
the notion of diminution^ for the answer to a Division sum is always 
as much less than the dividend as the divisor is greater than one. 
As the divisor is diminished the quotient is increased ; therefore if 
the divisor be less than unity the dividend will be less than the 
quotient : and this is the case whenever a proper fraction is the 
divisor. Hence dividing by a fraction increases the dividend just as 
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multiplying by a fraction diminishes the multiplicand. The defini- 
tions of Division giyen in (88) need only be yery slightly extended 
to meet this case. 

222. To divide one number by another is — 

I. To 'find how many times or parts of a time the divisor is con- 
tained in the dividend. 

n. To find a number which is as many times more or less than 
the dividend as imity is more or less than the divisor. 

in. To find a multiplier which if applied to the divisor would 
produce the dividend. 

223. Before proceeding to the examination of the Bule it is neces- 
sary to imderstand the meaning of the term becipbooal. 1 multi- 
plied by 20 is the reciprocal of 1 divided by 20, or ^, and vice versd. 
So if 1 be multiphed by 7 and divided by 9 the fraction J is the 
result ; but if instead of this 1 were multiplied by 9 and divided by 
7 the fi*action 5 would result. Now J and f are each the reciprocal 
of the other, and generally the firactioA inverted is the reciprocal of 

the other. Thus — is the reciprocal of - ; 16 of |^ ; ySJy of '•^. 

a b 

224. If the relation of one magnitude to another is eocpressed 
hy a number^ the relation of the second to the first is expressed 
hy the reciprocal of that number. 

Demonstrative Example. — Because a florin is } of half-a-crown, 
half-a-crown = j of a florin ; and because 12 = | of 16, 16 = J of 12. 

General Formula. — If ar be — of y, then y is - oix. 

n m 

EXEBCISE LXIV. 
What are the reciprocals of the following numbers : — 
1. 7; i; \\. 2. 2i; '^j 15^. 3. 21^; f; lOSJ. 

225. We divide hy a fraction when we multiply hy its 
reciprocal. 

Demonstrative Example I. — Divide 8 by |. Now here we have to 
ascertain how many times j is contained in 8. But because 1} make 
unity j 18 contained 7 times in 1 ; and is therefore contained 
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7 X 8 or 56 times in 8. The answer to the sum is therefore 56. 
For if is contained 56 times in 8. And dividing 8 by 4 ^ ^^ same 
as multiplying 8 by 7, which is the reciprocal of }j. 

226. Demonstrative Example II. — Divide 12 by J, or find how 

many times J are contained in 12. Now because J is contained 5 times 

in 1, it is contamed 5 x 12 or 60 times in 12 times 1 ; but if i is 

contained 60 times in a given number three fifths must be contained 

12 X 5 

one-third of 60 times in that number. Henoe —3— = 20 = the 

number of times } are contained in 12. But this is the same answer 
as would have been obtained by multiplying 12 by J, which is the 
reciprocal of J. 

227. Demonstrative Example III. — Let it be required to divide f 

by IJ ; that is, to divide f by the fifteenth part of 12. Let us first 

divide it by 12. Now (192) to divide by 12 is to multiply the deno- 

3 

minator by 12. Hence f -f- 12 = ^ ^ ig = ,\. But it waa not 

required to divide by 12, but by the fifteenth part of 12 j therefore 

in dividing by 12 we have made it 15 times too little; ^^ must 

therefore be multiplied by 15 to rectify this error. But to multiply 

a fraction by a whole number is to multiply the numerator. Hence 
3 X 15 

^ X 15 = 48~ = ii- -^^^ *^ fraction equals f multiplied by 
J5 or by the reciprocal of j}. 

228. Demonstrative Example IV.^To divide A ^7 A i^ (222) to find 
how often the latter is contained in the former. To do this we may 
compare their magnitudes. Let them be brought (208) to a common 
denominator, then the sum stands — Divide jfj by ^. But to find 
how many times ^ contains ^ is the same thing a^ to find how 
many times 40 oranges contains 39 oranges, or how many times £40 
contain £39, or how many times 40 contains 39. Now (182) the 
fraction *j represents the number of times that 40 contains 89. 
Wlierefore f'j -r- ii = ti- ^^^ *h'^ is the same result as f'j X ?. 

229. Demonstrative Example V. — It is required to divide § by 
^. Now (222) this is to find a number which, if multiplied by -^j 
will give I as product. Therefore (213) -ft of this unknown firaotion 
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must equal |. Bat by (224) if g = ^ of a certain required fraction, 
that required fimction must equal ^ o( f. But V of } t= ^ x {, or 
, Therefore | -f- A = I X V- 

General Formula,—^ -i-trizlx 1=2^. 

b d b c be 



BULE TO DIVIDE BY A FRACTION. 

230. Find the reciprocal of the divisor (Ex. LXIV.), 
and then multiply the dividend hj it. 

Obterv(xiion, — Sometimes a question in Diyision takes this form : 
Besolye -^ into a simple fraction. Fractions in this shape are often 

called Complex Fractions. But as it is evidently- intended that the 
upper fraction should be divided by the lower, the sum i. is the 

same as 7 -^j) oi" ? X | ; and no new rule or explanation is needed 
in this case. Such a complex fraction would be read ^ upon or 

EXEBCISB LXV. 

Solre the following expressions : — 

1- l-rl; AH-^; i?-rA- 
2. aj-rlf; 41A-r«; ?-=-W. 

3-1' 14-'' J— t' (3J + 18J)^(?of«). 
4 14i-H . 2ix34 . 26I--JLH 

' 2i-f j ' fofjl ' i + «-i' 

5. 28i -f- 16i; [108A + ft of « - 2i] - A X J. 

6. Divide the product of } and y^j by their sum. 

7. What number multiplied by J will give 2f ? 

8. What fraction divided by 3^3 will give 7i ? 

9. Divide the product of ^ and } by the reciprocal of their sum. 

10. To the sum of |, J, and ^ add the reciprocal of ISy^. 

11. From 18 take its fourth, its seventh, and its eleventh, and 
divide the result by the product of 4{ and 2^ 

i^. T<7 ,i of 30 add VI of 80i, and divide the Ksult by 4i. 
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ECTION V. REDUCTION OF VULGAR FRACTIONS TO OTHERS OF 

DIFFERENT DENOMINATIONS. 

231. It is often useful to be able to represent the same quantity 
fractionally -in a yariety of different ways — ^thus : to find what 
fraction of a pound 1} of a shilling is; or to find what part of a 
shilling is equal to i( of a pound. The rule for solving such ques- 
tions depends on the following considerations. 

232. If(yne quantity he a certain fractional part of another, 
it is a greater fractional part of that which is less than that 
other, and a smaller fractional part of whatever is greater 
than that other. 

Demonstrative Example. — If a certain sum of money be f of £1, 
it^ more than f of that which is less than £1, and it is less than ^ 
of that which is greater than £1. Or f of £1 is more than f of a 
shilling, but it is less than f of £5. 

It is evident also that a sum of money which is a certain fraction 
of a pound is a greater fraction of a shilling in just the same degree 
as the shilling is less than a pound. That is to say, f of £1 is f of 

20 X 2 
20s., and is therefore 20 times I) of Is., or — ^ — , \ of Is. So also, 

if a certain sum of money is J of a shilling, it is a less fraction of £1 

in just the same degree as a shilling is less than a pound.; that is, 

4 
because | of a shilling is | of ^ of a poimd, | of a shilling = ^^ ^ 

or^of£l. 

General Formula. — If a be— of ft it is ^ of -, and it is — of pb. 

m m p pm 

RULE TO EXPRESS FRACTIONS OF A CERTAIN NUMBER BY EQUIVA- 
LENT FRACTIONS OF ANOTHER NUMBER OF THE SAME KIND. 

233. When the fraction is to be altered to one of a 
higher ns^me, multiply the denominator by as many 
of the less as make one of the greater. 

But when the fraction is to be altered to an equivalent 
fraction of a lower name, multiply the numerator 
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by as many of the lower name as make one of the 
higher. 

Example, I. — What fraction of a yard is ^ of an inch ? 

Here because \ of an inch has to be expressed as a fraction of a 
length greater than an inch, the new fraction most be as many times 
less than f as an inch is less than a yard ; that is to say, J of an inch 

= ! o^i = rr^ = lis of a yard. 

Bxample IL — ^What fraction of an hour is ^ of a day ? 

Here because a day is 24 times greater than an hour any fraction 
of a day is 24 times that fraction of an hour. Hence ^ of a day = 

2 X 24 

A of 24 hours = ^ , or ff of an hour. 

EXEBOISB LXVI. 

1. Eeduce i) of a day to the fraction of a year, and of a lunar 
month. 

2. Beduce § of a furlong to the fraction of a league, a mile, a pole, 
a yard, and a foot. 

3. How would ;} of a florin be expressed as a fraction of each of 
the English coins ? 

4). Beduce ^ of an acre to the fraction of a square mile, and also 
of an acre. 

5. Eeduce |^ of an avoirdupois ounce to the fraction of a cwt., a 
pound, a troy pound, a troy ounce, and a grain. 

6. What portion of 7 yards is ^ of an inch ? 

7. What fraction of 9 inches is .^j of a mile ? 

8. If a certain sum of money be ^ of 10s. what fraction is it of 
15s., of £1, and of a five pound note ? 

9. Express -^ of an hour in terms of a minute, a day, and a week. 

10. Express ^f of a gallon in terms of a pint, a puncheon, and a 
pipe. 

11. What part of 100 quarters of wheat is f of 9 bushels ? 

12. What part of 17 square miles is f of | of 12 acres ? 

13. Express 2 roods 15 perches as the fraction of an acre, and of 
a square mile. 

14. What part of £50 is } of ^ of 2 shiliings? 



CONTINUED FRACTIONS. 125 

SECTION VI.-r-CONTINUED FRACTIONS. 

234. When a vulgar fraction is expressed by two large numbers 
which are prime to each other, it cannot (197) be reduced to a lower 
name, and yet it is not easj to acquire an exact idea of its value. 
The process of resolving such an expression into the form of a con- 
tinued or CQnverging fraction is designed to give a series of fractions 
expressed in smaller numbers, but approximating as nearly aa possi- 
ble to the value of the given fraction. 

The terms of the fraction ^J for example are irreducible. We may 

by (194) divide both by 135. Hence * iiJ = i . Here 1 is the 

(fS) 
numerator, and the denominator is an improper fraction, which 

by (185) may itself be reduced to a mixed number. Thus we have 
^J = - . Suppose now we neglect the fraction f^, the remain- 

ing frtu^ion - is a rough approximation to ^J, but it is rather too 

great, because the whole of the denominator has not been taken into 
accoimt. But if for fg we substitute 1, the fraction becomes 

or - ; but this is evidently less than the required fraction, 

which therefore lies between i and J. 
In order to obtain a closer approximation we treat the last fraction 

22 1 1 

in the same manner as the former one. Thus — = , — = - 

135 m 6 + & 

and the proposed fraction — = - 

^ ^ 292 2 -f 1 

6 -f ^. If we now neglect 

3 1 1 f» 

the — we observe that the remaining fraction _ , , or — or — is 

22 ^ 2 + i (V) 13 

too httle, for the denominator is too great. Hence we infer that the 

1 6 

value of the original fraction hes between - and — , But as (210) 

2 13 

* This transformation may be justified also on the general principle explained in 
(223) concerning the reciprocals of numbers. Every number whether intrgral or 

fractional eqiiaU unity divided by it$ reciprocal, e.g., Q = }. • — = - &co 
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the difference between them is — , the fraction — does not differ 

26 V6 

from the truth by so much as — . 

^ 26 

3 

If we now deal with the fraction - as with the rest, we have this 

22 

result — = - 1= _ 

292 2 + 1 2 H- 1 

6+L 6+1 

m 7 + 1 

3. If now we 

neglect the - and consider the rest of the expression onlj, we have 
o 

6 i = — therefore L = i-or^and2 + i-=2+^or~ 
7 7 6t (V) 48 6| 43-43- 

Hence _ = _ =: — Now the last expression — was 

2 + 1 m ^ ^ , 13 

6 + 1. 

7 

135 
less than because it made the denominator appear ereater 

2^2 ^ 

than it really was. But since - is greater than - i i > therefore 



' - is less than 1 
^ 6 + 1 

1 7 +^, and is consequently greater than 

2 + 1 ^ 

6 + l_ 

7 + 1 43 

Q* The new fraction — is, therefore, too great, and 

the real value of — lies between — . and — , but as these differ only 

292 13 93 ^ 

by the error committed in calling the original fraction — is less 

^ 1209 s -© 93 

than . 

1209 
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The fraction — has therefore been resolyed into this form, and 

1 if we begin at the upper fraction, and take the 

2 H~ _1 seyeral denominators successiyelj into account, 

;- . , we have the series of fructions, -, —, — , , of 

7 + 1 ^5 13 95 292' 

3 which the second is nearer the truth than the 

first, and the third nearer than the second ; but each is nearer than 

any other expression formed of numbers equally smalL 

A continued fraction therefore alwaiys has unity for its numerator, 
and for a denominator a whole number plus a fraction, which has 
itself unity for a numerator, and for a denominator a whole number 
plus another similar frttction, and so on.. 

235. It is evident that the series of 135)292(2 
denominators in the case given* might have 270 

been at once obtained by employing the 22)135(6 

method (155) for finding the greatest com- 1^^ 

mon measure of two numbers. Here the 3)22(7 

21 
series of quotients, 2, 6, 7, and 3, are the ^ — 

denominators required, and the four con- ^)*^\9 

vei^ging fractions are thus formed. 

1 1 , 



First = 

Second = 

Third = 

Fourth = 



First quotient 


1 


X 6 


(^ 


X6) + l 


(6 


X7) + 1 


(13 


X 7) + 2 


(43 


X 3) -f 6 



2 

6^ 
13 

43 
93 

135 



(93 X 3) -f 13 292 

The first fraction has its numerator and denpminator multiplied 
by the second quotient, and one added to the denominator in order 
to make the second fraction. This second fraction has its numerator 
and denominator multiphed by the third quotient : to these results 
the numerator and denominator of the first fraction are added, and 
thus the third fraction is found. The other fractions are obtained 
by the same method. 
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To BBSOLYE A FBACTION INTO A CONVBBGENT 8EBIBS — 

RULE. 

236. Transform the fraction into 1 divided hj its 
reciprocal. Resolve this reciprocal into a mixed 
number, and transform the fractional part of this 
number into unity divided by its reciprocal. Pro- 
ceed in this way until 1 is the numerator of the 
last fraction. 

Or, with the numerator and denominator of the frac- 
tion proceed as in the rule for finding the greatest 
common measure ; the series of quotients wiU be 
the series of denominators required. 

Example. — Eeduce — to the form of a continued fraction. 
^ 149 

^ = 2r% =2+,— =24-il8t approx. ^ 



17 



= 2 + 1^ =2 + J^ 

2 + _1 -2 -f J^ 2nd approx. y 

m) 3 + (A) 

= 2 + 1 ==2 + 1 

2 + 1 2*4- 1 39 

34.1 3 4. J. 3rd approx. ^ 

el) 2 + (I) 

= 2 + 1 = 2 + 1^ 

2 +J 2 + j^ gg 

3 + 1 3 + i ^*^ approx. go 

2+J. 2+J_ 

© 2 + (I) 

= 2 + 1 .= 2 + 1 

2+^ 2+2 

3 + 1 3 + 1 ... 134 

— ' — otn approx. vr 

2 + 1 2 + 1^ ^^ ^ 

2 + 1^ 2 + 1^ 

(i) 1 + 1 

2 
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Observation, — In each case the approxiinatiiig fraction is to be 
obtained by calculating the value of the whole expression, omitting 
the lowest fraction at that stage of the process. 

EXEBOISB LXVII. 

Gonyert each of the following fractions into a continuous form, and 
find the series of conyergents. 

1. ??? 
3. 



5. 

7. 



829. 
347' 


159 
493 


2. 


1104 

887 ' 


173 

200 


425 
1717' 


603 
138* 


4. 


113 

754* 


456 
121 


2602 

• 

58363 ' 


503 
100103 


6. 


211 

• 

417' 


718 
125 


1845. 
1717' 


427 
365 


8. 


68 
99' 


427 
' 365 



SECTION Vn. ^MISCELLANEOUS APPLICATIONS OF VULGAR 

FRACTIONS. 

237. In many parts of arithmetic, fractional expressions occur, 
which require the foregoing rules to solye them. Such cases assume 
yery varied forms, and are generally comprehended imder one or 
other of the following cases. 

238. Case I. — ^When the value op the whole quantitt is 

GIVEN, TO FIND THE NEAREST INTEGRAL VALUE FOR A FRACTION — 

RULE. 

Multiply the quantity by the numerator and divide by 
the denominator. 

Example, — ^What is the yalue of | of £1. Here f of £1 = 2s. 6d. 
Therefore | of £1 must equal five times 2s. 6d., or 12s. 6d. Or, 
because | of £1 = i of £5, therefore £5 -5- 8, or 12s. 6d., is the 
answer. 

In either case it will be seen that the £1 is multiplied by 5 &t\d. 
divided by 8, and that whether we dmde ftjwX. «a'\>2tksssv^ss»ii&5$c^-.^'^ 
multiply Srst and divide afterwaxda, t\ie «Qs^et ^a ^^ ^"wssa. 
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239. ObservaUan, — Suppose it is required to find -fj of 200. If 
we here try to take -fj of 200, and then multiply by 7, we first obtfdn 
200 -r- 11 = 18ft, and this multipUed by 7 gives 126}}, or 127A. 
We have here had to deal with fractions in both Unes, and it would 
have been simpler to multiply the 200 by 7 in the first instance, 
and then divide this product by 11 ; for ft of 200 is the same as ft of 
7 X 200, or »^ = 127ft. 

So if it be required to find § of 2s. 6d., this may either be found 
by taking } of 23. 6d. and multiplying it by 8, or by taking 8 times 
28. 6d. and dividing it by 9. 

s. d, 8. d. 

9 )2 6 2 6 

3i + i of a forthing ?_ 

8 9)20 



2 21 + f ofafarthmg 2 2i + j of a farthing. 

Now it is evident that the second of these two methods is prefer- 
able, as by it the answer is obtained with less trouble. Hence it 
should be remembered — 

In all cases in which it is required to multiply hy one number 
and divide by (mother, it is more convenient to perform the mulH- 
plication first and the division aft&rwards. 



ExBaoiSE LXVIIJ. 

1. Find J of 2s. 7id. ; jj off of £5. 

2. \oi\ cwt. ; and j of } of a ton. 

3. J of i of the product of 12 and 9 ; ^ of 5| miles. 

4. ft of 41 of £50; JSof£7 3s.4d. 

5. i of £4 3s. 9d. ; ft of £18 6s. 8d. 

6. |offjof£8158. 4d.; f of | of £75 10s. 

7. § of J of J of 20 guineas; f of ft of | of £205. 

8. 5) of a hhd. of ale ; l7f of a hhd. of wine. 

9. ^oi*l mUes ; ■}§ of an acre ; ft of a square mile. 

10. 5J of a bushel ; ft of a quarter ; 12.} of a gallon. 

11. ;} of ft of £20; ^of£ll; f of ^ of a florin. 

12. i| of a lunar month ; ft of a year. 

13. f of { of 4 miles ; ft of f^ of a league. 

14. |offtof2ton8; ft of ft of 4 cwt. 

15. Add together ft of £1, ft of a crown, and ft of a guinea. 
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240. Case II. — ^Whbn thb yalui ov a fraotiok ib oitsh, to 
piitd the whole quantity op which it is thb v&aotiok — 

RULE. 

Multiply the given value by the denominator and 
divide by the numerator. * 

"Example /.-^What is the number of which 30 is i} ? Here if 30 is 
\ of the. required number, the fifth part of 30 must be 4 of that num- 
ber. But the fifth of 30 = 6 ; wherefore 6 is i^ of the answer. 
But 6 is .^ of 6 X 7 or 42 ; and 42 is the answer, for 30 is i} of 42. 

Example IL — What is the number of which a; is ? ? Here it is 

obvious that the whole number required must be as much greater or 

lesss than a? as & is greater or less than a. Wherefore = the 

a 

answer required. 

Example III, — What is the sum of money of which 5s. is |IJ ? 
Here if 5s. is 10 seyenteenths of the required simi, a tenth of 5s. 
must be one seventeenth. But 5s. -f- 10 = 6d. ; therefore 6d. =: il^ 
of the required sum. But 6d. x 17 = 102d. = Ss. 6d. ; wheref(»e 
88. 6d. is the sum of which 5b. is ^. 

Exercise LXIX. 

1. What is the period of which 3 hours 20 mins. is ^ ? of which 
3 days is f ? 

2. What sum is that of which 3s. 6d. is f) P of which £7 12s. 6d. 

isi? 

3. What length is that of which 25 yards is ^ P of which 7 feet 

is*? 

4. Of what weight is 2 oz. 3 dwts. three seventeenths P 

5. What weight is that of which 17 lbs. 2 oz. is j§ ? of which 5^ 
cwt. is -^ ? 

6. Of what number is 17 equal to JJ P of what is 5^ equal to jt P 

7. What is the whole of which £5 12s. 6d. is § P 

8. 17 men have equal allotments of land in a field, the space of 
5 of them amounts to 7 roods 20 perches ; what is the area of the 
field P 
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241. Case III. — To expbess a ghten quantity as a fraction 

OF ANOTHER OF THE SAME KIND — 

RULE. 

Reduce both to the same name if concrete numbers ; 
the number contained in the given quantity, and 
that in the other of the same kind, will be the nume- 
rator and denominator of the fraction required. 

JSxample I. — ^What fraction is 20 of 29 ? According to the Defini- 
tion of Fractions (182) 20 is JJ of 29. Questions of this kind, in 
which abstract numbers only are concerned, can readily be solved by 
making one of the numbers a numerator and the other a denomina- 
tor, for whether a be greater or less than b, it is always true that 

r- represents the fraction a is of i. 

But when the numbers concerned are concrete this rule cannot be 
adopted unless they refer to the same name. Thus the fraction 13 
feet is of 20 yards is not ^. But after reducing the yards to 60 feet, 
the question becomes "What fraction is 13 feet of 60 feet?" and the 
answer is clearly ^. 

Example II. — ^What fraction of 15s. 9|d. is 2|d. ? 

By Rule of Descending Eeduction (87) iSs. 9id. = 758 far- 
things, and 2^d. = 11 farthings. Hence 2f d. =z ^of 15s. 9^d. 

Exercise LXX. 

1. What fraction of 41 yards is 3i inches ? 

2. What fraction of a guinea is 3s. 4id. ? 

3. What fraction of a cwt. is 2 lbs. 6^ oz.? 

4. What fraction of 5 tons is 3 cwt. 2 qrs. 17 lbs. ? 

5. What fraction of 5 weeks is 2 hours 20 mins. ? 

6. Express £17 3s. lOd. and £2 3s. 8d. as fractions of £100. 

7. Express 2 gallons 1 pint as a fraction of a barrel of beer. 

8. Express 3s. 4id. as fractions of a crowji and a guinea. 

9. If a mountain be 4J miles high, express its altitude as a 
fraction of the earth's diameter, which is 7926 miles. 

10. A parish contains 7233 acres, 29 poles, express its area as a 
fraction of the whole of England, which contains 58000 sq. miles. 
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PRACTICE. 

242. In this Rule it is required to find by the- help of 
fractions the value of any number of articles when the price 
of one is known. 

Observation. — In (138) it was shown that if a number in- 
creased any number of times made up another, the first was called a 
mecuure of the second, and the second a multiple of the first. But 
these terms are seldom used except in the case of abstract numbers. 
When any concrete number taken a certain number of times makes 
up another, the first is commonly called an Aliquot part of the 
second. Thus 5s. is an aliquot part of £X ; 14 lbs. is an aliquot part 
of a hundredweight ; 2 ounces of a pound, &c., &c. But 3s. is not 
an aUquot part of £1 ; nor is 7 ounces an aliquot part of a pound. 

Example I. — Suppose it is required to find the price of 2834 
articles at 17s. lO^d. each. 
Now 2834 articles at £1 each would be worth £2834. 



8. d. 
Cost of 2834 articles at 10 each 
Cost of 2834 articles at 5 each 
Cost of 2834 articles at 2 6 each 
Cost of 2834 articles at 3 each 
Cost of 2834 articles at 1^ each 

Cost of 2834 articles at 17 lOi each 

several answers. 



£ 8. d. £ 8. d, 

1417 or i of 2834 

708 10 or i of 1417 

354 5 or i of 708 10 

35 8 6or^of 354 5 

17 14 3 or i of 35 8 6 



= 2532 17 9 or the sum of the 



The same sum might have been worked thus :• 



d. 

6 


2 


8. d. 
2834 

17 

48178 
1417 
708 6 
354 3 


= cost of 2834 articles at Is.' each 


3 

li 


2 
2 


= cost at l7s. 

= cost at 6d. or half the cost at Is. 
= cost at 3d. or half the cost at 6d. 
— cost at lid. or half the cost at 3d. 




20)50657 9 


= cost at 178. lOid. 






£2632 17 9 


Answer reduced to pounds. 



Or if 2834 pence were taken as the standard, the number might 
have been multiplied by the number of pence in 17s. lOd. Then 
half the upper line might have been taken to give the value of the 
articles at i each, and with this added, tVie aaossvet -wqvjJl^ ^^v& '^sx 
pence. 
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243. No rule can be given for determining what " aliquot" parts 
should be chosen. A little practice will soon enable a learner to 
select the most convenient. Three things only require to be re- 
membered. 

I. The number of articles given may be taken to represent the 
number of pounds, shillings, pence, or farthings, which so many 
articles would cost at a pound or shilling, a penny or a farthing each. 

II. This number must be multiplied or divided according as the 
answer required is to be greater or less. 

m. Each line will represent the cost of the given number of 
articles at a certain part of the price each, and the sum of all the 
lines, or the answer, will represent the cost of the given nimiber of 
articles at the whole of the price each. 

RULE FOR PRACTICE. 

244. Multiply the number of articles by t^e number 
of pounds or shillings in the price, and take aliquot, 
parts for the rest. 
HxcmpU iJ.— Find the value of 8632 articles at £1 14s. 3f d. 



lOs. 
2s. 6d. 
Is. 3d. 

6d. 
fd. 



£1 
lOs. 
2s. 6d. 



~ 2 
•^ 4 
-^ 2 



2s. 6d. -r- 5 
6d. -f- 8 



£ 8. 


d. 


8632 





4316 





1079 





539 10 





215 16 





26 19 


6 



cost at £1 each 
cost at lOs. each 
cost at 2s. 6d. each 
cost at Is. 3d. each 
cost at 6d. each * 
cost at f d. each 

cost at £1 14s. 3f d. 



14809 5 6 = 
JSxample III. — Find the value of 23571 articles at 6s. 7^. each. 



6 



Id. 



A of Id 





8, 


d. 


i 


23571 
6 

141426 




^ 


11785 


6 




982 


H 


A 


409 


2iJ 



2 0)154602 l OA } 



price at 6s. 
price at 6d. 
price at Id. 
price at -^ of Id. 



£7730 2 laft J = price at 6s. 7iiid. 



* Observe that this line has not been obtained from that immediately above il, but 
/horn the preceding, because 6d is an aliquot part of 2s. 6d., but not of Is. 3d. 
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EXSBCISB LXXI. 

' 1. 7246 articles at £7 Ss. 9d. ; 2397 at £2 Gs. Sfd. 

2. 4096 at £17 38. 5d. ; 50832 at 4s. 3id. 

3. 20738 at £6 6b. O^d. ; 10096 at 178. 2id. 

4. 1309 at £25 4fl. 7d. ; 70862 at £1 128. 6Jd. 

5. 20891 at £14 28. Hid. ; 35619 at £7 138. 3id. 

6. 1057 at 108. 6d. ; 20731 at 158. 6d. 

7. 16379 at 5b. 4id. ; 41986 at £1 IOb. 4id. 

8. 12357 at llfd. j 32705 at 68. 7id. 

9. 1178 at £5 68. 3id. ; 20196 at £15 38. 5d. 

10. 36917 at 78. 2id. ; 51398 at 158. lOd. 

11. 37128 at 14fl. 6id. ; 18603 at 178. ll^d. 

12. 41357 at £53 78. 3id ; 2198 at £16 28. 7d. 

13. 218763 at lOid. ; 41378 at 7fd. 

14. 71639 at £4 178. 2d. ; 21086 at £3 128. 3d. 

15. 10397 at £5 6s. 3d. ; 2178 at 178. lOid. 

16. 3147 at Is. 9id. ; 41263 at 14fl. 6id. 

17. 21076 at £15 lis. 2id. j 1413 at £12 lOs. 7id. 

18. 17621 at £1 168. 3f d. ; 2108 at £1 68. 2id. 

19. 30128 at £19 4fl. 2d. ; 17186 at £12 13s. 8d. 

20. 10719 at £43 2s. 5d. ; 20165 at £57 198. 4id. 

245. When the number of tiipes the price has to be taken is not 
simply expressed, but is shown by numbers of different denomina- 
tions, the question is said to be in Gompound Pbaotiox. 

Example I. — ^What is the yalue of 2 cwt. 3 qrs. 16 lbs. at £14 
78. 6d. per cwt. ? 



2 qrs. = 1 cwt. -H 2 



1 qr. =2 qrs. ~ 2 
14 lbs. = 1 qr. -f- 2 

2 lbs. = 141bs.-r-7 



£ «. d. 

14 7 6 = value of 1 cwt. 
2 



28 15 = value of 2 cwt. 

7 3 9= value of 2 qrs. 

3 11 lOi = value of 1 qr. 

1 15 llf = value of 14 lbs. 
_J__5_ip = value of 2 lbs. 

41 11 8iJ = value of 2 cwt. 3 qi-s. 16 lbs. 
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Ex<tmple II. — Kow much must be paid for 27 acres 3 roods 
27 poles at £7 lOs. 8d. per acre ? 



2 roods = i 



1 rood := \ 
20 poles = i 

5 poles = i 

2 poles = 1)0 of 20 poles 



7 



10 



d. 
8 
9 



=r price of 1 acre 



67 16 = price of 9 acres 
3 



203 8 = price of 27 acres 
3 15 4 = price of 2 roods 
1 17 8 = price of 1 rood 
18 10 = price of 20 poles 
4 8i = price of 5 poles 
1 10^ = price of 2 poles 

210 6 6t\, = price of 27 a. 3 r. 27 p. 



1. 
2. 
3. 

4. 
5. 
6. 



Exercise LXXII. 
2 cwt. 3 qrs. 10 lbs. at £1 16s. 6d. per cwt. 



17 cwt. 1 qr. 15 lbs. 7 oz. at £2 15s. 3d. per cwt. 
3 tons 14 cwt. 11 lbs. at £7 3s. 8d. per cwt. 
3 qrs. 17 lbs. 9 oz. at £10 per cwt. 
5 acres 2 roods 27 poles at £5 10s. per acre. 
27 acres 1 rood 9 poles at £7 12b. per acre. 

7. 13 acres 3 roods 33 poles at £11 per acre. 

8. 200 acres 2 roods 17 poles at lis. 6d. per rood. 

18 lbs. 13 oz. at £100 per ton. 
7 gallons 3 pints at £1 7s. per barrel. 
3 quarts 1^ pints at £2 10s. per butt. 
1 bush. 3 pecks at £2 18s. per quarter. 
Find the wages for 17 months 4 weeks 9 days at £2 10s. 6d. 

per month. 

14. Bent of 246 acres 2 roods 15 poles at £1 7s. 6d. per acre. 

15. 15 cwt. 2 qrs. 17 lbs. at £2 6s. 7d. per quarter. 

16. 17 cwt. 1 qr. 9 lbs. 6 oz. at Is. 8id. per lb. 

Questions on Vulga/t Fractwns. 

Distinguish between Integral and Fractional Arithmetic. To which of the former 
rules may Fractional Arithmetic be considered the sequel? Why? Give the 
meaning of the words, fraction, integer, numerator, denominator, proper, and im- 
proper. 

What is a mixed number, and what change may it always undergo ? Give an 



9. 
10. 
11. 
12. 
13. 
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example, and state the reason. How may a fraction be multiplied or divided by 
an integer 7 Which is the preferable method of dividing ^ by 2, and why ? 

What changes may every fractional expression undergo ? State the principle, 
and gvre a demonstrative example. What is the effect on a fjraction of equal 
increase or subtraction to its terms, and why? Suppose |§ be converted into |, 
what advantage is gained and what principle is illustrated ? Suppose | is converted 
into \\, what advantage is gained and what principle illustrated ? 

In what Rule of Fractions are the rules for finding the greatest common measure 
and the least common multiple usefiil, and why ? When does the addition of the 
numerators effect the addition of the fhictions ? Give the rule for finding a common 
denominator, and state when and why it is to be used? What truths are assumed 
in the process of adding f to | ? Demonstrate each step of the process. 

Define Multiplication in the widest sense of the term. How does Fractional 

Multiplication differ fh)m Integral? In how many ways can you prove that 

4x3 
I X f r= ? Demonstrate the rule by each method. Define Division, and 

9x5 

show how Fractional differs fh>m Integral Division. What is a reciprocal 7 In 

4 X fi 
how many ways can you prove that | -i- | = ? Demonstrate the rule by each 

method. i 

What is the general rule for reducing a fraction to another of a different denomi- 
nator ? Suppose a = nb, what fraction of a is | of b^ and what fraction of b is f of 
a ? Give the reason in each case. 

Explain why, in a series of conveigent fractions, the several approximations are 
alternately greater and less than the fraction itsel£ What general principle is 
illustrated by the method of resolving Auctions into the continued form ? 

Why is it better to multiply first and divide afterwards, when both have to be 
done in one sum ? In what operation should we divide a quantity by the numera- 
tor and multiply by the denominator, and when should the inverte process be used ? 
Give the reason in both cases. What is the general rule to be observed in Practice, 
and how is it connected with Fractions. 

State in words the trutli concerning Fractious illustrated by each of the following 
formulee : — 

1. exc = :!£= _^ 2. ?-f.c = ?L±5=J^ 

16 b -i- c bo*: 

q a ma a-f-m a a , c a ± c 

3. — = — = 4. - i - = 

u mb -7- in bo o 

,L a , c ad . rh ad + cb jt^j.^ ac + b 

o d ud i/U bd c c 

X + a ,,. .„ ., X — a 



7. If a; be less than y, ~ is less than ^ but greater than ^ 



y y + a y — a 

If X be greater than y, 5 is greater than iJL? but less than f JlJ* 

y y T a y — a 

a«x£. = £: 9. e + £=ii^ 

b d ud b d cb 

b o-i-a b 

1 2 
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GSKEBAI. EXEBOIBBS OK YVL&JLR FbAOTIOVS. 

1. Add together { of £1, -n of a guinea, ri^^'^ crown, and } of a 
shilling. 

2. If two men can do a certain work together in 15 days, and one 
of them could do it hy himself in 25 days, how long would the other 
be in doing it alone ? 

3. Find the difference between the square of 4J and the cube of 

23. 

4. What fraction of £7 is equivalent to J of a guinea ? 

5. Express the area of a plot of 3 roods 7 poles, as a fraction of 
a field of 9i acres. 

6. Of how many pounds of sugar does a tradesman defraud his 
customers in retailing 4^ cwt. of sugar, if he uses a false weight of 
15f oz. for a pound? 

7. What number divided by { will give SJ as quotient ? and what 
number multiplied by 13^ will give l&j^ as product ? 

8. Find the sum of J, j, aud J, and the product of 2^ and 3}. 

9. Find the difference between the sum of J and }, and the pro- 
duct of ^ and /j. 

10. Express the difference between 12 and lli^ as a converging 
fraction. 

11. What is the value of 19 yards 2 feet 5 inches at 5s. 7d. per 
foot? 

12. Find the land tax on 43 acres 2 roods 26 poles at 3s. 7d. per 
acre. 

13. How much of £5 8s. 4d. is | of i of £20 ? 

14. Divide the product of 4J and 5| successively by their sum 
and their difference. 

15. From the sum of ^ and ^ take the difference between | and f^. 

16. Which is greater, the product of 17f and 6i, or the product 
of Y and 12f , and what is the difference ? 

17. Find the difference between the continued product of |, f , |, 
and j, and that of |, {, f, and {. 

18. What is the product of f of i and i of 8i? 

,19. A boy has a number of marbles, of which he loses f at play, 
gives away {^ to one schoolfellow, and i to another,^ he then ha» 7 
Je/t; how many had he at first ? 
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20. A fiither leayes to one^of his children | of his propertj, to 
another £200, and the remaining f among the rest, how much does 
he leaye altogether P 

21. If a post be i in the water, | out of the water, and 22 feet in 
the mnd, what is its length ? 

22. How much must be added to 3y^ to make 7-j^, and what 
number taken from 23f^ will leave f of 9i? 

23. Add together ^ of £176 18s., and ^ of £150. 

24. What is the value .of |f of a ship, | of which is valued at 
£765 15s. ? 

25. Divide the difference between { and f^ by the sum of \ and |. 

26. If of a tavern bill of £3 Os. Hid. my share and that of two 
others amounts to 16s. 7id., how many are there in the company ? 

27. If the area of a table be 76 square inches, and its length lOf 
inches, what is its breadth ? 

28. After spending f of the money in my purse I find that f of 
the remainder amounts to 16s. 3d., how much had I at first? 

29. Subtract from 5 its third, its fourth, and its fifth, what frac- 
tion of I7i is the remamder ? 

30. If the product of { and 2i be added to the sum of 21i( and 
Bf[f by how much will the result differ from. 100 ? 

31. Compare the magnitudes of |i, ^ and g. 

32. Compare the values of ^ of £1, ^ of a guinea, and j^ of a 
crown. 

33. What is the cube of that number which, when multiplied by 
f of I of li, will produce 1 ? 

34i. What is the net annual income of a man whose estate is 
worth £1023 10s. per annum, but who pays as land tax 28. 84d. in 
the pound ? 

35. If the owner of -ji^ of a ship sold ^ of { of his share for £1g>, 

what was the value of _ of f of the whole ship at the same rate? 

36. If two-thirds of a business be worth £440, what is the value 
of A of it? 

37. If ^ of a guinea be taken from -^ of J of a five pound note, 
what fraction of £100 will remain ? 

38. A owns ^ of a field, and B the rest, the difference between 
their allotments is 3 roods 17 poles, what is the area of the field ? 
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SECTION Vin. — DECIMAL FRACTIONS. 

246. A Fraction is called Decimal when its denominator 
is either ten, one hundred, one thousand, or some power 
of ten. 

Thus, — , — , , - are Decimal Fractions. 

10' 100 1000 100000 

Two or three &ct8 concerning the principle of our Notation 
require to be distinctly remembered here. 

I. In Integral Arithmetic the number 10 is the uniform instru- 
ment of multiplication, and we deal with all the collection of 
numbers which are brought before us as cgmposed of tens and 
of powers of ten. Thus, if we have to think of 6 -|- 9 + 8 we 
instantly resolve it into 23, or ttii>o tews and 3 ; or if the number 5 
times 7 is spoken of, we do not deal with it in arithmetic until it is 
transformed into 35, i.e., three tens and 5. 

II. Every figure in the following scale means 10 times more 
than that on its right ; the last figure alone meaning 7, and all the 
rest having a higher value. 

7 7 7 7 7 
Here the first 7 signifies 7 times the fourth power of 10, the 
second 7 X lO", the third = 7 X 10", and the fourth 7 X 10. 

247. It will thus be seen that the object of all Integral Arithmetic 
is to express every collection of numbers whatever, their sums, their 
differences, their products, or their quotients, in the form of multi- 
ples either of \0 or of some power of 10. So that in fact 10 or some 
power of 10 is the multiplier always understood, though not ex- 
pressed, as belonging to every figure in a line except the last. 

248. It is the object of Decimal Fractions to express all 
fractions whatever, i.e., all divisions of units into parts, as 
divisions by ten or by some power of ten. 

249. Observation. — ^If we have to express 9 sevens we write down 
the multiplier thus, 9x7. But to express 9 tens it would not be 
necessary to write the 10, for by placing the 9 with one figure to its 
right, as 90 or 96, the multiplication is at once effected. So also if 
we mean J, or 7 divided by 9, we have to write down the divisor 9 ; 
but if we wish to deal with ^, or 7 divided by 10, the decimal sys- 
tem enables us to express this without writing the 10. 
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250. In (246) each of the figures 77777 represented a tenth part of 
that on its left. In Fractions we can extend this arrangement helow 
unity, still letting each figure mean a tenth of that on its left. In 
the following line let tl^e figure with the line ahove it mean units. 

S4>ai— 13145 

77777777777 

Then the figure to its left is 7 X 10 or 70, Jbut that on its right is 
•^ or 7 -7- 10. So also the figure in the second place to the left of the 
unit = 700 or 7 X 10", but that two places to the right = ^ or 
7 •^ 10*. The next pair of corresponding figures to the left and 
right mean respectirely 7000 or 7 X 10", and ^ or 7 -4- 10". The 
next two are 70000 or 7 X 10*, and jj^ or 7 -i- 10*| &c., &c. 

Here the middle figure alone refers to unity, and not the last, as 
is the case in integer numbers, yet the same principle of notation 
still applies, viz., that the value of the tmmbers increases 10 Umes at 
each place to the left^ and that each figure represents -^ of the value 
it would have one step further to the left. 

251. Instead of placing a mark over the unit as we have done, it 
is usual to place a point ( . ) between the unit and the first £rac- 
tional number, thus : — 

CO 

'^ . 'S 

1 _2 • ^ § 

Q S . • <a A Q 






3 'S 



73 



tf 



Q 3 5 _. $ S & 



:Sil_. « ili^l 



S 

2 s a -a s § 2 PI 






568304-24739 

578-324 = (5 X 100) + (7 X 10) -f 8 + A + T^ + T^. 

70-069372 =(7xlO) + Tj,-f^4-T5k + TiRjRRj + vdm- 

ExEECiSB LXXin. 

Write out the separate value of each figure in the following lines : — 

1. 2970-32604; 3087. 2. 14109; 604. 

3. 1-6845 -052. 4. 103561; 75-1086. 

5. 8271-0986; 176*987. 6. \^-^^5jfe\ V'fiASJ^. 

1. 509-1862; 90-006. ft. \2rQ^n \ Tsar^:^^' 



142 THE SCIENCE OF AKITHMETIC. 

262. Observation, — In writing integer tiumbers (11) there is always 
one place (that on the right) reserved for the unit, and if there is no 
unit the place is filled by a cipher (0). But in writing decimal 
fractions it is not necessary to reserve a place for the unit, as the 
first figure to the right of the decimal point always means tenths. 
Thus the two arrangements do not appear at first siglit as if they 
corresponded exactly, for in integers the second figure in the series 
means tens, while in fractions the first figure means tenths ; so also 
the third figure to the left of the point means hundreds, while the 
second figure to its right means hundredtlis. This will be seen in 
tlie two cases — 

3640 and -463. 
In the former, begining from the unit, we find 4 X 10, 6 X lO', and 
3 X 10* ; in the latter, beginning with the unit, we have ^ f^ and 
■j^. So that although the two expressions correspond exaictly in 
meaning, the one being above unity and formed by decimal multi- 
plication, and the other being below unity and formed by dedmal 
divbion ; yet 4 figures are needed to express the first, and onhr 3 to 
express the second. Nevertheless it must be remembered that in 
all expressions which are partly integral and partly fractional, the 
figures at equal distances from the unit correspond in value, thus : — 

7 3 2 5.649 

Here the 2 and the 6, which are equallv distant from. 5, corre- 
spond in value, the first meaning tens and the second tenths. So the 
3 means three hundreds and the 4 four hundredths, each hema in the 
third place from the unit. The language employed in (15^ wm there- 
fore still be available, tens and tenths being both units of the second 
place, thousands and thousandths being both imits of the fourth 
place, millions and mDlionths being both units of the seventh place. 
When the fraction stands alone without an integer the point itself 
must be counted as one, and the first figure (tenths) as being a unit 
of the second place, and then the language of Integral Notation will 
still apply. 

253. In Integer numbers a cipher to the right of a figure 
increaaes its value ten times ; but a cipher to its left leaves it 
unaltered. In Fractional numbers a cipher to the left of a 
number diminishes its value ten times, btit a cipher to the right 
leaves it unaltered. 

254. The cipher (16) is simply intended to put any given figure 
in its right place with regard to the unit. In integer numbers, if a 
cipher does not stand to the right of a figure it does not affect its 
value at all. Thus, 057 means the same as 57, the has no mean- 
ing, for it does not stand between any figure and the unit; but if 
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the number were 2057 the would affect the ralue of the 2 by 
placing it a step further from the unit, although it would not affect 
the value of the 5 or the 7. Similarly, ciphers have a meaning in 
Decimal Fractions when they place a number further from the unit, 
but not otherwise. In the expression '57, the 5 means ^ and the 7 
^ ; but in the expression '5700 they still retain the same value, and 
the ciphers, because they do not affect the position of either the 5 or 
the 7 with regard to the unit, are without meaning. But in '057 
the cipher really affects the value of both, for it makes the 5 mean 
T§g instead of ■^, and the 7 j^ instead of ^, 

255. Corollary. — In any line of figures, to move the decimal point 
one place to the right is to multiply the whole line htf 10, hut to 
remove the point one place to the left is to divide the whole line hy 10. 
To shift the point two places is to multiply or divide by a hundred ; 
three places by a thousand, ^c, 

ExampU.—(B). 1783-964. (b). 178-3964. (c). 17839-64. 

In (a) the figure 3 is the unit, and every figure is greater or less 
according to its distance from that imit; but in (b) the decimal 
point having been removed one place to the left, the 8 which meant 
8 tens becomes 8 only ; the 3 which meant 3 units becomes the 10th 
part of 3, and every figure in (b) represents a 10th part of the value 
it had in (a). Now, on comparing (a) and (c), we find that the 
opposite effect has been produced by putting the point one place to 
the right. For in (c) the 3 means 3 tens instead of 3 units ; the 8 
means 8 hundreds instead of 8 tens, and every figure means ten 
times what it means in (a). By comparing (b) and (c) we find that 
every figure in the latter means a hundred times its value in the 
former, because the decimal point is two places further to the right. 

EXEBCISB LXXJV. 
Multiply the following expressions — 

1. By ten. 1078; 56*320; 079; 513087; 16'54. 

2. By a hundred. 235-96; 50985; 10372; 001; 1*8739. 

3. By ten thousand. 41-0968; 1-50796; -00183; 723568701. * 
Divide the following numbers — 

1. By ten. 35-607 i 178; 4-762; 0018; 3'729. 

2. By a thousand. 13569; 27-4»-, Afl"i% ^'^^n A^^nn^V. 

3. B/ A mimon. ^748632 ; 509&?>2n \ \%'^^^^ \ fc&STV'^'^' 
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256. Decimals have this advantage over ynlgar firactiaiis, 
that they can be instantly reduced to a common denomina- 
tor, and can therefore be added, subtracted, or compared 
without trouble. 

^Example, — The %are8 792*8345 taken separatdly represent 

(7 X lOO + (9 X 10) + 2 -f A + ife + -nftv + irfw- 
10000 ia here the greatest denominator in the series, and is also s 

common multiple of all ^the other denominators. Take the fraction 

1^, multiply its terms by 10 and it becomes j]^; the former 

fraction, in like manner, becomes -fjgjj^ ; ^ becomes ^^, and so on. 

Thna 700 — 7 pQftooo an _- 9Qooop 9 — 2SSS2. JL — JSSLJL ,2, — JQQ 
J.UUB t\fu — fBfgs9 > •'^ — TO»o> ^ — t8(R>o» TO — 1oooO> VfS — VSSm 

TRW ^ wSfSi *^^ lOOM* 

7000000 + 900000 4- 20000 + 8000 4- 300 + 40 + 5 

792-8345 = ^ ,0000 = T^- 

A separate analyslB of the parts of this expression gives the fi>Ilow- 
ing results : — 

792-8345 = 700 + 90 + 2 + *-fTfe-fT4g-fT58w 
792-8346 = 792 -f A + ife -h Tife + TW55- 
792-8345 = ^?P + A -f Tifo -I- life. 
792-8345 = W + 1*5 + Tsfo- 
792-8345 = ''m'-^v^- ' 

792-8345 = •'Jj^. 

ExEBOiSE LXXY. 

Decompose each of the following fractions into four eqnhraknl 
expressions, as in the example : — 



I. 213-5; 40-687. 2. 53089 

3. 42-5068; 1209-385. 4. 10798 

5. 6305-792; 270-69. 6. 41372 

7. 61-08; 5-079. 7. 32765 



2790-887. 
•10798. 
809-6274. 
10-9721. 



257. Hence every line of figures having a decimal point 
may be considered the niunerator of a fraction, whose 
denominator is 10 raised to the power indicated by the 
number of figures to the right of the decimal point. 

JSx<mple.-^'l72 = tg = ^KJ, ; 2053 = '^ff or 20^. 
4-7^ = 4^^^^; .0083 = ^ = 
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258. To BEDVCE A DBOnCAIi TO THB TOBM OF A TTLGAB 
TBAOTION — 

RULE. 

Place the whole of the figures as the numerator of the 
fraction, omitting the decimal point, and place as 
the denominator the figure 1, followed by as many 
ciphers as there are figures to the right of the 
decimal point. 

ExEBCiSB LXXYI. 
* Reduce the following decimals into equiyalent vulgar fractions. 

(When whole numbers occur represent the decimals in two ways, 
(a). As mixed numbers ; (b). As improper fractions.) 
1. 285-79; -0186; 5072. 2. 8-07; 123; 1'^. 

3. 40-327; 569; 247*86. 4. •006, 6-078; 17-28. 

6. 27296-8; 807324; -307. 6. 7129; 18*786; 47293. 

7. 8*072; 870-296; 10-72. 8. 0001; 100*7; 808*6. 

259. Vulgar fractions cannot always be converted into 
decimals which are exactly equivalent; but we may always 
obtain as much accuracy as we wish in the decimal form. 
There are two methods of efiecting this change. 

260. J. Method of equal mvUiplications and divisions. 
Example L — To reduce f to a decimal form is to find a fraction 
which shall equal f and yet shall have 10 or some power of 10 for 
its denominator. Multiply both terms by 100; then f = J^. 

Divide both by 4 ; then ^qq ^ ^ = -^ = '75, which is the decimal 

equivalent to f . 

JSxample II, — To convert Sj into a decimal form : multiplying 
numerator and denominator by 10,000 the fraction becomes ^ 



dividing both terms by 7, we have this result — 7 = ? ; 

^ ^ ' 70000 10000 

neglecting the remainder, we have here a fraction ^^ in a decimal 

form, and expressible thus *7142. It is not exactly equal to f, but 

it does not differ from it by so much as 7^^, and it is evident that 

if we had extended the same process to niillionths we should have 

arrived at a stiU closer approximation to its value. Thus — 

K 
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6^ 6000000 diTiding both by 7 5000000^714^^^4285 
7 7000000 7000000 1000000 

Here the decimal expression '714285, though still not exactly 
equivalent to ^, does not differ from it by so much as a millionth of a 
unit, and may therefore be considered practically as its equivalent. 
There is no limit to the extent to which this process may be carried, 
and therefore the error may be reduced to as small an amount as we 
please. 

261. IL Met^d of reduction. From (108) it will be seen that 
the division of all quantities is effected by reducing the remainders 
step by step into equivalent numbers of a lower name ; the Btaxyd 
method is appUcable here. 

JSxample, — ^Let it be required to reduce -^ to a decimal fraction, 
t. €.y to divide 5 by 19 in «uch a way that the answer shall appear 
in the form of tenths, hundredths, thousandths, &c. For this pur- 
pose we will reduce these 5 whole numbers into the required parts. 

19) 5 (0 whole numbers Here, finding that the 19th part of 

^^ 5 gives no answer in integers, we 

19)50(2 tenths reduce the 5 into tenths, and find 

-?? that the 19th part of 60 tenths 

12 
r*^ gives 2 tenths and 12 tenths over. 

19) mue hundredthB ^"^ ^^ *^*^ "* "*""^ ^ 

2X4 120 hundredths, and the 19th part 

Q of them 18 6 hundredths, with a 

10 remainder 6 hundredths. These 

19) 60 (3 thousandths 6 hundredths are again reduced 

57^ into the next lower naile, and 

3 divided by 19 ; and all the remain. 
10 'f ' 
, ders will be seen to have been 

19)30(1 ten thousandth i. j. j xi • j 

''^Q^ treated exactly as m compound 

division. The answer, carried as 

20 ^^T^ &s miUionths, appears to be^ 

19) 110 (5 hundred thousandths A + ife "I" rm + tcArj + vsissa + 

— T flflAfloo ^— ^- '263167. 

15 ^^ 1000000 

10 Now as reduction into the next 

19) 160 (7 millionths power of 10 may simply be effected 

— by adding a cipher, it is evident 

tVvat "wc "Vi'a.'^e employed more 



19 
11 
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19)50(263157 ^gu^^^ ^ this example than are necessary. The 

120 example in the margin shows all the figures which 

60 are necessary (102) to ohtain the result, and it is 

110 evident that we may go on adding ciphers to the 

150 remainder, or reducing them to lower names, as long 

17 as we please, every step giving us a nearer decimal 

•263157 Ans. approximation to the value of -^^ 

262. To BEDUOS TULOAB PSAOTIOKB TO A DECIMAL EOBM^ 

RULE. 

Divide the mimerator by the denominator. If any 
quotient arises it is an integer number; but if not, 
or if there be a remainder, add a cipher, and con- 
tinue the division until there is no remainder. 

263. Observation, — ^The quotient obtained after adding one cipher 
stands in the place of tenths (i. e., next after the decimal point) ; the 
quotient obtained after adding two ciphers stands in the second 
place ; after adding 3 ciphers in the third place ; 4 ciphers in the 
fourth place, &c. 

Exercise LXXVII. 

Keduce the following fractional expressions to decimals true to 

the fifth place : — 



1. 


i; 


m-. u- 


2- m; mt I' 


3. 


ft; 


Ui 8- 


^' 84 / "US* if* 


6. 


K; 


^5 515* 


6. ^; S?: iS- 


7. 


2i; 


13|; 122J. 


°* "ft* if 8 5 Tw' 


9. 


m-. 


121; 2|. 


10. |of|; JofjJ. 


1.- 


?x 


A. 18? -3f 


!«. !of7i . i + i + i 




J + i ' 168. 


3ofl9j' iofiofi 






RECURRING OR CIRCULATING DECIMALS. 



264. In many cases it has been seen that however far we carry the 
answer there is still a remainder ; that is to say, it is not possible to 
represent the given nraction exactly in a decimal form. Sometimes 
it may be seen at once after the operation is begun, that the same 
remainder occurs a second time, and that consequently the same set 
of figures will recur in the quotient. Thus — 

1 _ 10000 -r 3 _ 3333 _. .3333 

3 30000 -^ 3 10000 

k2 
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For 86 the flame remamder oocnn ereiy time, the same quotient vill 
zecor €id infimtwm. This is called a Tecomng or interminate decbnaL 

Sometimes also a series of different figures recurs in the same 
order. On reducing | to a decimal we find the following result : — 

7)20 

285714 285714- • • 
Here, after we have passed the sixth figure of the quotient, we hare 
the remainder 2 ; but as this is the figure with which we started, we 
shall, of course, the divisor remaining the same^ obtain the same set 
of figures in the quotient again. The decimal '285714 is thenfine 
called a repeating or circulating decimal. 

When, as in these cases, the same figures recur firom the begin- 
ning, the expressions are called Pure drculaHng Decimals. But 
the fraction -j^ for example, is found to equal '58333, &c. The first 
two figures, 58, do not repeat^ but the 3 does. Such an eaqpreaaion 
IS called a Mixed dreuUxUng Decimal, 

The figures which are repeated are called the ''repetend." When 
only one figure recurs it is called a ''simple repetend;" when more 
than one, they form what is called a ^ compound repetend.*' Thus 
in the circulating decimal *333, &c., 3 is a simple repetend. In 
-962962962, &c., 962 is a compound repetend. 

It is usual to indicate a circulating decimal by placing a point 
orer the first and last of the recurring digits. Thus — 

'6 = -666 

•27 = -272727, &c. 

•583 = -58333, Ac. 

•296 = -296296296, &c. 

265. Xhery wUgar fraction whose value cannot he exactly ex* 
'pressed decimaUy^ tmll take the form of a circulating decimal. 

For as every remainder must be less than the divisor, the number 
of remainders which can occur is limited ; and because a ci{^er is 
added to every remainder, when any dividend occurs a second time^ 
the same set of dividends and quotients must appear as before. 

ExEBCiSE LXXVm. 
Beduce the following fractions to circulating decimals : — 
1' ft; J; 8- 2. I; ^; A. 3. A; fj ^t. 

^- ii: Hi f,- 5. *; ^i ?. 6. ti; §; 5- 
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266. It must be observed thofc^ in ereiy repeating deoimalytliewh^ 
value of the quantity represented is not expressed ; for as the series 
is infinite we may carry it as fSar as we will, and yet some part of 
the fraction will remain unwritten. These parts may be very small, 
yet they are truly parts of the fraction, and in the decimal system 
we are obliged to neglect them. The following is an easy method 
for finding a vulgar fraction, which represents the exact value of a 
pure circulating decimal; and it will be seen that, whereas by pro- 
longing the decimal line, we continually approach, but never reach, 
the true expression of its value; it is always possible to give an 
accurate expression in the form of a vulgar fraction. 

Sxample I. — ^Let S represent the sum of the series *444i4i* * * 

Then (255) 10 8 = 4-4444 

But S = '4444- 



(b). 



• • • • 



Subtractmg (b) from (a) 9S = 4 /. S = ^. 

Here, as it is manifest that the indefinite expression *444* * * * 
means the same in both lines, the one may be subtracted from the 
other, and will leave no remainder. ' But aslOS — S=9Sj it 
follows that 4 equals 9 times the required value, which is therefore j. 

JExample IL — Let the circulating 'decimal be '252525 ; then 

because there are two figures in the repetend it will be convenient to 

multiply the sum by 100. Then as before, let S = '25— 

Then 100 S = 25252525, &c. 
Subtract 8 = -252525, &c. 

99 8 = 25. Therefore 8 = ^. 

ExcunvpU III. — Let the recurring decimal be -142857 ; and as its 
denominator is a million, it will be convenient to multiply by that 
number. Here as before, let 8 = -142857 — 

Then 1000000 8 = 142857'i42857, Ac. 

Subtra ct 8 = '142857, &c. 

999999 8 = 142857. And 8 = ^^. 

267. When Mixed Circulating Decimals occur they should be 
treated as follows : — 

• 

I. Beduce '58333 to a vulgar fraction. 

Multiply by 1000 Then 1000 8 = 583-33 (a) 

(b) 



Multiply by 100 100 8 = 5833 



Subtracting (b) from (a) 900 8 = 25 /. 8 = ^ 
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IL Beduce '94724 to a vulgar fraction. ■ 

Multiply by 100000 Then 100000 S = 94724*724 
Multiply by 100 Then 100 S = 94724 

Subtract Then 99900 S = 94630 

94WOO* 

In each of these cases we first multiply by a power of 10, high 
enough to make an integer number of the recurring and the non- 
recurring parts ; we then multiply the expression by a powor of 10^ 
high enough only to make a whole number of the part which does nol 
recur : on subtracting this from the other, the circulating decimal 
disappears, and the whole number which results has for its denomi- 
nator the difference between the greater power of ten and the less. 
In the former case one tenth part, and in the latter one hundredth 
part, has been subtracted from both mmierator and denominator. 

268. To BBDUCE A CTBCULATIirO DECUCAX. TO A YXTLGtAB. FSAC- 
TIOH — 

If only the same figures recur, make the repetend the 
numerator of a fraction, and place underneath it as 
many nines as there are digits in the repetend. 

But if it be a mixed circulating decimal, subtract the 
digits which do not recur from the whole expression 
as far as the end of the first repetend; take this 
difference as the numerator, and for the denomi- 
nator place as many nines as there are in the 
recurring part, followed by as many ciphers as are 
in the part which does not recur. 

ExsBCiSE LXXDL 
Find Tulgar fractions equivalent to the following expressions :— ^ 

1. -47; -5; -0*5. 2. 327; -95238; -714285. 

3. -00i85; -3132; l-70i6. 4. -28172; 3-4i5; 70238. 

5. 6038; -7125; -80563. 6. 13587; 719; 6-027". 

7. 1-27316; 45-508; -827. 8. 7032; 6-41; 7*043. 

a 27056; 30075; 4-i2'7. 10. 11*372; 4168; -50932. 

11, W2iat is the differenoe between -07 and -07? 
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269. No wdgar frttetion can he preciseUf expressed as a decimal 
tfUs denominator can be resolved into any other prime factors than 
2 and 6. 

Demonstrative Example. — The firaction J cannot be reduced lower 
because its terms are prime, but (196) any fraction can be altered 
into the form of one of a higher name, provided that the new 
denominator is a multiple of the former. If either 10, or 100, or 
1000, or any power of 10 be also a multiple of 9, the fraction { can 
be reduced to its exact equiyalent in the decimal system, but if not, 
the fraction must take the form of a repeating decimal. 

The question to solve in this case is, ** Can any multiple whatever 
of the number 9 be found equal to any power of ten P" If it can, 
then 9 must be a measure of either 10 or some power of ten. But 
it may be inferred from (168) that if a number measure another the 
second must contain aU the prime factors of the first. Now the 
only prime factors of 10 and of all the powers of 10 are 2 and 5, and 
neither of these is a factor of 9 ; wherefore no multiple of 9 can 
ever equal a number whose prime factors are 2 and 5. In the same 
manner it might be proved that whenever the denominator of a 
vulgar fraction, expressed in its lowest form, is resolved into any 
other prime factors than 2 or 5, the fraction will be interminate. 

270. To DETEBMINE WHETHBB A TULQAB rBACTION CAN BE BX- 
PBESSED DECIMALLY — 

RULE. 

Reduce the vulgar fraction to its lowest terms (198). 
Find the prime factors of the denominator (159). 
K they are any others than 2 or 5 the fraction will 
take the form of a repeating decimal. 

I!xample,—-L. Here 32 = 2 X 2 X 2 X 2 X 2. It lias no 
32 

other prime factor than 2 : the fraction may therefore be expressed 

Q 

decimally. But in — , because 15 = 3 X 5, and no power of 10 

15 

has 3 for a prime factor, therefore the fraction is interminate. 

EXEBOISE LXXX. 
State which of the fractions in Exercise LYIII. are capable of 
being expressed as decimals. 
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271. When fractions are extended to any great length, it beoomes 
rerj cumbersome to work with them. The %mpeB which stand in 
the 5th, 6th, and later places, represent exceedinglj small yalnea^aze 
only needed in calculations of'^reat nicety, and are often neglected. 
Whenerer this is done it is necessary to look at the first figure whioii 
is neglected, and to attend to the following considerations : — 

Suppose the fraction 17*168327 is giyen, and we only wish to deal 
with it as fiur as the second place of decimals ; neglecting the fbnr 
figures to the right we call it 17*16. Now the 8, which is the &a$ 
of the digits cut off, means jj^ and if j^ were added to it would 
become ^j^ or 7)^, which is a number suitable to be carried into 
the next place to the left. When therefore I write the fractimi as 
17*16 the expression differs by 1^ frtnn the truth, but if I had 
written 17*17 it would only haye diffbred by ^^ from the truth. It 
is evident that in this case we make a greater error by omitting it 
than by adding one to the place <m its left. Hence 17*17 is nearer 
to 17*168 than 17*16 is. But as the next figure to the right is 8, 
we should have to add j^ to it to make the fraction 17*169, whereas 
by leaying it out, and simply writing 17*168, we only depart j^ from 
the truth. 

If 6 were the number, the error of wholly omitting it would 
evidently be the same as that of adding enough to it to make 1 in 
the next place to the left. Thus — 

'237 true to 2 places = *24, because 37 is nearer to 40 than to 80. 

But 7*2835 expressed to 2 places is only 7*28, because 835 is 
nearer to 800 than to 900. 

272. To FEND THE NBAEEST EQUITALENT TO AKY FBACTION AS 
PAB AS TO ANY OIVBN PLACE OP DECIMAX8 — 

RULE. 

If the first of the neglected figures is 5 or more than 5, 
add 1 to the last of the digits which are retained. 
But if the first of the rejected figures be less than 5, 
the former figures may be set down without them. 

EXEBOISE LXXXI. 
Find the nearest equivalent to the decimals in Exorcise LXXVI. 
08 far OS two decimal places. 
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SECTION IX. — ^ADDITION, SUBTRACTION, MULTIPLICATION, AND 
DIVISION OF DECIMAL FRACTIONS. / 

Addition. 

273. From (199) it appears that when fractions are reduced to a 
common denominator the numerators alone may be added or sub- 
tracted to give the siun or difference of anj two fractions. But in 
Decimals the numerators only of the fractions are expressed, and 
the denominators, which are understood, are easily made common 
by the mere arrangement of the figures in a certain order. 

Suppose it is required to find the bwoo. of the expressions — 

7-2916 + 80-25 + 423-41 + 8071-2 + 7056-8103. 

GDhen, 

7-2916 = 
80-2500 = ^ = 

423-4100 = *m' = *fS«P 
8071-2000 = «^2 — 8(] 

7056-8103 = 



17638-9619 = "?^'» 



Hero ciphers have been added in order to reduce all the frtictions 
to the common denominator 10000 ; and it is evident that, n^lect- 
ing the consideration of the decimal point altogether, every line of 
figures may be r^arded as an integer number, the numerator of a 
fraction, of which the unexpressed denominator is 10000. On 
adding these numerators together, as whole numbers, the sum is 
found to be 176389619, but these figures give the numerator of the 
sum of the fractions ; and as the common denominator is 10000, or 
the fourth power of 10, the point must be placed four figures from 
the right, and the answer is 17638*9619. 

The ciphers which have been introduced are not necessary, as the 
value of each figure is sufficiently known by its position. 

274. The reason of the ordinary rule may be farther evident from 
another example. 

Add together '0018, 796, 413-587, 2V4£)^. 

K 3 
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Here the figure Btaiiding furthest to the right is 8, and 

•0018 means j^ ; there are no other figures of that yali^ so 

., rt.Koy we set down 8 in the fourth place from the unit. In the 

21-409 ^^^^ column are 9, 7, and 1, or 17 ; these are jjjjj, but 

442-9578 t& = t& + itJto = ifo + ifc* so the 7 are put in the 

thousandths place, and ^f^^, or ^Jq, are carried into the 

hundredths place as 1. This 1 added to 8 and 6 makes 15, and 

these are 15 hundredths ; but t^o = A + ife> we therefore set down 

the 5 as hundredths, and carry 1 to the tenths. A + A + -fe + ft 

= 15, but IJ = 1 + ft, we therefore set down the 9 among the tenths 

and carry the 1 to the other side of the decimal point as a whole 

number. The rest is the ordinary Addition of Integers. 

275. To ADD DECIMAL FEACTIONS — 

RULE. 

Arrange the figures so that the decimal points in all 
the lines shall fall in one vertical column. Add up 
as in Simple Addition, placing a decimal point in 
the answer exactly underneath the other points. 

EXEECISE LXXXII. 

1. 279-806 + 304-72 + -008 + '596 + 2'037. 

2. 108-62 4- -001 + -1007 + 3*8 + 173*6 + 17*365. 

3. 58-72 4- 96057 + 41*2874 + 3*027 + 1865*07. 

4. 71*9683 -f 2*17 + 4*621 + -008 + 72*0963 + -04. 

5. 632*1874 4- 4*017 + 163-6 4- 8*047 4- 419*8 4- 3*74. 

6. 71*827 + 3*142 + 61547 4- 103*03 4- 51*p008. 

7. 820-96 4- 70-03 4- -008 4- 1072 4- 13*5678. 

8. 927*416 4- 8-274 4- 372*6 4- 6207938 4- '507462. 

9. 103*72 4- 11-7 4- 61187 4- 30972 4- 2*073 4- 864*145. 

10. 2707 4- 83*6 4- 4096 4- 3*1725 4- 8*627 4- '0072. 

11. 2*124 4- 8-327 4- 65-47 4- '2198 4- 327*4 4- 862*1. 

12. 57-213 4- 8627*9 4- 4138*7 4- 65*41 4- '00728 4- 105. 

13. Add together 17 thousandths, 2 tenths, and 47 millionths. 

14. Add together 238 tenths, 453 thousandths, 6134 millionthB. 
and 18 t«n thousandths. 

15. Find the sum of 264 hundredths, 18 tilths, 34 millionths, 
and 62584 himdrod thousandths. 
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SUBTBACTIOK. 

276. This Rule, lilie Addition, ia always a simpTe prooeiB when 
the fractions hate a common denominator. Thus, if it be required 
to take 7-314 from 25-06, we hate (257) two vulgar fractions, ^ 
""•i W> of "liieh the Utter, 1^, can bo brought to the stune nmno 
as the farmer by adding a cipher to the numerator and denominator. 
It then beoomea ^)^. We hare now to find tho difiereace between 
IJiJ and ^. TakbK (210) the diflbrence of the numerators only 
we find- Wg-m = W = "■?«■ 

Or, 25'060 Hero we eimplj place the figurea of like yalues under 
7-314 one another, assume a cipher in the upper place on 
17-746 the right, and prooeed as in Simple Subtraction. 

277. ObtenaUon. — On examining aums of this kind mora closely 
wc ahall find that what was said of Simple Subtraction is eqoally 
true here. We do not actudlj subtract the required quantity &om 
the other, but in nearly all cases we add something to both ; and 
we take the aubtmhend + thia added number, from the minuend + 
the same number. Xhua in the sum, subtract 20758 from 301-2439, 











3 1 ^ 


i 




































s 








i 


a 


§ 


M 


i 


■s 




a 


10 


1 


^t 


U 


1,1 


il 


' 


2 


1 


s 


ti 


S 




^ 


8 





■4 


8 


s 


9 



280-4859. 
instead of 8, in the thonsandths place of the minuend, we hare 
taken 13; but we hare also turned the 5, of t)ie hundredths place of 
the subtraliend, iuto 6. Thus to the upper line we have added jjjg, 
and to the lower -^ But these are equal, therefore by (44) tbej 
do not affect the answer. So also we have added ^ to the 4 in the 
upper line, and ^, which is the same as ^, to thu 7 of the lower 
line, y hare been added to the tenths ot the upper line, and 1, 
which is equal to {g, has been added iu tlie unite pUce of the lower 
line. In like msunor 10 tens have been added to the minuend, and 
1 hundred to the subtrahend. Thus equal additions bare been 
made to both lines, and the work really c^ted has beeo. 

From 301-2439 + 10 tens +1(4-^ + ,^ 
Take . 20758 + 1 hundred -V 1 -V ^ -V -^ 
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278. To STJBTBACT ONE DECIMAL FBACTIOK FBOM A GBEATEB— 

RULE. 

Arrange the numbers so that the points are in a 
vertical line, and that figures of the same value 
aie in corresponding places. Subtract as in Simple 
Subtraction, and place a point in the answer under- 
neath the other two. 

EXEBCISE LXXXIII. 
Work the following sinus in Subtraction : — 

1. 709-63 - -8514 ; 234*057 - 185. 

2. 72065 - 19-7234; 81-963 - 1-7. 

3. 2107-5462 - 1719382 ; 18 - -18. 

4. 150-7 - 1-507 ; 216-9 - -83472. 

5. 1201-6 - 43^98 ; 47106 - 8-271. 

6. 1 - 001 ; 827-43 - 97-6387. 

7. 2123-5 - -0078 ; 62-97 - '63845. 

8. 2172-81 - 31-629 ; 4178 - -29643. 

9. 8721 - (-8721 + -008) j 37869 - (20-07286 -f 81-6). 

10. 34-72 + -1862 - 6-82 ; 278 + 6197 - 327-9. 

11. (5-028 4- -00973) - (6-704 - 2-38). 

12. 3-7246 + 4-1 + -097 - 742 ; 7-18 + 62-3 - '&. 

13. 4-46 - 197 ; 8023 - 7*6453. 

14. What is the difference between the sum of 33 milliofnthB 
and 17 thoiuandths, and the sum of 53 hundredths and 274 tenths? 

15. What is the difference between i and 1-0084? 

16. How much greater is the difference between 2^ and 1*256 
than the sum of -05684 and -556 ? 

17. A person had *825 of a ship, worth £10,000, after he ha^ 
sold jij ; what part of tlie ship was his at first ? 

18. Say how much the product of 2f and | exceeds the difference 
between 3| and 1-98046. 

19. Which is the greater, and by how much, J of S of £50, or 
£8-642 + £180564? 

20. The franc weighs 77-17 grains, of which 69*453 are pure 
silver ; what is the weight of the alloy ? 
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Mui/npucATioir. 

279. From (214) it appears that to multiply two fractions together 
we multiply the numerators together for the numerator of the pro- 
duet, and the denominators together for the denominator of the 
product.' This is the principle which applies also to decimals. 
Now it is veiy easy to multiply the numerators, which in Decimals 
are always expressed in figures ; but as the denominators are not 
expressed, but are only indicated by the pointing, it requires some 
care to know what the denominator of the product is, and how its 
value can be accurately marked. 

Let it be required to fnd the product of *005 and 1*27. This 
question is equivalent to j^ X •}$. But by (219) the product of 
these two fractions is ^jg^ which expressed decimally is *00635. 
llere, because 5 is one numerator and 127 the other, 6 X 127 = 
tlic numerator of the product. Bui as in *005 the 5 stands in 
the third place from the unit, it represents 5 divided by the third 
power of 10. Again, because 1'27 means 127 divided by the second 
power of 10, the two denominators are 10^ and 10*. But (137) the 
product of these is 10^. So, in like manner, the product of any 
powers of 10 is represented by adding the niunbers which are the 
exponents of those powers. Thus (137) 10* X lO' = 10" + * = 10*. 
So also 10* X 10* = 10* + • = 10'. Now because the denominator 
of eveiy decimal fraction is always that power of 10 which is 
indicated by the number of figures to the right of the dwrimal point 
(e.ff,, 1-719 = 'J|f, -04132 = %«, Ac.), it follows that by adding 
together the number of places on the right of the point in both 
factors, we learn how many places should be to the right of the 
point in the product. The following examples will illustrate this : — 

1. -5 X -7 = A X ft = i^^ = fg, = -35. 

2. -004 X 1-7 = tJ, X U = fg* = -0068. 

3. 5 X -00003 = 5 X ^ = {t = -00015. 

4. Multiply 2780-961 by 132. 

2780-961 = 2780961 -r- 10» 
1-32 = 132 -f- 10» 

5561922 
8342883 

36-70^86852 = ^^.^ '^^ 



158 THE SCIENCE OF ARITHMETIC. 

280. To MULTIPLY DECIMAL FBAGTIOVS — 

BULE. 

Multiply the numbers as integers. Mark off as many 
places to the right of the decimal point in the 
product as there are in all the factors put together. 

ExEBOiSB LXXXrV. 
Find the product of the following decimal expressions : — 

1. 27-98 X 635 ; 20*5 X 318-6% 

2. 3-5 X 4-7 X 18-05 ; 16 X 271 X '817. 

3. 712-4 X 81-67 X 21 ; 2-03 X 203 X 203. 

4. 17-186 X -5198; -007 X 315 X '617. 

5. 61-58 X 317-2 ; ^1-87 X 6198 X 2147. 

6. 713-72 X 81 076 X 203 ; 8145 X 614*7 X 30-03. 

7. (2-7 + 31-85) X (3-16 - -316) ; (4-198 - 1-7096 ) X 
31-278. 

8. (12-7 X 3-16 X 21) + (27-3 X 10-8) ; (6195 + 87*2) 
- (21-3 X 6-19). 

9. (71-42 X 8-164 X 21008) - 1745 ; -002 X 2 X 657. 

10. (107-8 + 6-541 - 81-96) X 1742 ; 834-72 - (61-36 X 
2007). 

11. 2178-6 X 18-74 X 21-72 ; (6187 + 219 - 307) X 4-86. 

12. Find the product of the sum and difference of 21-8 and '324. 

13. Work the last four sums in Exercise LXIII. decimally. 

14. One brothei; has left him } of a yessel, the whole of which is 
worth £8,000, while a second has for his portion 72 shares in the 
Great Western Eailway, worth £75-125; whose property is the 
most valuable P 

15. If in a certain town the number of persons dying erery week 
is 78*4, what number will die in the year of 365 days, 5 hours, 48 
minutes, 57 seconds ? 

16. If £96-54 represent the value of an acre of land on a certain 
estate, what is the worth of the whole, consisting of 1864 acres, 3-45 
roods? 

17. Add the rent of 53*7219 acres of land at £4*12 per acre per 
annum to that of 4-05 acres at £3*75 per annum. 
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DiTISION. 

281. Whenever one decimal fraction has to be divided by another, 
if ciphers be added ^ that which has fewer places of decimals until 
both have the same number, the decimal points may be omitted, 
and the dividend and divisor will form the numerator and denomii 
nator of a vulgar fraction, which may be reduced to a decimal by 
the rule given in (262). 

282. For by (228) whenever two fractions have a common deno- 
minator the one may be divided by the other, by simply dividing 
the numerator of the diVidcnd by the numerator of the divisor. 
Therefore in dividing one decimal expression by another it is only 
necessary to bring both to the same name, and then the process of 
division wiU be the same as the division of integers. Thus, to 
divide 1*5 by *00S i^ to find how many times '003 or ^^ is contained 
in 1*5 or ^. But 1*5 or 42 = |^g. Therefore the simi may take 
this form, jjgg -f- ^, and this (228) is equivalent to 1500 -f- 8, or 
500. Wherefore 1*5 -f- -003 = 500. 

By adding ciphers to 1'5 so as to make it a fraction of the same 
name as the other, the sum would at onpe have assumed a form for 
easy division, 1500 -f- 3. 

Again, divide 27-9 by 16-08. Here, because 27*9 = f(f, or ^j>, 
and 1608 = ^^, the question is— Divide 2790 by 1608, i.e., f^. 
Here there is a vulgar fraction, which may be reduced to a decimal 
by (262), and the answer, though it may prove interminate, can be 
carried to any degree of accuracy reqidred. 

283. The following sums in Division of Decimals take the form of 
vulgar fractions, which may afterwards be resolved into decimals : — 

70-960 -r 2-1 = ',fff -f- fJJS = J^. 

-001 -;- -1 = yjjjjj -f- -j^^jj =: -j^^. 

2970-8 -r 1-0376 = =^^Wf -r M = "^IT- 
2-0986 -h 1573-6 = « -r »Wr = Wf.- 
•029 -r 607-356 = ^^ *?J'^« = so?^ 

Problems in Division of Decixtials always assume one of the 
following forms : — 
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284. Case I. — ^When the divisoe is a whole kumbeb — 

RULE. 

Divide by the whole number, placing the first fiigore 
of the quotient in the same decimal place as the 
figure of the dividend from which it was obtained. 
Add ciphers, and continue the operation as £ur as 
may be necessary. 

Example.— Dvnde 234*729 by 8, and 5*4726 by 12. 

8)234*729 • 1 2)6*4726 

29*34112 . . . . ! -46606 

In the former of these cases 23 is divided by 8 and a quotient 2 
is obtained. But the 23 represents 23 tens, wherefore the eightii 
part of 23 represents a number of tens, and the 2 must stand 
in the tens place. In the second case, because the 54 are tenth^ 
the question, what is the 12th part of 54, gives the answer in 
tenths. The same answers would have been obtained if we had 
reduced the divisor into a firaction having the same denominator as 
the dividend, but the process would in this case have been mora 
tedious. 

Thus, 234*729 -r8 = «fffif-f-ffi=^^Jf = 29*34112 . . 

And, 6*4726 -f. 12 = fSgi -r 'ffl' = tSUS, = -45605. 

Exeboise LXXXY. 

1. 37*58 -T- 6} 4*096-4-17; 2158*9 -f- 143. 

2. 12-198-5-4; 3-72096-^12; 41*793 -f- 271. 

3. 105*7096-7-127; 3*01869 -f- 600 ; 2108*962^433. 

4. 5079-638-7-65; 2109683-7-49; *0738 -^ 3. 

5. *139655 -7- 28 ; 417298 -r 37; 1*0076-5-57. 

6. 031712 -f- 227 ; 61087 -7- 35 ; 20198 -7- 7. 

^ 7. Seven persons gained £374*56, what was each person's 
share? 

8. A field of 15*42 acres, paying a rent of £18*425, was t^H/^ti-.^ 
among 16 labourers ; what was the size of each man's allotment, and 
what had he to pay for it yearly ? 
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Division. 

281. Whenever one decimal fraction has to be divided by another, 
if ciphers be added to that which has fewer places of decimals until 
both have the same number, the decimal points may be omitted, 
and the dividend and divisor will form the numerator and denomi- 
nator of a vulgar fraction, which may be reduced to a decimal by 
the rule given in (262). 

282. For by (228) whenever two fractions have a common deno- 
minator the one may be divided by the other, by simply dividing 
the numerator of the dividend by the numerator of the divisor. 
Therefore in dividing one decimal expression by another it is only 
necessary to bring both to the same name, and then the process of 
division will be the same as the division of integers. Thus, to 
divide 1'5 by *003 i^ to find how many times *003 or j^ is contained 
in 1*5 or jj. But 1'5 or jj = jjg. Therefore the simi may take 
this form, i^ -f- ti8rj> ^^ ^^ (2^^) ^ equivalent to 1500 -f- 3, or 
500. Wherefore 1-5 -J- '003 = 500. 

By adding ciphers to 1*5 so as to make it a fraction of the same 
name as the other, the sum would at onpe have assumed a form for 
easy division, 1500 -r- 3. 

Again, divide 27*9 by 16-08. Here, because 27*9 = W> or ^, 
and 16-08 = \«jj{f, the question is— Divide 2790 by 1608, ».«., ®. 
Here there is a vulgar fraction, which may be reduced to a decimal 
by (262), and the answer, though it may prove interminate, can be 
carried to any degree of accuracy required. 

283. The following sums in Division of Decimals take the form of 
vulgar fractions, which may afterwards be resolved into decimals : — 

70-960 -r 2-1 = \^^ -r fi§S = 58^- 
<jni -1- •! — I 1, 100 — _i_ 

^^"•*- ^^ ■•■ — 7555 • T555 — T55* 

2970-8 -H 10376 = *^»«> -r « = 'TOT- 
2-0986 ^ 1573-5 = « -i- 'WS^ = fSg. 
•029 -f- 507-356 = ^^ '%^ = sgfSss- 

Problems in Division of Decimab always a^^xusi^ csv^ <:^ *^CkSk 
following forms : — 
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286. Cabb in. — Whek the diyidevd has a gseatrb kuxbeb 

OF DECIMAL PLACES THAK THE DIYISOB — 

RULE. ' 

Divide as in whole numbers. Mark off in the answer 
as many decimal places as the dividend contains 
more than the divisor. Add ciphers, and cany 
the answer to any place of decimals required. 

It would add to the trouble of calculation ia this case if we woe 
to bring both divisor and dividend to a common denominator. 
Thus if it be required to divide 7*9384 by '8 : this means (282), 
divide {^ bj ^ or divide 79384 by 8000. If this were done 
the answer would be in whole numbers. But if instead of dividing 
by 8000 we divide by 8, and then when the answer is obtained we 
remember that it is 1000 times too much, and point off 3 figures 
accordingly, the siun will be worked more easily. 

Example J.— Divide 27*3476 by -15. 

15 )27*3476000 

182*31733 .... 

Because the dividend has 7 places of decimals and the divisor 
only 2, the answer has 5, or 7 — 2. 

Example JJ.— Divide 34*79628 by 2*5. 

25)^*79628 (13-9185 
•97 
2^9_ 
~46 

212 Answer, 13*9185 : because as divi- 

128 dend has 5 places of decimals and 

3 divisor 1, quotient must have 4. 

287. Observation. — The reason of this rule will be further evident 
firom the following considerations : — 

I. Division is the inverse process of Multiplication. It has been 
shown in (279) that the product of any two decimal fractions must 
have as many decimal places as there are in both of the Actors. 
But in Division the divisor is one factor and the quotient the other, 
their product being the dividend (129). Hence, as the number of 
decimal places in the dividend equals the siun of the number of 
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decimal places in diyisor and quotient, it follows that the number of 
decimal places in the quotient is found by taking the difference 
^between the number in the dividend and the number in the divisor. 

II. It was shown in (225) that to divide one fraction by another 
is to take the reciprocal of the divisor, and proceed as in Multiplica- 
tion. 

Therefor© to divide -00162 by -006, or to divide j^g^ by t^, is 
the same thing as to multiply j^^ by ^^^. 



But TiJgfe X »¥» = 'i^ X 

And >|« = 27, and T» = ife. 

Therefore -00162 -r- -006 = 27 X jfe = '27. 

Because the dividend has 5 places of decimals its unexpressed 
denominator is 10°, and because the divisor has 3 places of decimals 
the 6 is understood to be divided by 10*. Now, because ^ = 10", 
the denominator of the quotient must be 100, or 10*. Therefore the 
excess of the number of places in the dividend over that number in 
the divisor always shows how many places are to be in the quotient. 

ExEBOiSB LXXXYn. 

1. -0001 -r- -01; 79285 -^ -45; 2-01 -f-1-7. 

2. 51-78 -T- 11 ; 30724 -i- 178*36 ; 40735 -h 185-5. 

3. 720-397 -7- 21-8 ; 615*821 -r- 2*4 ; 3*271 -f- 09. 

4. 1-2748-7- -53 5 61-423-^-01; 39*7286-4-5-7. 

5. 11-723 -f- -6 ; 20-1783 -4- 31*562 ; 40198 -r- 27*3. 

6. 14-05 -M4-5; 3*7298-7-1*27; 4*0198 -^ 62. 

7. (802*7 X 4*6) -7- 1*3 of 7 ; 207*61 + 1*98 -t- 7*15. 
Q 12 -346 X 017 62*704 -f- 3*001 - -987 

2*7 + 19~8 * 4*1235 - 68 

g 21-307 X 6-819 . (40-6 -f 7-1) X ( 3-029 - -1874) % 
2*3 of 7*98 ' 6*27 + 8*53 - 7*1 

10. Divide 3-14159 separately by 158, by 7005, and by -613. 

EXBEOISB LXXXVIII. 

Work the last six sums in Exercise LXY. so as to obtain the 
answers in a decimal form. 
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** 



CONTRACTED METHODS OF MULTIPLICATION AND DIVISION. 



288. In many problems in Multiplication or Diyision of Decimals 
the answer is only required to be accurate as far as a certain decimal 
place. In such cases some time would be wasted if we were to work 
out the whole sum according to the rules just given. For example, 
suppose it is required to find the product of 23*7286 and 414*793 $ 
it appears by (279) that the answer will extend to the 7th place d 
deciinals, one of the factors having 3 and the other 4 plaoes. But 
if for the purpose in hand it is only necessary to have an answer 
true to the 3rd place, it is evident tnat some part of the operation 
is useless and might be avoided. 

Uncowtrcusted process. Contracted process, 

*^t^^^ 4i4*^93 

23*7286 4W^ 



248 

3318 

8295 

290355 

1244379 

829586 



9842*457 



8758 

344 ooTo 

f" 8296 

^ 290355 

1244379 

^^^ 9842-457 



In the first example the figures to the right of the vertical Hne 
are unnecessary, as the answer is not required to extend beyond the 
third place. Li the second example no part of the multiplication 
has been performed which is not needed in the answer. Thus in 
the first Ime, to have multiplied the final figure 6 by that above it 
(3) would have produced an answer in the 7th place. But as the 
answer required is to be in the 3rd place, we multiply the 6 by that 
figure of the multiplicand which wUl give a product in the Srd place. 
This figure is foiur places to the left of the 3, and we therefore begin 
the sum by taking 6x1. If we only did this, however, the answer 
would not be correct, for on looking at the two next figures of the 
multiplicand we see that the number 28 would come in the next 
place. But (271) because 30 is nearer 28 than 20 is, we carry 3 into 
the thousandths place. In the line below it we observe that the 
number of ten-thousandths was 63, we therefore only cany 6 into 
the thousandths place and neglect the 3. In the third line the 
number of ten thousandths is 18. We call this 20 rather than 10, 
and so carry 2 to the thousandths place. Proceeding in this way 
we avoid the trouble of setting down figures which do not contribute 
fo tlw answer. 
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C0NTRAC5TED RULE FOR DECIMAL MULTIPLICATION. 

289. Begin with the right-hand figure of the multi- 
plier and multiply by it that digit of the multipli- 
cand which will give a product in the place required. 
Find what would have been carried from the place 
to the right of it, and add this to the first product. 

Take the second figure of the multiplier and find the 
product of it and the digit of the multiplicand 
which stands to the right of that which was formerly 
chosen. Put the unit of this product into the 
required decimal place afler accounting for the 
remainder from the right as before. 

At each line take one more figure of the multiplicand 
into the product; proceed as before, and add up 
the results as in ordinary Multiplication. 

ExEBOiSE LXXXTX. 
(a). Find the following products to the third decimal place : — 

1. 17-802 X -579 ; 60852 X 19-7 ; '203 X 1798. 

2. 106-728 X 81957 ; 7249 X 10-87632 ; 4-1985 X 2-1743. 
8. 70-96 X 8-074 ; 82-75 X 417209 ; 628145 X 8172. 

4w 7-0968 X 812 ; 7145 X 61487 j 8179 X -2146. 

6. 7-986 X 209 X 4-723 j 6798 X 4-072 X '5. 

6. 5-189 X 64-3274; 8274 x 85-2968. 

7.- 41725 X 81-72 ; 4096 X 88 X 1792. 

(b). Find the products of the first six sums in Exercise LXXXIV., 
contracting each answer by two digits. 

290. Division. — When the quotient of a Division sum is only 
required to be true to a certain decimal place, a similar method may 
be adopted. 

Example, — Divide 7*9362 by 2-7451 to four places of decimals. 

Uncontracted method. Contracted method, 

2-7451) 7-9362 (28910 2*7451) 7*9362 (28910 

54902 54902 



24460 
21960 

2499 
2470 

28 
27 

1 



24460 

L 21960 

20 2499 

59 2470 

610 28 

451 27 

1590 1 
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6. How much is 14*973 shillings of a ten pound note ? an 
much of a farthing ? 

7. Reduce 3*35 shillings to the decimal of £1, of lOs., and 

8. Express *5 shillings -f- *7 crowns -f- £'15 as a dedmfd of a 

9. What fraction of 11 cwt. is -297 lb. ? 

10. -How much of a bushel is '397 of a pint ? 

11. Beduce 1*27 oz. to decimals of a grain, a scruple, and 

12. How much of a square mile is *39 of a rood ? 

294. Case III. — ^To pikd the eqttivalent value to a 

DECIMAL IN OBDUTABT CONOBETB NUMBEBS — 

RULE. 

Reduce only the fractional part of the expression 
Case I. reserving the whole number as part < 
answer. Continue to reduce the fractions unl 
lowest denomination is reached. The ser 
whole numbers will form the answer. 

Example I. — ^What is the actual value of 23*568 of Is. ? 
23*568 of a shilling = 23 shilhngs + '568 of 1 shilling. 

But by (292) -568 of Is. = *568 X 12 = 6*816 of 1 penn 
pence -f '816 of a penny. 

Again *816 of a penny = *816 X 4 = 3*264 of a fiarthin 
farthings + '264. 

Hence 23568s. = 23s. ; 6*816d. = 233. 6d. ; 3*264 &rthi] 
£1 3b. 6f d. + '264 &rthings. 

Example III. — ^Beduoe 
Example II. — ^Reduce 29*3814 a mile to the ordinary fori 
cwt. to the ordinary form. .^^g ^f ^ m\ln 

29*3814 cwt. 8 

^ 1*424 furlongs 

1*5256 qrs. 40 

^ 16*960 poles 



42048 5i 

^Q^^^ 5*280 yards 

14*7168 lbs. 3^ 

}^ 840 feet 

11*4688 ounces 12 

Answer, 29 cwt. 1 qr. 14 lbs. 10080 inches 

11*468 oz. Answer, 1 furlong, 16 p 

feet, 10*08 inches. 
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EXBBCISE XCn. 
Beduoe the foflowing to the ordinary forms of oxpresBion : — 

1. 17*914 weeks ; -178 gallons ; 32-746 weeks. 

2. 2074 guineafl ; £5-728; 16-474 shillings. 

3. £17-5028; £1-627; £4-78. 

4. £-68; £2-47; £128 

5. £103-4792; £2-18634; £7-096. 

6. £7-8425; £303796; £20872. 

7. 29-324 cwt. ; 5-87 cwt. ; , 2-97 quarters. 
8.. -07 of £2 10s.; £-972916; £-10875. 

9. 3-27 days ; 4-728 weeks ; 39-278 hours. 

10. 1-29 miles; 27-28 furlongs j 3-05 leagues. 

11. 27-38 yards; 4-196 poles; 282*72 miles. 

12. 37-25 acres; 48-972 acres ; 2534 sq. roods. 

13. 13-38 sq. yards ; 14-23571 sq. miles : '978 acres. 

14. 17-84 gallons ; 212*305 gallons ; 4*07 quarts. 

15. 29-732 quarters of com; *08 quarters; 53-197 quarters. 

16. 18-7 English ells ; 3*207 French eHs j 132*72 nails. 

295. Case IV. — When a conoeete number is given in the 
obdinasy eobm, ^to exfbess it deoimally — 

RULE. 

Begin with the quantity of the lowest denomination 
named. Treat this separately, and divide it by as 
many of the less as make one of the next higher 
name. Add the whole number of this higher name 
to the fraction thus found, and divide again so as 
to reduce this to the denomination next above. 
Continue to divide and to add in the whole numbers 
one by one, until the required denomination is 
reached. 

JSxcmple J. — Express 2 lbs. 7 oz. 3 dwt. 15 grains troy as decimals 

Here (233) 15 grains = iJ = '625 of 1 dwt. .% 3 dwt. 15 
grains = 3*625 dwt. 

But 3-625 dwt. = ^-^J* = -18125 of 1 oz. .-. 7 oz. 3 dwt. 15 
grains = 7*18125 oz. 

Again 7-18125 oz. = '^fl** = -6992110^ oi \^. :, 'i.^.n ««- 
3 dwt. 16 grains = 2-59927083 llw. 
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The same sum would be more conToiieiLtlj worked in this fiomi: — 

2 lbs. 7 oz. 3 dwt. 13 gnina. 
34)15_ gRiizia 

20;3 625 dwt. 

12) 718125 ox. 

2-5yy:i7u83 lbs. 

Example II. — Beduce £17 Qs. S^d. to the dedznal of Is. 
4)3 fiuthiigs 

12 )8-75 pence = 8fd. 

9-72916 shillings = 9s. 8df 
S40r shillings = £17 

ai9^2916 shillings = £17 Ss. Sfd. 

Example HI. — ^Beduce 7 qrs. 5 bush. 3 pecks 1 gaL 2 quaits to 
the decimal of a quarter. 

4)2 quarts 

2) 1'5 gallons = 1 gaL 2 qts. 

4 J375 pecks = 3 pecks 1 gaL 2 qts. 

8 ) 5-9375 bushels = 5 bush. 3 pecks 1 gaL 2 qts. 

7*7421875 quarters = 7 qrs. 5 bush. 3 pecks 1 gaL 2 qts. 

ExsBcisi xcm. 

1. Beduce £17 10s. 9^ £2 58. 7id., and £8 ISs. 4id. to the 
decimal of £1. 

2. Beduce £25 18s. 7id., £1 10s. 5f d., and £297 10s. 7id. to the 
decimal of £1. 

3. Beduce 17 cwt. 3 qrs. 2 lbs., 3 qrs. 9 lbs., and 4271 Ibe. to 
the decimal of 1 cwt. 

4. Beduce 294 cwt. 3 qrs. 17 lbs., 10 cwt. 27 lbs., and 17 cwt. 9 
lbs. to the decimal of 1 qr. 

5. Beduce 17 lbs. 6 oz., 2 qrs. 1 lb., and 3 cwt. 1 qr. to the 
decimal of 1 lb. 

6. Beduce 13 oz. 4 drs., 29^ lbs., and 4 cwt. 2 qrs. 7 lbs. 4 os. to 
the decimal of 1 lb. 

7. Beduce 5 days 12 hours 25 mins. 37 sees, to the decimal of a 
week. 

8. Beduce 3 weeks 3 days 23 hours to the decimal of a week. 

9. Beduce 12 hours 55 mins. 23^ secif., and 17 hours 47 minfl; 
83 sees, to the decimal of a day. 

10. Beduce 7 oz. 4 dwts. to the decimal of a pound troy, and 9 
oz. 2^ drs. to the decimal of a pound ayoirdupois. 

11. Beduce 8s. 7id. to the decimal of a guinea, and £3 178. 6d. 
to that of a shilling. • 

12. . Beduce 19 qrs. 2 bush. 2 pecks to the decimal of a quarter, 
and 7 qaarta 3 pints to that of a geJlon. 
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SECTION XI. — ^DECIMAL MONEY. 

296. The Arithmetic of concrete quantities is more difficult than 
that of abstract numbers, because the units are not subdiyided 
decimallj, but follow in each case some special rule. Thus the prin- 
cipal units of weight, of time, of linear measure, of value, arevariouslj 
subdivided thus :— 

1 cwt. = 4 qrs. = 112 lbs. = 1792 ounces. 
1 week =: 7 days = 168 hours := 10080 minutes. 
1 mile = 8 furlongs = 320 poles = 1760 yards = 5280 feet = 
63360 inches. 

£1 = 20 shillings = 240 pence = 960 farthings. 

In the chapter on Weights and Measures (Appendix) some reasons 
will be found for these irregular divisions ; but it is evident that if 
we had been accustomed to divide each of these principal units into 
tenths, hundredths, thousandths, &c., ^the addition, subtraction, 
multiplication, and division of concrete numbers would be much 
easier than it now is. If for example we had a name for the tenth 
and hundredth of a ton, instead of the twentieth and the eightieth, 
we should be spared the trouble of asking ourselves a question in 
reduction at every step of a sum in avoirdupois weight, and the 
whole process would exactly resemble Simple Arithmetic. But long 
established usage and habits have made it veiy difficult to alter the 
£etmiliar weights and measures which are current among us, and 
such a complete decimal system as has been adopted in France, and 
is described in the Appendix, has scarcely been proposed in this 
country, and will certainly not come into general use for many years. 

297. The first change will probably affect our coinage, for this 
could be decimally adjusted with less difficultj^ than any other con- 
ctete quantity. The 10th of a poimd is 2 shillings ; and although 
we have no exact equivalent in our present coinage for the hundredth 
of a pound, yet the farthing, which is g^ of a pound, differs very 
little from j^. If therefore we retain the pound as the unit, it 
becomes necessary to give a name to the value now called 2 shillings, 
to have a new coin and a new name for the tenth of 2 shillings, or the 
hundredth of a pound, and to depreciate the value of the farthing 4 
per cent, so that it shall become t^ of the pound. If, however, we 
retain the farthing as the unit, we shall require a new name for 10 
farthings (or 2id.), another name and a new coin for 100 &rthin^ 
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(28. Id.), while 1000 of the unit would be equivalent to £1 Ob. 10d.of 
our present money. By the first system we should retain the pound 
as the unit, and all other coins would be measures or aliquot parts 
of it ; by the second we should retain the farthing as the unit, and 
all other coins would be multiples of it. This latter would have one 
advantage, for all the sums represented by the new names could be 
paid by our present money, while the hundredth and thousandth 
of a pound cannot be represented in value at all without entirely 
new coinage. Nevertheless, the first system would retain the pound 
and shilling at their present values, while this would be imposflibte 
by the second. Since, therefore, all our most important accounts 
are kept in pounds, it is thought less inconvenient to adopt a system 
whidi will cause the penny, the farthing, and the fourpenny piece 
to disappear, but will leave the pound and the shilling unaffected, 
than to take one which will supersede the pound as the unit, though 
retaining the smaller coins. Accordingly it has been proposed by a 
Committee of the House of Commons, that whereas at present 

£1 = 20 shillings = 240 pence = 960 farthings, 
an arrangement shall be made whereby the. pound shall be thus 
divided : — 

£1 = 10 tenths = 100 hundredths = 1000 thousandths. 

298. It is not yet determined what names shall be given to thMO 
aliquot parts of the pound. Names indicating the relation of thd 
several values to each other would be the best; fmd it has been 
suggested that plain Saxon contractions of the words tenths, him- 
dredths, and thousandths, such as tens, hwns^ and thous^ would serre 
the purpose. The first coin, however, the tenth of a pound, is 
already in use, and has been unwisely denominate a florin,* and 
the pubhc taste seems rather in fstvour of Latin words, such as the 
French have adopted {decimey centime^ tniUiSme), Our system 
will probably be 

£1 = 10 florins = 100 cents = 1000 mils. 

Such an expression as £17*387 would, on this plan, mean £17, 3 
florins, 8 cents, 7 nuls, and might be multiplied and divided as 

* We think this name onfortonate for two reasons :— I. Because it carries with it 
no allusion to the decimal system; and II. Because in so far as it suggests toy 
fntt^niuff at aD it is misleading, for none of the coins becuing that name and in use 
■ tbe Continent of Europe have the same value. 
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roudilj as the eimple numbe;* 17387 ; beoauso Um of any ono place 
would equal one in the plaue to the loft. 

2Ui). As tlie adoption of such a coinage, though very desirable, 
may yet be delayed for some timoj it is imjwrtant to know the 
readiest method of applying the decimal system to the keeping of 
accounts and of computing tlie money current among us at present 
by the rules of decimals. Taking £1 as the unit — 

Of these several values some are much more 
easily expressed as decimals of £1 than others. 
All except the two last-namod might be re- 
tained in a decimal system. The relation 
l^ptween these two coins and £1 cannot be 
expressed by the help of 10 or any power of 10. 
Neither a penny nor a farthing can therefore 
be retained as units of value on the proposed 
plan. But as the fieirthing is now p^ of £1, we may represent it as 
'001 of £1 without serious error, except in cases where the decimal 
expression has to be multipUed considerably. 

300. When accuracy is only required to the third place of decimals 
it is Bu63cient to rei]&embor this short table. For every 2 shil- 
8. d. lings in the sum we have *1 ; for every shilling, '05 ; 

2 = -1 for half a shillmg, -025 j and for a farthing, -001. ' 
10 = '05 Hence a sum of money, £21 18s. 7|d. may be written 
6= -026 as 21 + -9 + 025 + '007 = 21'932. We take 9 in 
Oi = '001 the first place to represent ISs., *25 in the second and 
third places for the 6d., and 7 for the additional farthings. 

Suppose, now, it were required to divide this sum by 6, the same 
would be done very readily thus — 
6)21-932 

8-G55 =£3, 6 florins, 6 mils, 6 cents = £3 13s. lid.— 
die decimal expression being transformed into £3, 12s., Is., 5 farthings, 
or £3 13s. lid. But if it had been required to multiply this sum 
Df money by G, it is evident that whatever error is made in calling 7 
'arthings -007 of £1 is also multiplied by 6. In adopting the follow- 
ing rules it must, therefore, be remembered that the former, which 
secures accuracy to the third place, will suffice in all ordinary cases 
in which short Addition sums, or almost any sums in Subtraction 
and Division, are cQeeted ; but that the latter will be needed when- 
ever the sum of money to be dealt with ret^uires to be multiyliud, g 
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801. CaSB I. — ^TO BBDUOE AJSTY SITM OF KOKIY TO A DBCHUL 
VOBM WHICH SHALL BB TBUE TO TUB THIBD FLAOB — 

RULE. 

Take the pounds as whole numbers and fill up the 
three places of decunals as follows: — 100 for every 
2 shillings, 50 for a shilling, 25 for 6 pence, and 1 
for every additional farthing. 

Example J.— £153 158. 4id. = 153767. Hero 14«. = •700, 
Is. = 050, and 17 farthings = '017, and 700 + 50 + 17 = 707. 

Example IL— £27 58. 6f d. = £27*278. . Because 4e. = ^ 

iB- = tSo* 6d. = TJfo and id. = T^. 

EXBBOISB XCIV. 
Beduce the following snms to decimals true to the third place : — 

1. £2 14s. 8d. ; £3 lOs. 9id. ; £27 4b. 6}d. 

2. £7 18s. 4id. ; £235 15b. 8d. ; £228 Os. 7id. 

3. £14 17s. 9d. ; £628 4b. 7d. ; £5 13s. 4id. 

4. £1 lis. 7id. ; £274 168. 3d. ; £2 Os. 9id. 

5. £2 7b. 4id. i £8 lis. 2|d. ; £17 6s. 9id. 

6. £8 2s. 4id. ; £37 2b. did. ; £11 9s. 4id. 

EXBBCISE XGV. 
Boduce the following decimals to ordinary nnmberB by this rule : — 

1. £19 8 florins 6 cents 4 mils ; £25 3 florins 7 cents $ £176 
1 florin 3 cents 5 mils. 

2. £17-528; £1064; £18371; £20^965; £8-27. 

3. £16-721; £4128; £3074; £4*106; £2-093. 

4. £4-696; £18*325; £71421; £58*372; £41*629. 
6. 7-284; £5-901; £8623; £5834-721; £209*646. 

6. £-872; £3*96; £047; £814*756; £203*871. 

7. £-97; £-083; £*46; £8*695; £23*72; £-072. 

EXEBOISE XCVI. 

Work the first four sums in Exercise XII. ; tlic first six in Exor- 
cise XXTX. ; and the first throe in Exercise XXX., by this method. 
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302. Case II. — When it is seqtjibed to make the expres- 
sion ACOUEATE TO ANY GIVEN PLACE OP DECIMALS — 

RULE. 

Express the sum of money as fax as sixpence by the 
rule just given ; but for every penny above an even 

sixpence place 416 in the third and following 

places, and for every odd farthing place 10416 i^ 
the third and following places, as far as required. 

303. Observation. — ^The table given in (299) shows that the former 
rule gives perfectly accurate results as far as 6d., but that the value 
of odd pence and farthings cannot be expressed without descending 
lowbr in the decimal scale. As in both cases repeating decimals 
occur it is impossible to be entirely accurate even then, but it is easy 
to carry the calculation so low that the error shall bo as slight as 
we please. 

Examples. — Eeduoe £17 13s. 8id. to decimals true to the 5th 
place, and £270 3s. 2f d. true to the 7th place. 

I. 



£ s. 


d. £ 




£ 8. d. £ 


17 


=17 


II. 


270 = 270 
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2 0= 1 


1 


= -05 
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6 = -025 
2 = -00832 




11 X -0010416 -0114582 





Oi = -00104 




2701614582* 



17-68436 

ExBEOiSB XCVn. 
B^duce the following to decimals true to the 6th place : — 

1. £17 10s. 3id. 5 £27 138. 4f d. j £109 Ss. 6id. 

2. £273 5s. lid. ; £12 6s. 8f d. ; £1 6s. 3id. 

3. £28 9s. 4id. ; £1 Os. 7id. ; £23 5s. 6id. 

4. £17 Os. 8id. ; £29 16s. 3id. ; £18 Os. 9d. 

EXEEOISB XCVIII. 
Work the first four sums in Exercise YIII., and the first ^^q in 
Exercise XX., by this method. 

* This process, though apparently long, is much simpler when perfonuedvcv^cL. 
tally than when laid «ut at length on paper. A.N«n\\\]iX« \it»s^«ii«k n»^ ssosi^^'*' 
student to use both rules with great iacUiiy. 
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Questions on Decimal Fractions, 

What is meant by the expression Decimal Fraction 7 In what respect does this 
Fractional Notation resemble the common Notation of Integers 7 What is the main 
difference between the two 7 What purpose is served by the number 10 in Integral 
Notation 7 What in Fractional Notation 7 

In the following line of figures what is the separate value of each, 7928*534728 7 
Compare the values of two figures, one of which is 5 places to the right and the 
other 5 places to the left of the decimal point Describe the x\a» of the cipher (0) 
in Fractional Notation. Why are decimal fractions very readily multiplied or 
divided by 10 or any power of 10 7 Give the rule which applies to such case*. 

What is tljo great advantage possessed by decimal over vulgar fractions 7 Ha* 
a decimal fraction any denominator 7 if so, how do yon determine what it it? 
What process in Decimals is analogous to the reduction to a common denominator 
of Vulgar Fractions 7 Describe it, and state the rule. How are decimals eonveitied 
to vulgar fractions and vulgar to decimals 7 Give the reason for the rule in each 
case. Show in what way this rule resembles Uiat of ordinary Division or Redaction. 

What are Kecurring Decimals 7 How many kinds of them are there 7 In what 
cases do they occur 7 How may Uiey be reduced to vulgar fractions 7 Demtm- 
strate the reason of the rules. What kind of vulgar fractions always give recur- 
ring decimals 7 

How do you determine the position of the point in the answer to a sum in 
Addition or Subtraction of Decimals 7 Why 7 In what way do the Addition and 
Subtraction of Decimals differ fivm, and in what way do they resemble, the Addi- 
tion and Subtraction of Integers 7 

Where should tlie decimal point be placed in a product or in a quotient 7 Whj 7 
Show how the Rule for Multiplying Vulgar Fractions applies to Decimals. Wbat 
is there in Decimals corresponding to the multiplication of the denominator in 
Vulgar Fractions 7 

wnben is Divitiion of Decimals the same as in whole numbers? What general 
rule would apply equally to all possible cases of Division of Decimals 7 Whf is 
not the same rule applied in all cases 7 State the different special rules of Division 
and give a reason for the use of each. How is the principle of reciprocals illaatnrted 
in Decimal Division 7 Give an example. 

Why is it better to contract certain sums in Multiplication and Division 7 Stite 
the processes, and show when each should be used. What sort of error, if vxf^ 
is liable to occur in these processes 7 

State the axiom assumed in the rule for reducing a certain value into the dednnd 
of a greater or a less. State the rule in each case, and give an example showing 
how the axiom applies. If a certain fraction of a Troy pound had to be reduced to 
the decimal of an Avoirdupois pound, what rule would be necessary 7 

Compare the advantages of a decimal system having £1 lor the unit with those of 
one wliich has a farthing for the unit. What is the readiest way of converting our 
present money into decimals of £1 7 What sort of enor will occiur in using the 
rule, and when 7 
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MlBOELLANEOUS EXEBCIBES OK FRACTIONS. 

1. What is the value of £54*732, and of £763*824 ? 

2. Add together 3J, 7i, 25*687, and 1*666. 

3. A can do *6 of a piece of work in 4 hours, B can do *75 of 
the remainder in 1 hour, and C can then finish it in ^ of an hour ; 
in what time can A, B, and C do it ? 

4. Add together i of f ; i of J?; and J -t- IJ. 

5. Beduce 3s. 4id. to the fraction and to the decimal of £1. 

6. BeduQid '4786 days to hours, minutes, and seconds, and find 
the value of 173*25 yards at 5*25s. per yard. 

7. Beduce { of a day to the decimal of a week and of a year. 

8. Simplify each of the following expressions : — 

9f fof^ , 4|. _;284 . 6f 

13-25* 15 + ^' 2-3* f X j' 2 75 

9. What is the difference between | of ;} of a pound, and f of a 
shilling? 

10. Add together i^ of a pound, § of a shilling, and {^ of a penny. 
IL Add I of a pound, -f^ of a guinea, and f of 4b. 7d. 

12. Multiply and divide 60 by *00048, also 7*29 by *0028. 

13. If to one 'person a testator bequeaths ^ of his property, to 
another i, and to another £300, what is the value of his property ? 

14. Add together the circulating decimals 0*53434, &c., and 
*046&858, &C., and subtract the sum from 1^. 

16. Subtract f from 1*1 and divide the remainder by 0*1. 

16. What is the value of 72 lbs. 3 oz. at £4 3s. 2d. per cwt., 
and of 6 cwt. 1 qr. 19 lbs. at £7 10s. per cwt. ? 

17. Find a series converging to ^, and also to 3*14159. 

18. What is the rent of 311 acres 2 roods 26 poles at £1 2s. 9d. 
per acre? 

19. If a vessel is two-thirds fiiU, and after 70 pints are drawn 
off is found to be three-eighths full, how much could it contain ? 

20. If *7 of anything cost £29 8s. 7d., what share will be worth 
£15 10i.4d.? r 

21. ITind the greatest common mea&uiQ oi 2^*^W ^sl^*^*^^^' 
also of 20*75 and 11*39. 
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22. The circumference of a circle is 3*14159 of the diameter, find 
the circumference of circles whose diameters are 13*7 feet, 1*96 yards, 
and 28'342 miles respectively. 

23. What are the diameters of circles whose respectiYe dream- 
ferences are 12*56 inches, 3*297 feet, and 11*08 miles ? 

2-1 Find a quarter's rent on 114*76 acres at £3*74 per ammm 
per acre, and two years* rent on £47*5 acres at the saine rate. 

25. Work the following sums decimally : — 

(a). 1172 at £1 88. 9d. ; 3274 at £7 68. 6d. ; 2093 at 168. 7jd. 
(b). 2093*5 at £7 12s. 4d. ; 812*53 at 17s. 6d. ; 412-9 at 
£1 2s. Id. 

(c). 81*7 at £4 10s. 3id. ; 519*6 at £17-28 ; 327-4 at £-68. 
(d). 41*5 at £2*78; 8062 at £12093 ; 712*34 at £-06. 

26. If a man spends ^ of his income in board and lodging, and 
'125 in dress and amusements, and then can saye £117 per aauram, 
what is his income ? 

27. If a bath be supplied with water by two pipes, one of wbieh 
alone would fill it in 20 and the other in 15 minutes, and if a dis- 
charging pipe would empty it in 25 minutes, how long will it be m 
filling if all three pipes are employed together ? 

28. If 7 persons take equal portions of a piece of cloth 19 yards 
long, express the share of each in decimals of an English eU. 

29. I^ in an election, 1,253 yoted, and one candidate had a ma- 
jority of 89 over the other, what fraction of the whole voted fop eaehP 

30. A French metre is 39*371 English inches. Express the fi^ 
lowing lengths in metres — 3 miles 7 furlongs 12 poles, 5 miles 1260 
yards, 17 miles 3 furlongs 2 yards 15 inches, and 7*2864 furloi^. 

31. Multiply the square of 1>^ by 3^^, and give the answer in 
decimals. , 

32. If two persons do work in 10*5 days which one of tlxem 
alone would finish in 17*75 days, in what time would the other do it? 

33. A gallon contains 277*274 cubic inches, find the cubic con- 
tents of the following measures, — a gill, a pint and a half, a meastue 
containing 3 quarts, and an 11 gallon cask. 

34^ When the rate of exchange is such that an English soyereign 
is wortli 25*19 French francs, how would the following suma be ex- 
pressed in French money : — ^£3 178. lO^d., £18 6s. 8d., snd 
^ £214 7a. 4id. ? 
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35. At the same rate what would be the English equivalents to 
17-96 francs, 2183*45 francs, and 1069*4 francs? 

36. If an ounce of gold be worth £4*18953, what is the yalue of 
•3753 lbs. ? 

37. Compare the number of revolutions made by two wheels, one 
of which is 3 feet, and the other 5 feet, in diameter, in rolling over 
17 miles. 

38. f of an estate is sown with wheat, *15 of it is meadow land, 
and the rest consists of 24 acres 2 roods 17 poles ; find the whole 
area of the land. 

39. K A owns *48 of a ship and B the rest, and the difference 
in the value of their shares is £23*76, what is the worth of the 
ship ? * 

40. If i^ of an estate contains 250 acres, and is worth £1,003 
178. Id., what is the extent and value of * 15 of it ? 

41. A Spanish dollar is worth 3*3 shillings. Express 515^ 
Spanish dollars in English money, and £728 13s. 4d. in Spanish. 

42. The specific gravities of gold, silver, and copper, are respec- 
tivdy 19*36, 10*47, and 8*95. Find the weights of a lump of each, 
of the same bulk as a vessel of water weighing 7 lbs. 6 oz. 

43. The year consists of 365*24224 days. In what time will the 
error of calling it 365i days amount to an error of one day? 

44. The area of a circle is found by multiplying the square of the 
diameter by one fourth of 3*14159. Find the areas of circles whose 
diameters are respectively 12*16 feet, 73 inches, and 2*75 yards. 

45. In the event of a change of coinage, the rate of postage would 
be necessarily altered from one penny either to 5 mils or to 4 mils. 
Compare the niunber of letters which could be sent for £47 lis. 6d. 
at the three several rates of 5 mils, one penny, and 4 mils. 

46. £25 38. 6d. are now received on an average per week, at a 
turnpike where lid. is charged for every vehicle. What would the 
toll-oontractor lose per week if the toll were lowered to 6 mils, and 
what would be the difference in his receipts if it were altered to 7 
mils? 

47. In a British school 70 boys on an average pay 2d. per week 
throughout the year, and 55 boys pay 3d. ; what are the annftd re- 
ceipts, and what would they be if the former paid one cent and the 
latter one cent and a half instead ? 
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RATIO AND PROPORTION. 

SECTION I. — THEORY OF THE PROPORTION OF ABSTRACT 

NUMBERS.* 

304. From (3) it appears that we possess no ideas oi 
absolute magnitude of any kind.f All the notions we hsvi 
of size, or weight, or of duration, or of any magnitude 
whatever, are relative. To form a clear notion of any such 
magnitude we must compare it with some one thing of 11k 
same kind .which we have either arbitrarily chosen oi 
which exists in nature. When we have made this com- 
parison the result is what we call a number, 

305. All Arithmetic is employed in establishing com- 
parisons between some quantity supposed to be previously 
known, and some other quantity which is intended to be 
expressed. Thus, Integral Arithmetic takes unity as the 
standard of comparison, and considers all other magnitudes 
as multiples of it. Fractional Arithmetic takes unity ai 
the standard of comparison, and considers it as separatee 
or divided into parts. 

But if instead of merely considering the relationship 
between a certain magnitude and unity, we compare anj 
two numbers with one another, then the result of such com- 
parison is called the ratio\ of the two numbers. 

* The student who haa not read Section IX., on Multiplication and DlTision 
should do so very carefully before commencing this chapter. 

f The fact that all oar notions of magnitude are relative and not absolute will In 
more clearly seen from the use of the current words, great, small, many, few, tall 
short, &c. Not on^of these words has any definite and iuvariable meaning. By i 
great house we mean a house greater than average houses. A small castle is om 
which is small compared with other castles. Tet the former, though properl] 
called great may be absolutely less in size than the latter. The same number o 
peopl^bich might be called many in a garden would be few in a city, &c. In al 
our thoughts of magnitude we silently refer to some one familiar standaitl, am 
measure by comparison with it. 
^ T. — The word which Euclid employs here is Xo-^ot, which has several meaningi 
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306. There are two ways in which magnitudee of the same kind 
may be compared with each other. 

I. When we ascertain by how much one magnitude exceeds the 
other. This is to be done by subtracting the less from the greater. 

II. When we ascertain how many times one contains the other. 
This is to be done by dividing the one by the other. 

Thus, 36 — 4 = 32, and 36 4- 4 = 9. 

The result of the comparison of these two numbers by the former 
method is 32 ; the result of the comparison of the two numbers by 
the latter method is 9. 

307. Observaiion. — Of these two methods of comparison the 
second is that which naturally suggests itself to the mind and which 
we habitually employ. If of two persons one possesses £9998 and the 
other £10000, we should think the difference very trifling, and should 
look upon them as equally rich ; but if one possessed £3 and the 
other £5, we should not look upon the one sum as near to the other. 
Yet there is the same absolute difference here as in the former case. 

308. The two kinds of relationship here described are yery differ- 
ent, but the same word. Ratio, has been sometimes applied to both. 
The result of comparison by Subtraction is sometimes called the 
€trithmetical ratio of two numbers, and the result of comparison by 
Division has been called the geometrical ratio. These terms, how- 
ever, are very inappropriate, and will not be again employed here. 
The word ratio when standing alone is generally intended to repre- 
sent the latter relationship only, and it is in this sense that it will 
be hereafter used. The comparison of two magnitudes by Subtrac- 
tion, or Arithmetical Proportion as it is sometimes called, is discussed 
in the Section on Arithmetical Progression. 

3p9. Eatio * is the relationsliip which subsists between 

in Greek, but in its application to Mathematics is always used in the limited sense 
indicate by the definition in the text The Boman word, *' ratio," exactly re. 
presented its meaning. In English we have no term of the same signification, 
and therefore we employ this word, *' ratio," for the purpose. The French use 
sometimes the word " raison," as equivalent to " ratio," but more frequently the 
general word " rapport," which is i^lied to both the kinds of relationship we have 
described. • 

* II. Euclid's definition, as commonly translated, is apparently more simple than 
this. *' Ratio is the relation between two -magnitudes of like kinds with respect lo 
qoiuitity." But it is evident that to ask what is the relation of two magnitudes 
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two quantities of like kinds, with respect to the number 
of times one contains the other. 

310. Whenever two numbers are compared in this way 
the first is called the Antecedent, and the second the Con- 
sequent of the ratio. 

We express this relation by placing ( ; ) between the two. Thus 
7 : 12 = the ratio of 7 to 12 = the part which 7 is of 12. Hen 
7 is the antecedent and 12 the consequent. 

311. Observation I. — Batio can only subsist between magnitudes 
of like hinds. The reason which was given (31) why numbers esn- 
not be added or subtracted unless they refer to tne same tliiD0 
applies equally here. No two magnitudes can be compared whidi 
are not of the same sort. If we Were asked to discuss the relation 
between 7 cwt. and 3 hours, the mind would refuse to entertain the 
question, and reject it as an absurdity. 

312. Observation II. — Batio has just been called the result of the 
comparison of two quantities or niunbers. Before we con make 
such a comparison we must have a clear notion of the magnitude of 
each, but when we have made it we obtain a notion of a tlurd magni- 
tude, and this is what is called the " ratio" of the two others. It 
is quite distinct from the two former magnitudes. If I see one pole 
3 yards liigh, and another 5 yards high, and I compare their heights 
together, I say that the one is to the other as 3 is to 5, or that the <me 
measures f of the height of the other. This notion, which I express 
as (3 ; 5) or (^, is not a notion of the height or length of either. It 
is quite distinct also from the number 3 or the number 5 considered 
separately. It is simply the result of comparing them together,^ and 



with respect to quantity may be to ask how much greater one is than the other; 
and the answer to this question does not express the ratio of the two nnmbora in 
the ordinary sense. The word quantity seems better fitted to describe the former 
of the two relationships referred to in (306), and certainly does not reprvtent 
£uclid*s meaning. For the Greek word, irfiXi«c6rrK« wliioh he employs, is derifvd 
from irtiXiicot, which means, " how many times ?" We have no one English word 
to express this, but in Latin the word " quot " was its exaa equivalent. If from this 
word we had an English derivatiye ** quotity," corresponding in its form to 
" quantity," it would express Euclid's meaning, which was— not ** how much," bat 
** how many times.** 

wovot s quantos a bow much ; voaorni s quantity = how miich-ness. 
vnXiKor's quot = how many times ; iri^XtKorrfr '« qtjotity s how many times-ness. 
It is this last-mentioned Greek word which Euclid uses, and we have expressed its 
meaning in the text by a somewhat circuitous phrase, because the word quantity 
conveys an erroneous impression. 
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represents the part which one is of the other, or the relation one 
bears to the other. Tet this relation is evidentiy a third magnitude, 
dijBTerent from the two former. We should have had precisely the 
same result before our minds if we had compared the possessions of 
two persons, one of whom had £60 and the other £100. Por £60 
is the same part of £100 that 3 yards is of 5 yards ; and as the 
expression 60 ; 100, or ^, represents the part which one sum of 
money is of the other, and the expression 3 * 5, or j, the part which 
one height is of the other, the two values 3 ; 5 and 60 I 100 are 
equal, and the idea which they represent is precisely the same, 
although one is derived from the comparison of two sums of money, 
and the other from the comparison of two lengths. 

313. Three important inferences may be deduced from these con- 
siderations : — 

I. A ratio is never a concrete number, but is simply an abstract 
numerical notion, derived from the comparison c^ two magnitudes, 
and representing their mutual relations. 

II. The two terms of a ratio are related to one another exactly as 

the two terms of a fraction ; thus the expression _. means just the 

b 

same aa a ', h, that is, the number of times that a contains h (182). 

HI. Every truth which may be affirmed of the numerator and 

denominator of a fraction appUes equally to the antecedent and 

consequent of a ratio. 

314. Hence all the propositions in (189 et seq,) will be foilnd 
true if the words antecedent, consequent, and ratio be substituted 
for numerator, denominator, and fraction, e.^., 

If the antecedent of a ratio he increased or diminished, the ratio 
is increased or diminished in Uke manner ; hut if the consequent he 
increased the ratio is diminished^ and if the consequent he diminished 
the ratio is increased. 

Demonstrative JExample. — 6 I 2. Here the ratio is 3, but if we 
increase the antecedent 4 times it becomes 24 \ 2, or 12. 

General Formula. — The ratio a ^ 6 = — of the ratio ma I h; and 

m 

m times the ratio = _ ; 5. 

m 

If hoik antecedent and consequent he increased or dArnivwuKft^ \>^ 
game mnkber of times the ratio remains undUere&« 

m2 
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Demotutrative Example, — 15 ; 6. Here the ratio is \f or d|| if 
we multiply antecedent and consequent by 4, the ratio becomM % 
or 2|, and if we divide both by 3 it becomes { or 2|. 

General Formula. — a I b = ma I mh =: a -^ m I b -i* m. 

315. Proportion is the equality of ratios. 

If there be any four magnitudes such that the first is as many 
times greater or less than the second as the third is greater or less 
than the fourth, these four magnitudes are said to be in proportion. 

Example, — Because 5 is the same part of 15 that 20 is of 60, the 
four numbers, 5, 15, 20, 60, are in proportion; that is, the ratio of 5 
to 15 (5 ; 15) is the same as the ratio of 20 to 60. This may be 
thus expressed : ^ = jg, or 5 : 15 = 20 : 60, or 5 : 15 : : 20 : 60. 
The first and fourth are called the extreme terms, and the second 
and third the mean terms. The last is the ordinaiy method of ex- 
pressing proportion, and the sign ! ', has the same meaning as the 
sign=:. 

316. The following are examples of proportions : — 

(a). 21 : 7 :: 30 : lo 
(b), 7:9 :: 42 : 54 

In (a) the common ratio is 3; that is, the number of times 21 con- 
tains 7, is ^ or 3 ; so also is the number of times 30 contains 10. 
In (b) the common ratio is }. In both cases there is the same mtio 
between the first and second as between the third and fourth. 

317. Observation, — Although it is necessary that the two terms of 
a ratio, when they are concrete numbers, should refer to the same 
denomination, it is not necessary that all the four terms of a propor- 
tion should be of the same name. Thus there is the same ratio be- 
tween £5 and £35 as between 2 months and 14 months. Henoe 
£5 : £35 : * 2 months ; 14 months. Five pounds are to thirty-fiTe 
pounds as two months are to fourteen months. This is a true pro- 
portion : for we do not assert equality between money and time ; wr 
only assert equality of relationship oetween 2 sums of money and 2 
times; that is, the mutual relation of the two sums of money is the 
same as that of the two periods of time. But when numbers aro 
once arranged in this way, it is often necessary, in practice, to disre- 
gard their special signification, and to treat th^ as abstract nombers. 

The following is a brief inyestigation of the conditums under 
which abstract numbers are in proportion. 
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318. * When fovr numbers are so related that amy equi- 
multiples of the first and third can he found equal respectively 
to any other equi-multiples of the second and fourth, these 
four numbers are in proportion. 

Demonstrative JExcurrvple,—^ 7, 12, 21. Here if we multiply the 
first and third terms by 14, we obtain 56 and 168 ; but on multi- 
plying 7 and 21 by 8, we also obtain 56 and 168: Therefore 4 has 
the same relation to 7 as 12 to 28. 

Eor because 14 times the first term equals 8 times the second, the 
first = 1^ of the second, or has to the second the ratio of 8 1 14; but 
in like manner, 14 times the third equals 8 times the fourth, and the 
third = ^ of the fourth, or is to the fourth as 8 ; 14, Wherefore 
the ratio of first to second = that of third to fourth. 

General Formula. — If a b c d he such numbers that ma = »5, 

and mo sz nd^ then~ = ^or alb =z o 1 d, 
' 6 d 

319. j* Whenever four numbers are in proportion, the pro- 
duct of the two extreme terms is equal to the product of the two 
mean terms. \ 

Demonstrative JSxample L — ^This is proved by (126). For by the 
definition of proportion, if the first be greater than the second, the 
fourth is exactly as many times less than the third ; and if the first 
be less than the second, the fourth is as many times greater than the 
third. Wherefore the product of the second and third must equal 
that of the first and fourth. 

* In the introduodon to the fifth book of Euclid, there is a definitioii of propor- 
tion, which i*esemble8 the statement here made, but is somewhat more compreheu- 
siye. The reason for Euclid's wider definition is that, in geometry, proportion has 
often to be asserted of quantities which are incommensurable, or whose ratio cannot 
be numerically expressed. Thus the side of one square is to its diagonal as the 
side of a greater square is to its diagonal ; but since the ratio of the side to the 
diagonal of a square is not expressible by numbers, no multiple of a side could ever 
be found equal to a multiple of a diagonal. Yet there certainly exists a proportion 
or equality of ratios between the first two magnitudes and the second. Euclid's 
definition is intended to meet such cases ; but while proportion of nnjaobno^ ^-\>&:^S& 
considered, the statement given in the textift «ufiideDX, vcAS2^\Q:««xv9!i^^^cr(k^ 

f l^TopoO&on jUv., Book viL, Saelid. 
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Demonstrative Example II, — In the proportion 48 ; 16 X 27 I 9, 
let us multiply the two consequents by the common ratio 3 ; then 
the proportion becomes 48 ; 48 1 1 27 T 27. But as one of the ex- 
tremes and one of the means have been multiplied bj the same 
number, the product of the extremes and the product of the means 
have been also multiplied by the same number. But it is evident 
that in the second case the products are equal ; therefore they weie 
equal before both were multiplied by the same number. 

Demonstrative Example HI. — 5 ; 9 I * 20 ; 36. Here the com- 
mon ratio is J. Multiply both the second and fourth terms (otoB 
extreme and one mean) by J, and the extremes will become the same 
as the means. Their products therefore were equal before they were 
multiplied by the same fraction. 

General Formula. — ^If a; b I' c I dy then ad = he; 

For(313)ifa:5:: c:d, f = .f.. 

d 

Multiply both by hd, then ^-^, 

Beducet them to their lowest name, ad = cb. 
320. To FUTD Ainr tsbm of a pbofobtion if the beicaihiho 

THBEE AXE KNOWH — 

RULE. 

If the required be a mean term, find the product of 
the extremes and divide by the remaining mean; 
but if the required term be an extreme, find the 
product of the mean terms, and divide by the given 
extreme. 

For a a: h:: old; then (319) ad = cb. 

Hence (125) a = £?, c? = f?, c = ??, 5 = 'l!^. 

d a b c 

Example. — ^What is the third term of a proportion of which the 
first is 150, the second 80, and the fourth 12 ? 

Here because 150 ; 80 : : the third term : 12 ; 

By (125) the third term = '^^ ^ ^^ = 22*5. 

80 
Hence 150 : 80 = 22*5 : 12. 
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EXEKCISB XCIX. 
Fill Up the vacant places in the following proportions with suita- 
ble numbers : — 

1. 7 : 42 : : ( ) : 120. 
( ) :'i7 : : 805 : 67. 



( ) : 79 : : 683 : 15. 
832 : 122 : : ( ) : 2140. 

264: 1000:: 66;. ( ). 



2. 

4. 

6. 

8. 
10. 



28 : ( ) : : 100 : 25. 
i2:58::342:( ). 
27 : ( ) : : 108 : 97. 
( ):5o::9:i. 

287 : 372 :: ( ) : 6376. 



3. 
5. 

7. 
9. 

11. What is the number which has the same ratio to 17 as 43 
has to 4*25 ? 

12. What number has the same ratio to 187 as the difference 
between 8 and 3 bears to their sum ? 

321. Whenever the product of two extreme terms equals 
that of the two mean terms, the four numbers so arranged 
are in proportion. 

Demonstrative Example, — ^Because 8 X 12 = 4 X 9, therefore 
3:4 : : 9 : 12. For it is eyident that if the number in the fourth 
place, for example, when multiplied by the first, equals the product 
of the second and third ; this fourth number must be as much 
greater or less than the third as the second is greater or less than 
the first ; and such numbers (315) are always in proportion. 

General Formula, — ^If ab = cd, then dividing both by cb, f- = f_. 

cb cb 

Beducing them to the lowest name, _=i^, or alczzdlb, 

c b 

322. Corollary, — Whenever the product of two numbers equals 
the product of tvoo others^ and the four numbers are so arranged 
that one pair of factors shall form the two extremes^ and the other 
the means, theg shall be in proportion. 



If 6 X 12 = 9 X 8— 


Had = cb — 


Then 6:9:: 8 : 12 


a:b::c:d 


12 : 9 : : 8 : 6 


e:a::d:b 


9 : 6 : : 12 : 8 


d:c::b:a 


6:8:: 9 : 12 


<i:c::b:d 



EXESCISB C. 

Arrange the terms of each of the pTOl^0T^\OTAmVh!A^3M^.l^Assc^s«s^ 
in as man/ ways aa you can, and maSke «vs. oV\i*ec qusq^^^ka^ 
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323. If tvoo numbers be jprme to each other, no imaUer 
numbers can be found which have the same ratio. 

Demonstrative Example. — Because 4 and 9 ore prime to one 
another, the ratio 4 ; 9, or }, cannot be expressed bj any amiiUer 
numbers than 4 ; 9. For if it were possible, then both antecedent 
and consequent could be divided bj some one number, and the two 
quotients would repres^it the ratio between them. But this one 
number would necessarily be a common divisor of 4 and 9. Whereas 
by the hypothesis they have no common measure.* 

It is always convenient to express a given ratio in its lowest terms. 

EXEBCISB CI. 
(a). Express the following ratios in their lowest terms : — 

1. 14:77; 200:384; 616:7056; 68:135. 

2. 936:2368; 81:4872; 220:528; 35:315. 

3. 4067:2573; 856:936; 1242:2323; 376:2000. 
(b). Make 12 different proportions, and show — 1. That equi-mul- 

tiples of the first and third can be found equal to other equi-multiples 
of the second and fourth. 2. That the product of first and fourth 
equals that of second and third ; and 3. That each proportion may 
be stated in four different ways. 

324. When the same number is the consequent of one ratio and 
the antecedent of the next, the three numbers are said to be in Con- 
tinued Proportion. 

Thus 7 : 21 : : 21 : 63. This is usually written thus— 7 : 21 : 68. 
In such a case it follows from (124) that the product of the ex- 
tremes equals the square of the mean, thus 7 X 61 = 21 X 21 = 
21*. It is also obvious that either of the extremes may be found if 
the other two are given, by squaring the mean term and dividing 

21* 21* 

this square by the other extreme. Thus 7 = --- and 68 = — . 

t>3 7 

325. Sometimes more than 3 numbers are in continued proportion. 
Thus 5 : 15 : 45 : 135 : 405. 

Here \ is the common ratio subsisting between every pair of 
adjacent numbers j and ^ = }J = ^^ = Jg. 

Series of this kind are said to be in Gheometrical Progression, and 
ore investigated in the section on that subject. 

* Euclid, Book vii., prop. 23. 
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** SECTION n. 
The following propositions are true in all cases of proportion : — 

326. J. — If fowr numbers be in proportion, the sum or difference 
of thef/rst and second is to the second, as the sum or difference of 
the third and fourth is to the fourth. 

n2o : 12 : : 5 : 3 J then 20 ± 12 : 12 : : 6 ± 3 : 3. 

I^et «7 : a? : : y : « J then (313) - = ^. Add 1 to both equals ; 

X z 

then!?+l=-+l. Butl = forl Therefore!! + -=? + -, 

X Z X Z X X z z 

or*L±f = ?_±J. Hencefo + a?:a?::y + «:«. 
X z 

Again subtract 1 from both sides of !l=iJ. Then !1— ?Lz^!L^^^ 

X z X X z z 

to — X V —' z 

or = •? , or w — X I X :i y — g I e. 

X z 

Hence ta±a?*a?tly±2;«. 

327. iZ If there be two equal ratios, the sum or difference of the 
antecedents is to the sum or difference of the consequents, as either 
of the antecedents is to its consequent. 

If 100 : 25 : : 16 : 4, then 100 ±16 : 26±4: :ioo : 25: :i6 : 4. 

Let «7:a? :: y:«i thenl2=Z Also by (322) 1= -. But 

X z y ^ 

(326) if ?? - f , then ^^-ii' = £i^, orio ±y :y :: or ± « ; «. 
y^z y z 

Hence bj (322) w±y:x±z:\y I z\\x\y. . 

328. Corollary, — ^The sum of the antecedents is therefore to the 
difference of the antecedents, as the sum of the consequents is to the 
difference of the consequents. For these ratios are each equal to 
the original ratio. Hence they are equal to one another. 

'329. III. — If there be any number of equal ratios, the sum of all 
the antecedents is to tJte sum of all the consequents, as either of the 
antecedents is to its consequent.* 

3 : 5 : : 9 : 15 : : 18 : 30 : : 330 : 550. 

, 3 4- 9 4- 18 + 330 _ a - ,0 - 18 - 330 
'•5 + 15 + 30 + 550 * ^ ** 

• Eaolid, Book ^u.,\'i. ^ 
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then«-±^±_? = l? = £ = f. For 
h -{- d 4-/ d f 



by(326)iff = £, then^-±f = ?. 
^ ^ ^ h d ^ h -it d b 



a 



Butr=f. 
b f 



Wherefore 



<i ■\- c I h •\- d \\ e l f. The sum of these antecedents and oonie- 



quents may again be taken, when 



a '\' c -\- e a e 



330. IV, — If any number of pairs of equal ratios be taken and 

arranged in Wee order^ and all the antecedents on each side be mml- 

ttpHedfar new antecedents, and also all the consequents on each side 

for new consequents, the four products thus obtained will also be in 

proportion, 

if4:7:: 12:21; 5:i8::i2o:432; andi3:9::39 1275 

then4 x 5 x 13 : 7 X 18 X 9 :: 12 X 120 X 39 ; 21 X 432 X 27. 



I£a: b 
and 1 1 m 
andw : X 



c\d 
n\r 



For if ? = ^ then ? x i = - X -, because 
b a b m d r 



I n 
by hypothesis— =- ; and we have therefore 



Then alw I bmx 
cny \ drz. 






^ X - = — X ?. 

om X — ar z 



m r 

only multiplied two equals by the same ratio. 

d 1. al en 

So because — = — , 

bm dr _ 

331. Corollary, — If four numbers are in proportion their squares 
are in proportion, also their cubes, their fourth powers, &c. 

For it is evident that if the proportion a ', b y, c I d he com- 
pounded with itself by multipUcation, as described in (330), the 

result will be — = J?, or *- = ^. 
b' d' b" a- 

By that alternation of the order of the several terms, which is 

allowed by (322), the results of the four last propositions may be 

varied in several ways. 

ExEECiSE on. 
Verify each of the last four propositions by the proportions given 
in Exercise XCIX., and by 12 other proportions of your own 
selection. 



JExample.- 


-Because 


8; 


: 5 : : 24 : is. 


By 326. 




13. 


: 5:: 39: 15, and 3; 5:: 9:15. 


By 327. 




32; 


' 20 : : 8:5, and 16 : 10 : : 24 : 15. 


Ijy 328. 




13 


: 3 : : 39 : 9. 


By 331. 




ci: 


: 25 : : 576 : 225. 
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SECTION m. — THE RULE OP THREE; OR, SIMPLE PROPORTION. 

332. The Rule by which the principles of Proportion 
are applied to Practice is called the Rule of Three. 

It is so called because in all the questions proposed in 
it three terms of a proportion are given, and it is required 
to find a fourth. 

333. Ohservation, — ^The doctrine of proportion affects more or 
less ererj part of arithmetic. In many of the processes we haye 
already employed the existence of proportion among the several 
numbers has been assumed. Thus in Compound Multiplication, if 
we ask, What will be the price of 79 articles if one opsts 8s. 6d. ? it 
is assumed that there is to be the same ratio between the number of 
articles as between the prices paid for them. So when in Division 
the question occurs, ** If 20 men dig 45 acres of ground, what will 
1 dig?" it is assumed that the quantity of work done will be pro- 
portioned to the number of workers; and .we are asked to find a 
number of acres bearing the same proportion to 45 as 1 bears to 20. 

334. In every siun in Simple Proportion two things are 
required: — 

I. To determine in what relation the unknown number 
is to stand to the given niunber of the same denomination. 

n. To find a number which shall fulfil the required 
conditions. 

335. The former of these is in fact a theorem in Proportion, and 
requires to be thought out by the help of the principles laid down on 
that 89bject. The latter is merely a problem in Multiphcation and 
Division. For when three terms of a proportion are known and 
arranged the fourth may be readily found by (320), because in all 
such cases the product of the extremes equals the product of the 
means. But before that rule can be employed it is necessary to 
arrange the terms, and to do this we must first discover in what 
relation the required answer must stand to a certain known quantity, 
and then lay out the given terms in such a way as to represent that 
relation. This task of arranging the terms forms the i^rixNs.v^'tiik 
difficulty of the Bule of Three. 
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336. Direct Proportion. — ^When any two magnitudes are 
80 related that as the one increases or diminishes the other 
increases or diminishes, they are said to vary directly, or 
to be in Direct Proportion the one to the other. 

Example. — If a number of men are employed upon a certain 
work, the more men are liired the more work will be done, and the 
less the work to be done the less men will be required. Henoe the 
number of men and the quantity of work are in direct proporOonf 
or the one nimiber varies directly as the other ; for to IncreaBe or 
diminish the one is to increase or diminish the other. 

837. In the same way it appears that, all other things being equal — 

The price of any number of articles yaries as the number of artides. 

The cost of conveyance yaries as the distance trayelled. 

The rent of land varies as the time of the tenure. 

The wages of a labou^ vary as the time of hia employment. 

The interest paid for the use of money varies as the sum leni. 

The taxes paid by a householder vary as the rental of his house. 

Work done in a given time varies as the number of agents. 

For let a and h be any numbers ; then— 

The price of a articles I the price of h articles \\ alh. 
The cost of carrying luggage a miles I the cost of carrying it 6 
miles : : a : J. 
The rent of land for a years * the rent for h years \\ a\h. 
Labourers* wages for a weeks I wages for h weeks \\ a\h. 
Interest paid upon £a \ interest paid on£b\\ a',h. 
Taxes paid on a house rated at a ', taxes paid on a houae rated 

at 5 : : a : J. 

Work done by a men : work done by h men \\ alh. 

Observation. — In every one of these cases there is the same ratio 
between two magnitudes of one kind as between the two correspond- 
ing terms of another kind. The term relating to the number a is 
always in the first place and forms the antecedent of a ratio, while 
the number a itself is always in the third term and forms the 
antecedent of another ratio. Thus in every case the two ante- 
cedents belong to one another in the same way as the two conse- 
quents, and the proportion is said to be direct* 
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338. Inverse Proportion, — ^When any two magnitudes 
are so related that as the one increases the other diminishes, 
or as the one diminishes the other increases, they are said 
to vary inversely^ or to be in Inverse or Indirect Proportion 
the one to the other. 

Example, — If a giyen work has* to be performed and a number of 
men is hired to do it, the greater the number of men the less time 
will be occupied, and the greater the time allowed the fewer men 
will be required. Here the number of men required is in inverse 
proportion to the time employed ; to increase the one is to diminish 
the other and vice versd. 

339. In like manner it appears that, all other things being equal — 

Length of pieces (of carpet, &c.) required to cover a surface varies 
inversely as the breadth of the stufil 

Number of coins required to pay a certain sum varies inversely as 
the value of the coins. 

Telocity of a body moving through a space varies inversely as the 
time occupied in its passage. 

Weight of luggage carried for a given sum varies inversely as the 
distance of conveyance. 

For let a and h again represent any numbers ; then — 

Length of carpet a feet wide required to cover a certain floor I 
length of carpet h feet wide to coyer the same \\b I a, 

Number of coins value a required to pay a certain sum ; number 
value h to pay the same \\h\ a, 

Telocity of a body traversing a certain distance in a seconds * 
velocity of a body traversing the some distance in h seconds \\h I a. 

Weight of luggage carried a miles for a certain sum * weight 
carried h miles for the same sum \\b I a. 

Observation. — In every one of these cases the increase of one term 
in a ratio makes it necessary to diminish the corresponding term in 
the other ratio, and the two kinds of number are said to be recipro- 
cally or inversely proportional the one to the ot\vB«^\Jafc\Rss?aas» viV'^tea 
second ratio being inverted with rwpec^. Vo VJaa %2rX.* "^esa^^"*^- 
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be seen that if the term belonging to the number a is in the first 
place and forms the antecedent of one ratio, the nmnber a itself is 
in the fourth place and forms the consequent of the other ratio. 

The meaning of direct and inverse proportion becomes further 
evident when we consider the nature of a fraction, thus — 

340. If ttoo fractions have the same denominators^ they a/re to one 
another as their numerators, i.e., they vary directly a>s their nnme' 
rators. 

I 

Demonstrative Example, — ^ T li 1 1 6 I 7. 

For it has already been shown (189) that fractions having the 
same denominators are greater or less according as their numerators 
are greater or less, and it is obvious that the product of the first and 
fourth (fj X 7) equals the product of the second and third (f^ X 5). 
Hence the four terms make a proportion (321). 

The fraction ^ and the 5 which corresponds to it are the two 
antecedents, and ^ and 7 are the two consequents. The proportion 
is therefore direct. 

General Formula.—^ '.-W a:hi for ? X ft = - X a. 

XX X ' X 

341. But if two fractions have the same numerator hut different 
denominators, they are to one another in the inverse ratio of their 
denominators, i.e., they vary inversely as their denominators. 

Demonstrative Example. — J I -fj ! I 12 * 9 = J ! -j^. 

For it has already been shown (190) that with the same numerator 
a fraction is greater as its denominator is less, and less as its denomi- 
nator is greater. It is also true that J x 9 = -J?, X 12. Wherefore 
fractions vary inversely as their denominators. 

General Formula.^t :^\\ y \ x zsz\ :\. 

X y X y 

342. If we bear in mind the connexion between the formula of 
Fractions and of Division, the last statements will appear to be 
equivalent to the following : — 

If two Division sums have the same divisor but different dividends, 
the ^otients vary directly as their dividends. 

But if two Division sums have the same dividends but different 
divisors, the quotients vary inversely as their divisors. 
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343. The reasoning required in every Rule of Three 
sum takes the following form. We must — 

I. Ascertain of what kind or denomination the answer 
is to be. 

n. Select that one of the three given terms which relates 
to the same kind as the answer. 

III. Make this term and the unknown term the antece- 
dent and consequent of a ratio. 

IV. Make the remaining terms the antecedent and con- 
sequent of another ratio, arranged so that the proportion 
may be true. 

344. When the tenns hare been thus arranged, the solution of the 
question depends on the principle already explained (319), and on 
the rule which is founded on it, yiz : — » 

Take the product of any pair, either of extreme or mean terms, 
and divide it by the remaining one ; the quotient will be the fourth 
proportional required. 

Observation. — The denomination of the number thus found is 
always the same as that which forms its antecedent or consequent. 

345. 'Exam'ple I. — Suppose it is required to find the cost of 113 
lbs. when 7 lbs. cost 20 pence. 

Here the price of a certain weight is given and it is required 
to find the price of another weight. But because price is directly 
proportioned to the quantity purchased, the two wei^ts must have 
the same ratio as the two sums of money. 

Hence if x equals the unknown sum of money — 



20d. : 


: iFd. : : 7 ibs. : 113 ibs. 


.3 lbs. ; 


: 7 lbs. : : x : 20. 


X 


: 20 : : 113 : 7. 


7: 


: 113 : : 20 : x. 



Each of these proportions must be true ; for in all, the two weights 
form the antecedent and consequent of one ratio, and the two prices 
(*.tf., the known and the unknown sum of money) fonrv tVsss^ ^acs^sr 
sponding antecedent and consequent oi V^kie o^i^c^^ t^nCv^. 
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In each of these cases, therefore, the miBwrig tenn is to be found 
by multiplying 113 by 20 and dividing by 7, or — 

a? = ifi-2L^ = 322-58 = 1 6 10-58. 

7 

Observation. — ^It was not necessary to consider any of the numbers 
as concrete while the sum was being worked, for all that was 
required was to find a number which should bear the same relation 
to 7 as 113 did to 20. But this number when found is of the same 
denomination as the 7 — ».e., it is a number of pence, and the answer 
has to be reduced to pounds. 

346. Example H. — 25 men reap 60 acres in a certain time, how 
many acres will 4 men reap in the same time ? 

Here we want to find a certain number of acres, let it be a?. 

But 60 is a given number of acres, and these two numbers have a 
ratio one to the other — 60 \ x. 

But (337) work done is directly proportioned to the number of 
agents. 

.*. as the number of men who reap 60 acres is to the number 
who reap or, so is 60 to x* 



Hence 25 : 4 : 


: 60 ; X. 


Or 60 : X : 


: 25 : 4. 


Or a? : 60 : 


: 4:25. 


Or 4 : 25 : 


: «:6o. 



We want a number of acres which shall be as many times Ism 
than 60 as 4 is less than 25, and either of these proportions will 
give us such a number ; foi 



- 4XJB0 _ g.g _ g.g 
25 

347. Example III, — ^If 120 yards of carpet 3 qrs. wide will cover 
a floor, how many yards would be required if the carpet were 5 qrs. 
wide? 

Here the answer {x) will require to be the length of carpet. 

But 120 is the given term which represents length of carpet. 

/, 120 \ X is the ratio to be solved. 

But the wider the carpet is the less length will be required, for 
(339) with a given surface length and breadth arc inversely propor- 
tioned to each other. 
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Hence x must be less than 120 as many times as 5 is greater than 3. 



x\ 


:i2o:: 


Or3: 


: 5:: 


Or 120; 


: x:\ 


Op 5; 


: 3:: 



3 

X 

5 
120 



5. 

120. 

3. 

X, 



In every case 



120 X 3 



:= 72 yards, answer required. 



348. From (311) it appears that if two numbers are not of the 
same denomination they do not represent the ratio of the magnitudes 
which they express. Hence if the two terms of any ratio are not in 
the same name they must be made so before the sum can be worked. 
This can always be done by reducing the numbers of the higher into 
those of the lower denomination. 

349. Example IV. — If 2 tons 9 cwt. cost £114 16s., what will 
26 lbs. cost ? 

Here a sum of money is the answer required (x). 

But £114 168. is a sum of money. 

,", £114 16s. : X is the ratio required. 

33ut (337) the quantity purchased is directly proportioned to the 
sum spent. 

Hence, as the price of 2 tons 9 cwt. is to the price of 26 lbs, so is 
2 tons 9 cwt. to 26 lbs., or £114*8 Ixi: 2 tons 9 cwt. : 26 lbs. 
But the figures in this statement do not represent the ratio properly 
because they are concrete numbers of different denominations. 

Wherefore reducing 2 tons 9 cwt. to pounds, and £114 168. to the 
decimal of £1 — 







X 


: 114-8 : : 


26: 


^4S8. 








114-8 


: x:: 


5488: 


26. 


« 






26 


: 5488:: 


^: 


114-8. 








5488. 


: 26:: 


114-8 : 


X. 




In each 


case 


the answer wiU be found in 


the same manner. 








26 X 114-8 _ .fi 


= 10 


d. 

9i 



5488 

350. Sometimes a number is mentioned in the question which 
does not affect the answer and need not be stated. 

JSxample K — If I can have 3 cwt. 2 qw. cama^^ TsSiRRkHsst'^Ss^-'k 
how &r can I bare 2 tons carried fox t\ie ^axti^b \xiOTi^^ 
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Here the 16s. has nothing to do with the question, for if any other 
sum were mentioned the answer would he just the same. 

The answer is to he a certain distanoe, and 80 miles is a numher 
of the same kind as the answer. 



/. 80 ; J? is the ratio to he determined. 

But (339) the distance is inversely proportioned to the weight ; 
i. e.f the greater the weight the less distance it will he carried for a 
given sum. 

/, the answer will he less than 80 miles, and the consequent of 
the first ratio must he less than its antecedent. 

/. 2 tons : 3 cwt. 2 qrs. : ; 80 : x. 

Beducing the first two terms to the same name — 





160 qrs. : 14 qrs. : : 80 : x. 




Or 80 : X : : i6o : 14. 




14 : 160 : : as : 80. 




x: 80 :: i4:i6o. 


In all the cases- 


— 




160 



351. Example VI. — ^A father divides £1280 among his 3 children, 
so that their portions are as 5, 3, and 2 respectively ; how much 
does each receive ? 

Here are three several sums to he worked, as we want three 
answers. We first notice that, as the answers will he in money, 
£1280 must he the third term in each case. 

Now 5 + 3 + 2 = 10. Wherefore the first is to have £5 out of 
every £10, the second £3, and the third £2. 

.'. 10 : 5 : : I28O : share of the first. 
And 10 : 3 : : I28O : share of the second. 
And 10 : 2 : : I28O : share of the third. 

/. the three answers are £640, £384, and £256, respectively. 

352. Example VII. — ^£4000 have to he divided among 4 persons 
in the proportions of J, % |, and \ ; what is the share of each ? 

Reducing those fractions to a common denominator, we find them 



• • 



•, 121:15 

121 : 36 
121 : 40 
121 : 30 
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U, gj, U, g, in alUg;. The 90 does not affect the question, but the 
whole must be divided into 121 parts. 

: 4000 ; Share of the first. 
: 4000 : Share of the second. 
: 4000 : Share of the third. 
: 4000 : Share of the fourth. 

The four answers will be found to make £4000 if added together, 
and to be to one another in the proportions of J, J, }, and ^. 

353. In the examples just given we have placed the symbol repre- 
senting ihe required answer, sometimes in one place of the propor- 
tion and sometimes in another. It is important to notice that any 
one of these places (first, second, third, or fourth) is just as suitable 
as any other, provided the remaining terms be so placed as to form 
a true proportion. ^Nevertheless, it is usual to reserve the fourth 
place for the answer in all caseSf and to arrange the ^remaining 
terms according to the following rule. 

BULE OF THREE. > 

354. Place the term which is of the same kind as the 
required answer in the third place, leaving the 
fourth place for the answer. 

If the answer will be greater than the third term, 
make the second term greater than the first ; but if 
the fourth is to be less than the third, then place a 
less term in the second place than in the first. 

If the first and second terms be not of the same 
denomination reduce the higher to the same name 
as the lower (84). 

Then multiply the second and third terms together, 
and divide by the first 

The quotient thus found is of the same nasa& "as^^Sca^ 
to which the third term "has \>eea t^Aml^j^^ 
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EXBBCISE cm. 

Work the following sums : — 

1. How many yards of cloth, worth 18s. 3|d. per yard, must 
be given in exchange for 9371 yards, worth Ss. 7id. per yard?* 

2. If an insolvent, whose whole possessions amount to £1728^ 
pays at the rate of 4a, 3d. in the pound, what does he owe ? 

3. If an insolvent, whose debts amount to £2740, pays £67 to 
a creditor whose account is £162 15s., what is the total value of his 
effects? 

4. If £1250 will purchase 2| tons, what weight can be bought 
for £2 3s. 9d. ? 

5. How many coins, worth 2s. 8d. each, will be equal to 10000 
German kreutzers, three of which are worth an English penny ? 

6. Two numbers together make 1800, and they are to one 
another as 2 to 7 ; what are they ? 

7. A man divides £16 among four people, so that for every lOd. 
one has, another has 9d., another 8d., and the fourth 7d. ; how mnoh 
did each receive ? 

8. If i^ of a pound cost }ofa shilling, what will { of a cwt. cost? 

9. The ratio of the diagonal to the side of a square is about as 
99 to 70 ; what is the diagonal of a square whose side is 3*5 miles? 
and what is the side of a square whose diagonal is 172*3 yards ? 

10. If 7 hogsheads, each weighing 3 cwt. 2 qrs. 17 lbs., can be 
purchased for £54, what must the goods be sold at per lb. to gain 
£15 on the whole transaction ? 

* Teachei% will find it an excellent exercise, to Terify the answers to these sums, 
by requiring pupils to ipake three other questions, each of which shall require one 
of the first named tenps as the answer. By this means each term of the proportion 
will be brought successiTely into the fourth place, and will be the answer to a torn 
composed of the other three. Thus, after finding the answer to the first exercise, 
the proportion admits of being stated 'in three other ways. 

I. If 371^ yards are given in exchange for 937|, which are worth Ss. 7|d. per 
yard, what is the price per yard ? 

937^ : d71Hf : : 3s. T^d. : x. 

11. How many yards, worth 3s 7iJ., must be given in exchange for 371}|f, 

worth 188. 3id.? 

38. 7id. : 18s. 3id. : : 371^1 : *. 

ni. If 9371 yards are given in exchange for 371^ yards, at 18s. 3^d. per yard, 

what is the price per yard 7 

937^ : 371i|| : : 188. 3|d. : a. 
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11. A bankrupt owes £7250, and his entire property amounts to 
£587 10s.; what dividend can he pay ? 

12. Find a fourth proportional to '0004, 1*4, and '02 ; and also 
to ^ J, and J. 

13. !Find the difference between the cqst of 37 cwt. 2 qrs. 14 lbs. 
at £7 10s. 9d. per cwt., and that of 39 cwt. 3 qrs. 26 lbs. at 
£4 17s. lOd. per cwt. 

14. If a man's wages are regulated by the price of provisions, 
and he receiyes Is. 3d. a day when com is 78. per bushel ; what will 
he receive when com is 5s. 6d. per bushel ? 

15. If a piece of cloth measuring 9 ells 1 nail 1*125 inches cost 
£4 10s. 6^d.f what is the price per yard ? 

16. Two couriers pass through a town at an interval of 41iours, 
travelling at the rate of 11^ and l7i miles an hour ; how £ar and 
how long must the first travel before he is overtaken by the second ? 

17. Gravity varies directly as the mass and inversely as the 
square of the distance. Cotnpare the amoimt of the earth's attrac- 
tion on two bodies, the one having a mass 35 at a distance 6, and 
the other having a mass 125 at a distance 11. 

18. How many yards of lace can I buy for £228 12s. 7d., at the 
rate of £1 15s. for 4i yards ? 

19. If I buy 7i dozen of champagne at £3 5s. per dozen, and 
13 dozen 7 bottles of port at 42s. per dozen, what is the amount of 
my bill? 

20. If 2 cwt. 1 qr. 17 lbs. cost £50 lis. 4d., how much can be 
bought for £18 7s. 6d. ? 

21. If a street 3 quarters of a mile long be repaired at a cost of 
£7 9s. 6d., what portion of the expense should be paid by an in- 
habitant whose premises have a frontage of 18 yards 2 feet ? 

22. How many reams of paper could be bought for £120, at the 
rat€ of £15 6s. for 13 reams. 

23. If a train runs to Sydenham, a distance of 5^ miles, in 12 
minutes 5 seconds, how long should it take to reach a place which is 
49 miles 3 furlongs distant ? 

24. The areas of circles are as the squares of their diameters. 
Suppose there are two circles whose diameters are as 11 to 17'5^8x<l4. 
the area of the first contains 3 acrea 2» xoo^ VI ""^^^sr* % ^^^QaiS.^8»*^ioa 
area of the aecond ? 
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25. If a tradesman who owes £1850 is only worth £567 lOs., 
what ought he to pay in the pound, and how much will a creditor 
receive whose claim is £58 15b. ? 

26. If a tradesman, whose debts amount to £2653 lOs. Bd., pays 
6s. d\d. in the pound, what is the worth of his ejBTects P 

27. If a bankrupt, whose whole possessions amount only to £635 
13s., pays a dividend of Is. 3id. in the pound, what does he owe? 

28. If I lend £112 for 9 months, how much should the borrower 
lend me for 6 months, in order to repay the loan ? 

29. Find the fourth term of the following proportion : — 

40-5 : 3» + 5* - 2 : : 3' -4- 3' : ( ). 

30. If 49 yards of carpeting 34 inches wide, cover a floor, how 
much will be needed of carpet which is only 29 inches broad ? 

31. The French "aune" is to the English yard as 1000 to 769. 
What is the length in French measures of 123 yards 2 feet ? 

32. The annual value of rateable property in the county of Mid- 
dlesex is £7584668, what would a tax of 2fd. in the pound prodaoe 
if levied on the whole ? 

33. Fmd the cost of 39 cwt. 3 qrs. 26 lbs., at £4 17s. lOd. for 
2 cwt. 1 qr. 19 lbs.' 

34. If a tower 45 feet high has a shadow of 39 feet, what is the 
height of an obelisk having at the same time a shadow 76*5 feet long ? 

35. If a servant whose yearly wages are 25 guineas, enters service 
on the 27th of August, and quits it on the 13th of the following 
January, what ought he to receive ? 

"36. If after paying income-tax at Is. 2d. in- the pound, a gentle- 
man has £701 lOs. lOd. remaining, what is his annual income ? 

87. If 12'35 lbs. are sold for 7*4 shillings, what quantity ooiild I 
buy for £25367 ? 

Exercise CIV. 

State each of the last six sums in four ways, making the answer 
(x) in the first, the second, the third, and the fourth terms of the 
proportion, as in the examples. 

Take the first six sums, and make from each of them three other 
questions — 1, so that the first term shall come in the last place and 
be the answer ; 2, so that the second ; and 3, so that the third shall 
be the answer. See Example (page 200). 
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SECTION IV. — COMPOUND PROPORTION; OR, T;HE DOUBLE RULE OF 

THREE. 

355. When the antecedents of two or more ratios are 
multiplied together and also their consequents, the ratio 
thus produced is said to be compounded of the others. 

Thus if we take the two ratios, 7 I 9 and 3* I 4, and multiply their 
antecedents and consequents so as to get 21 ; 36, this is the ratio 
compounded of 7 to 9 and of 3 to 4. 

356. Composition of ratios is exactly equivalent to the 
multiplication of fractions. 

6 



Thus^ofI=??, op]^ 
7 12 36 3 7 



12 



35 : 36 
357. In solving many sums in Proportion it is necessary 
to compound one ratio with another in this way. When- 
ever this is done the sum is said to be in Compound Pro- 
portion, or the Double Eule of Three. 

The employment of this Eule depends on the following principle :— 

358. If there be three quantities so related that when all other 
things are equal the first varies as the second, hut' when all other 
things are equal the first varies also as the third ; the variation of the 
first is as the product of the second and third. 

Demonstrative JExample. — If work done varies as the time of doing 
it, and also as the number of persons employed ; it varies altogether 
as the product of the number of days, and the number of labourers. 

For if a certain work is done by one man in one day, 3 men in 4 
days will do 3 X 4, or 12 times as much. 

Hence the work done is affected by two circumstances, the time and 
the number of labourers. But as the time is increased 4 times, this 
circumstance increases the work 4 times. Besides this, the number 
of men is increased 3 times. Therefore, as one oircimistance tends 
to increase the answer in the ratio of 3 to 1 and the other in that of 
4 to 1, the total increase arising from both is 3 X 4 I 1, or as 12 to 1. 

General Formula. — If a increases as h msx-^zsn^^ «si^ ^^^ ^^ <^ 
increases^ then the total increase of a is as be. 



204 THE SCIENCE OF ARITHMETIC. 

359. Whenever two ratios separately affect a third, their 
total effect upon it is represented by the ratio compounded 
of those two, i, c, by the ratio formed by the product of the 
two antecedents and the product of the two consequents. 

360. Uxample, — Suppose one ball weighing 5 pounds, and moYing 
at the rate of 20 feet per second, strikes a wall with a certain force ; 
what is the relative force of the blow given by another ball of 11 
pounds weight, and moving 30 feet per second. 

Now here the second ball weighs more than the first as muoh as 
11 is more than 5 ; .*. as far as the weight is concerned the blow of 
the second ball will be to that of the first as 11 to 5, or 11 * 5, or y . 

But the second also moves more quickly. .*. as far as the rapidity 
is concerned, the blow of the second will be as much greater than 
that of the first as 30 is than 20, i. e., 30 .* 20, or $. 

Then because one circumstance tends to increase the answer in the 
proportion of 11 to 5, and another tends to increase it in the pro- 
portion of 30 : 20 ; the two together will increase it as Jg x V i or f^ 
= S^Q. Therefore the blow in the second case will be 3*3 times that 
in the first. 

361. Observation. — For momentum, or force of blow, is a quantity 
that varies directly as the weight of the striking body, and also as 
its velocity; and the general numerical formula for momentum, 
when the velocity and the weight can both be expressed in figures^ is 
momentimi = weight X velocity. 

RULE FOR COMPOUND PROPORTION. 

362. Find the number which is of the same kind as 
the required answer, and place it in the third term 
as in Simple Proportion. 

Take any two terms which are of the same kind, and 
consider these two with the third as a separate sum 
in Simple Proportion. State it according to (354). 

Then take the other two which are of the same kind, 
and treat them, with the third term, as another dis- 
tinct sum in Simple Proportion. State it also accord- 
ing to the same Kule. 
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* 

Arrange all the separate ratios the one beneath the 
Other; then multiply all the first terms together for 
a new first term or antecedent, and all the second 
terms together for a new second term or consequent. 

Then niultiply this new second term by the third and 
divide by the first, as in Simple Proportion. 

363. Example I. — If 13 men earn £7 in 6 days, what will be the 
wages of 72 men for 21 days ? 

This simi can be broken into two, thus — 

(I.) If 13 men earm £7, what will 72 men earn ? 
By Eule (354) this will be stated— 13 : 72 : : 7 : x, 

(II.) If £7 are earned in 6 days, how much will be earned in 21 
days? 

And by Rule (354) this will be stated— 6 : 21 : : £7 : a?. The 
two statements must be thus combined : — 

£ £ 

21 



Men 13 
Days 6 



78 



^^5 :: 7 : x 



2162 






And the answer is 2162 X 7 _ £194.0256 = £194 Os. 63«,d. 

78 ^ 

364. Observation J. — ^While we considered the third term in rela- 
tion to the number of labourers, we neglected the consideration of 
the time ; and while the third term and the time were considered, 
we neglected to take into account the number of men. Each 
question had to be determined on its own merits as a separate simi 
in Simple Proportion ; and when this was done, the two ratios were 
compounded according to the Euie. 

Ohservation II. — ^Here are two conditions affecting the amount 
of the wages to be paid, and each of them tends to increase the 
answer. First : There, are more men to pay ; and this would make 
it necessary to have an amount greater than £7, as much as 72 is. 
greater than 13. 

•\ as far as the number of labourers is concerned we want an 
amount which shall be to £7 as 72 is to 13 ; i. e., we want ^ of £7. 

But the time of their engagement is also greater. 

.*, as far as the time is concerned we want an amount as much 
groetter than £7 as 21 is greater than 6 ; i.e,^ we want ^ of £7. 

N 
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Henoo the answer we require is neither of them separately, but the 
combined effect of the two, and we find this by multiplying the two 
fractions, or compounding the two ratios. 

For our fourth term is to be, not ^ of £7 only, nor *j of £7 only, 
butf§ X Vof£7. And theratio required is notl3: 72:: 7 :ar, nor 

6 : 21 : : 7 : a?, but ^g • 21 ( : : ^ : ^r, or 13 x 6 : 72 x 21 : : 7 : jr. 

365. Example II, — If in a certain business £900 profit be realized 
on an investment of £5200 for 10 months, what should be the 
profit accruing on £7950 invested for 6 months ? 

Here the answer is to be profit ; and £900 represents profit. 
.'. £900 is to be the third term, and £900 : a; is the ratio to be 
solved. 

There are two separate sums here. 

I. If a man with a capital of £5200 realizes £900, what should he 
realize whose capital is £7950 ? 

By Eule (354) this must be stated— 5200 : 7950 1 1 900 : x. 

n. If £900 are realized in 10 months, what should be realized in 6? 

By Eule (354) 10 : 6 : 1 900 I a?. 

Combining these two statements — 

5200 : 7950> .. Qoo.« 
10 : 6\ .. »w.^ 

5200 X 10 : 7950 X 6 : : 900 : a? 

7950 X 6 X 900 



a? = 



5200 X 10 



or by cancelling, x = 1?L^A2L^ = £825-576 = £825 lis. effi. 

366. Ohservaiion, — Here the two circumstances affected the 
answer differently.- The greater amount of capital employed in the 
second case tended to make the profit greater ; but the met that it 
was invested for a shorter period tended to make the profit less. Henoe 
the total profit cannot be in the ratio represented W either of these 
alone, but in a ratio compounded of both. The owner is not to have gjj 
of £900, as he would if the times had been equal ; nor is he only to 
have fj of £900, as he would have had if the investments had been 

equal ; but he will have m^ of A of £900, or £^950 X 6 X 900 
^ ''^^^ ^" ' 6200 X 10 
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' 367. Example III. — If 12 horses plough a field of 8 acres in 3 
days, in what time will 21 horses plough a field of 100 acres ? 

Here, because the answer is to be time, and 3 days represents a 
number of days ; 

3 days is to be in the third term, and the ratio to be determined is 
Six, There are here two sums. 

I. If in 3 days 12 horses do any work, in what time will 21 horses 
doit? 

This is a case of Inverse Proportion (338), because as more agents 
are employed less time will be required. 
/. the statement is 21 : 12 : : 3 : a?. 

II. If in 3 days 8 acres are ploughed, in what time will 100 acres 
be ploughed ? 

This is a case of Direct Proportion, for as more work has to be 
done more time will be required. 

/. the statement is 8 : 100 :: 3 ; ar. 

. Combining these t^o statements — 

21 : 12) .. 3 

8 ; 100 j .. ^>^ 

21 X 8 : 100 X 12 : : 3 : a: 

X = ^^ ^l^^^ = 21-428 days. 
21 X 8 ^ 

368. Example IV, — If 125 men can dig a trench 100 yards long, 
20 yards wide, and 4 feet deep, in 4 days, working 12 hours a day ; 
how many men must be engaged to dig another trench 500 yards 
long, 8 yards wide, and 6 feet deep, in 3 days, working 1\ hours pe^ 
day? 

Here the answer is to be a number of men, and 125 is of the same 
kind, wherefore 125 ; ar is the ratio to be solved. 

Several conditions affect this ratio, and each may be made in turn 
' the subject of a Simple Proportion sum. 

I. If 125 men dig a trench 100 yards long, how many will dig one 
500 yards long? 

By Bnle (354) the answer will be greater, the proportion being 
direct. 

.-. the statement is 100 ; 500 : : 125 ! x. 
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n. If 125 men dig a trench 20 yards idde, how many will be re- 
quired to dig one 8 yards wide ? 

By Bole (354) the answer to this question will be less than 125» 
the proportion being direct. 

.*. the statement is 20 : 8 : '. 125 : x. 

ILL. If 125 men dig a trench 4 feet deep, how many will dig one 
6 feet deep ? 

By Bule (354) this answer is required to be greater than 125> the 
proportion being direct. 

.*« the statement is 4 : 6 1 : 125 : ir. 

lY. If 125 men do a certain work in 4 days, how many wiU do it 
in3? 

By Bule (354) this answer wiU require to be greater than 125, the 
proportion being inverse. 

/. the statement is 3 : 4 : : 125 : ir. 

y. If 125 men do a certain work, when employed 12 hours a day, 
how many will do it when employed 7| hours a day ? 

By Bule (354) this answer needs to be greater than 125, the pro- 
portion being inverse. 

/. the statement is 7*5 : 12 : t 125 : ar. 

Combining these statements — 

500" 
8 

ey ::i25:af 

4 
12 



100 

20 

4 

3 

7-5 



:]. 



100 X 20 X 4 X 3 X 7*5 
Or by cancelling — 



500 X 8 X 6 X 4 X 12 :: 125 : ar 



^ „ 6 X 8 X 2 X 12 X 125 _ 125 X 32 _ ™. ^^ 

a? = _ = -— . — = ouu men. 



X 1-3:500 X 8 X 2) .. .„^ 

X 7-5: 12 X 4S ••^^^•* 



20 X 7-5 X 3 5 

■ By taking all the dimensions of each trench at one statement the 

sum would have assumed this form — 

100 X 20 X 1*3 : 500 X 8 X 2i 

3 

Cancelling 5 : 32 : ; 125 : a? . 

Observation. — As each of the five circumstances mentioned, the 
length, the breadth, the depth of the trench, the number of days, and 
the hours per day, affected the answer differently, each had to be 
considered separately, and the combined effect was discoyered by 
oompotmdhig the several ratios one with another. 
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EXEECISE CV. 

1. If it takes 12 yards of cloth | wide to make clothes for 500 
soldiers, how much cloth { wide will be needed to clothe 960 men ? 

2. A man journeying 15 hours a day, reaches a distance of 375 
leagues in 20 days ; how many hours per day must he trayel to pass 
over 400 leagues in 18 days ? 

3. It takes 15 labourers, working 10 hours a day, 18 days to 
get through 450 yards of a certain work ; how many men, working 
2 hours a day, would, in 8 days, finish 480 yards of the same work? 

4. If 7 horses be kept 20 days for £14, how many may be kept 
7 days for £20? 

5. If 850 men consume 240 quarters of wheat in six months, in 
what time would 3230 men consume 1820 quarters ? 

6. How long will it take 17 men to earn £50, if 12 men, in 6^ 
days, can earn 13 guineas ? 

7. If 20 cannon, firing 5 rounds in 6 minutes, kill 500 men in 
an hour, how many men would be killed in an hour and a half by 
10 cannon, firing at the rate of 3 rounds in 5 minutes ? 

8. If 300 men could do a piece of work in 2'4 days, how many 
would do one-third of the same work in 12 days ? 

9. If the work done by a man, a woman, and a boy respectively, 
be proportioned as 3, 2, and 1 ; and if 9 men, 15 women, and 18 
boys finish a certain work in 208 days, in what time would 15 men, 
12 women, and 9 boys finish the same ? 

10. 250 men are set to work on a railway embankment, a mile 
and a half long, which they are expected to finish in 4 weeks. But 
at the end of one week it is found that they have only finished 520 
yards ; how many more men must be engaged to finish it in the re- 
quired time ? 

11. If a mass of silver be worth £720,000 when silver is worth 
£3 17s. 6d. per pound troy, how much would it be worth when the 
current price is at the rate of 13*7.5 shillings for 2'5 ounces ? 

12. A party of 7 gentlemen, on a journey together, spend £150 
in 8 weeks 4 days ; what would be the expense, at the same ratd, of 
another party, consisting of 11 persons, travelling for a fortnight ? 

13. If a plot of building land 272 feet 6 inches long by 35 feet 
B inches broad, be sold for £76 10s. 9d., how much will a plot 283 
yards 2 feet long by 74 feet 9 inches wide cost ? 

N 2 
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SECTION V. — ^INTEREST, DISCOUNT, ETC. 

369. Interest is money paid for the use of money. 
The money lent is called the Principal. 

The interest allowed per annum on every £100 of the 
principal is called the Rate per cent. 

The sum of the Principal and Interest is called the 
Amount. 

370. Interest is a quantity which varies directly as the 
principal. 

It also varies directly as the time for which it is lent. 

Whenever principal and interest are alone referred to in 
a sum, the question is solved by Simple Proportion. 

But when principal and time are both considered in re- 
lation to the interest, the problem is one in Compound 
Proportion. 

371. As in nearly aU problems under this Bule, the sixms of money 
mentioned in the question can be expressed decimally ; the answer^ 
if obtained by the decimal method as far as the third place (301), 
win seldom be so much as one fSsurthing wrong. It will be found very 
advantageous to use decimals throughout this Bule. 

SIMPLE INTEREST. 

872. In Simple Interest we have Principal, Bate per cent., Interest, 
and Time, to consider, and any three of these being given we are 
required to find the fourth. 

The following are examples of each form of question s — 

378. JExample J.— What is the interest on £272 at 8 per cent. ? 

Here the answer is to be interest. 

•% £3, which is the known interest on £100, is the third term, 
and Z\ x\a the ratio to be solved. 
And by Rule of Three 100 : 272 : : 8 : a?. 

/. X = ?^^_? = £8-16 = £8 38. 2h 
100 
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RULS FOR SDfPUS INTEREST, 

272 Multiply the principal by the rate per 
3 cent, and divide by 100. 

^. 8>1^ For it is evident that in every sum in Interest 

20 

the statement takes the same form: £100 is 

®* »ri always the first term, the principal is always the 

- Q ■ second term, and the rate of Interest always the 

4 third. The division by 100 may always be effected 

f . 1 60 ^y cutting off two figures from the right hand. 

Ans. £8 3s. 2id. The siun is therefore worked as in the margin. 

Observation. — The answer obtained by the former method, 
£8 3s. 2id., is evidently as near the trutn as this answer, and is 
much more conveniently worked. 

374. JSxample II, — From what principal did £273 15s. arise in a 
year, at 4^ per cent. ? 

Here the answer is to be principal. But cent., or £100, is the 
principal named in the sum, and 100 \ x is the ratio to be solved. 

Because the proportion between interest and principal is direct, 
.*, the answer will be greater than £100 ; 
And the statement is £4 lOs. : 273*75 : : 100 ; x, 

^ _ 273-75 X 100 _. £gQ83.3 _ ^j^^ gg^ ^^ 
4-5 

375. JExanvple IIL — At what rate per cent, will £720 amount to 
£785>inayear.? 

Here the answer required is interest on £100. 
But because £720 amounts to £785,- the difference between these 
two, or 785 — 720, or £65, is the interest on £720. 
.". the statement is 720 : 100 : : 65 : x. 

And a? = ^^ ^ ^^ = £9026 = £9 Os. 6id. 
720 

876. Whenever the condition of time is introduced the question 

is one in Compound Proportion. 

JSxample IV, — ^What is the interest on £572 10s., at 4 per cent., 
for 6 weeks ? 

Here interest is to be the answer. /. 4 ; a? is the ratio required. 
G[?wo circumstances affect this ratio, principal and time. 
I. If £4 is the interest on £100, what is the iaterest on £572 lOs.? 
The statement is 100 ! £572 10s. : : 4 : a?. 
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II. If £4 be the interest for one year, or 52 weeks, what is the 
interest for 6 weeks ? 

The statement is 52 ! 6 : : 4 : ar. 
Combining these two statements — 

,52: 6 i •• * • ^ 

/. X = ^^^-^ ^-i = £2-643 = £2 12s. lOid. 
100 X 52 

377. Observation. — ^This sum might be done by finding the year's 
interest according to the last rule, and then establishing a simple 
proportion, thus : — 

As one year is to the given time, sois^ year's interest to the in- 
terest for the given time. 

378. Example V, — What is the principal from which £270 arises 
as interest in 4^ years, at 6i per cent. ? 

Here the answer is to be principal, and 100 \ x \a the ratio to be 
solved. 
The two questions to be considered are, — 

I. If £600 is the principal from which £6*25 arises, what is the 
principal from which £270 will arise ? This is a case of Direct Pro- 
portion, and the answer required will be greater. 

.*. the statement is 6*25 : 270 : : 100 : x, 

II. If £100 is the principal from which a certain interest arises in 
1 year, what is the principal from which the same interest would 
arise in 4^ years ? This is a case of Inverse Proportion, and the 
answer required is to be less than £100. 

/. the statement is 4-5:1:: 100 : x. 
Combining these two statements — 

6-25 I 270J ..,^.^ 

And :. = 270j<iOO ^ ^^ 
6-25 X 4-5 

379. Example VL — At what i-ate per cent would £1720 amcant 
to £1865 in 6 years? 

Here the answer required is interest, and £1865 — 1720 =r 145 
is the interest on the given sum, and 145 : x is the ratio to be de- 
termined. 

I. If £145 be the interest on £1720 what is the interest on £100? 

The proportion is direct, and the answer required is less. 

. '. the statement is 1720 : 100 : : 145 : x. 
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II. If £14JS he the interest for 6 years, what is the interest for I ? 
This proportion is also direct, and the required answer is to be 
less. •*• the statement is ^',1 y, 145 ; x» 

Combining these two statements — 

1720:100^.. ,,.. 
5: 1J..14.5.* 

And a? = ^^ ^ ^"^ = £1-686 = £1 13s. Sfd. 
1720 X 5 

880. The roles here illustrated maybecompendiously stated thus : — 

There are four items, viz., Principal, Interest, Bate per cent., and 
Time, any three of which being given, the fourth may be found. 

Let P. = Principal, I = Interest, B = Bate per cent., and T = 
Time. 

L When Principal, Bate, and Time are given, to find the Interest — 

T .i— 1^* B. T. 
100~ 
IL When Interest, Bate, and Time are given, to find the Principal — 

p _ 100 X I. 
B.T. 
in. When Principal» Interest, and Time are given, to find the 

Bat&*- 

T, 100 X I. 

P.T. 

IT. When Principal, Interest, and Bate are given, to find tho 

Time— 

T =l?^-^ll: 

P.B. 

EXBECISB CVI. 

1. Find the interest on £357 12s. at 5 per cent, for 1 year. 

2. Find the interest on £4098 at 4i per cent, for 1^ years. 

3. Find the interest on £729 16s. at 8i per cent, for 2 years. 

4. Find the interest on £874 13s. at 2^ per cent, for 4 years. 
6. Find the interest on £3096 lOs. at 3 per cent, for 4i' years. 

6. Find the interest on £895 at 2^ per cent, for 7 yrs. 2 months. 

7. Find the interest on £3728 at li per cent, for 3 years 7 weeks. 

8. Find the interest on £8547 at 2*75 per cent, for 8 years. 

9. Find the interest on £3276 at 6i per cent, for 5 years. 
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10. Find interest on £8097 at 7^ per cent, for 7 weeks. 
. 11. Find interest on £1813 19s. at 3i per cent, for 9 months. 

12. Find interest on £5208 16s. at 7i per cent, for 11 wks. 3 days. 

13. Find interest on £7109 ISs. at 3i per cent, fiar 2 yrs. 3 mths. 

14. Find interest on £8297 13s. 6d. at H per cent, for 17 months. 

15. Find interest on £8634 15s. at 7i per cent, for 173 days. 

16. Find interest on £718 10s. at 3i per cent, for 2 yeara 94 days. 

17. Find interest on £8274 12s. at 6i per cent for 7 years 8 wks. 

18. Find interest on £3274 at 3| per cent for 21 years. 

19. Find interest on £8067 15s. 3d. at 7i per cent, for 6 yrs. 7 wks. 

20. In what time will £723 ISs. amount to £1280 at 3 per cent. ? 

21. In what time will £1072 16s. amount to £2000 at 5i per cent. ? 

22. In what time will £863 10s. amount to £1073 at 7i per cent, f 

23. In what time will £427 amount to £500 at 2i per cent. ? 

24. At what rate per cent, will £832 amount to £1000 in 5 yean ? 

25. At what rate per cent, will £79 amount to £100 in 7i years ? 

26. At what rate per cent, will £1016 amount to £1250 in 6 years 
5 months? 

27. At what rate per cent, will £729 amount to £850 in 6i years ? 

28. From what principal will £86 accrue as interest in 2 years at 

5 per cent. ? 

29. From what principal will £274 accrue as interest in 4 ifiontlui 
at 3 per cent. ? 

30. From what principal will £18 accrue as interest in 7 weeks at 

6 per cent. P 

31. From what principal will £259 lOs. accrue as interest in 3^ 
years at 4^ per cent. ? 

32. How long will it be before £374 put out at interest at 4 per 
cent, will realize a profit of £100 ? 

33. What sum must I invest at 3f per cent, so as to secure an 
annual income of £250 ? 

34. If after lending £1560 for 4 years I receive the sum of £1870 
in repayment, at what rnte per cent, has the money been invested? 

35. What time must elapse between the time of placing £28 in 
the Savings Bank and of taking out £43 10s., supposing interest is 
at 3 per cent. ? 

36. If I invest £1673 10s. at £3 158. 6d. per cent, for 18 years 
3 months, to wliat sum will it amount ? 
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COMPOUND INTEREST. 

381. When the interest of money is added to the prin- 
cipal at certain periods, and afterwards interest is calculated 
on this amount, the money is said to be put to Compound 
Interest. 

Every sum in Compound Interest consists of a series of 
sums in Simple Interest, a separate calculation being 
required for each of the periods mentioned in the sum. 

Example, — What is the compound interest on £628 at 5 per cent, 
for 3 years ? 

By Eule (373) ^^^ ^ ^ =r £31-4=: £31 8s.=interest for the lat year. 

£628 4- £31-4 = £659 Ss. = P^^^^P*^ ** *^® beginning of the 2nd 

year. 

659-4 X 6 __ £32.97 — £32 ^98. 5d. = interest for the 2nd year. 
100 

£659-4 + £32-97 = £692-37=£692 7s. 5d. = ^^^7^*^^^^'''^ 

692-37 X 5 _ £34-6185 = £34 128. 4id. = interest for 3rd year. 

100 -t / 

£692-37 + 34-618 = 726988 = £726 19s. 9id. = ofS^t^.^"^^ 

Hence £628 has become £726 19s. 9id. in the three years, and 
the total interest which has accumulated on it is 

£726 19s. 9id. - £628, or £98 19s. 9id. 

882. A somewhat readier method of obtaining the result is that 
of finding the compound interest on £100 for the given time, and 
^en solving the original question by a Proportion sum. 

Thus £5 = interest on the first year. 

/, £105 = principal at beginning of 2nd year. 

^^^ ^ ^ = £5-25 = £5 5s. = mterest on 2nd year. 
100 ^ • 

.\ 105- + 5-25 - £110-25 = £110 5s. = PJmdpal at beginning 

01 ord. year. 

But IIQ'^^ X ^ = £5-5125 = £5 10s. 3d. = interest on 3rd year! 
100 , '' 

And£110-25+£5-5125=£115-7625=:£11515s.3d.=PJ'^^P"^^^ 
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/, £100 hM ftoeonraliUcd to £115 ISi. 3d. in tbree Tctn^ sad 
£15 15f . 3d. is the eompoond intereat on £100 lor the giren tmi& 

We hsre now the fbUoiring propcntion : — 

If £15 15s, 3d. be the eompoand mterat on £100, what will be 
the eoui p oi m d interest on £628 for the Hune time and at the Mme 
nte? 

The ftetement is 100 : 628 : : £15 15f . 3d. : :r. 

And *= i52^JL5^ = £98-988 = £98 Iflfc 9Jd. 
100 

SULE FOB COMPOU5D DTTEREST. 

383. l^nd tbe simple interest for each of ibe periods 

mentioned in the snm, and add their results socoes^ 

sirely to the principal Or, 
Find the compound interest on £100 for the given 

time, and then solve the question by Proportioai, as 

in the example. 

"Exercise CVIL 

1. Find compound interest on £500 at 4 per cent, tor 3 jean. 

2. Find compound interest on £720 for 3 years at 4| per cent. 

3. Find compound interest on £1150 for 2^ years at 5 per cent. 

4. Find compound interest on £484 for 5 years at 3| per cent. 
6. Find compound interest on £1250 for 2 years at 6 per cent. 

6. Find compound interest on £7084 for 3 years at 3i per cent. 

7. Find compound interest on £2257 for 2i years at 2i per eeak 

8. Find compound interest on £1097 for 5 years at 31 per cent 

9. Find compound interest on £2384 for 4 years at 4 per cent. 

10. Find compound interest on £5063 for 3 years at 2i per cent. 

11. To what sum will £187 amount in 5 years at 3 per cent, 
eompound interest ? 

12. What IB the compound interest on £1200 at 6 per ceint. for 
2| jears, the interest being paid half-jeariy ? 

13. To what sum will £150 amount in 3i years at 4 per cent., 
the interest being paid quarterly ? 



INTEREST, DISCOUNT, ETC. 217 

DISCOUNT. 

384. Discount is a deduction made from a debt which is 
paid before it is due. 

Questions of this sort occur in this Eule : — 

A debtor is bound to pay £450 at the expiration of a year and a 
half from this date ; what ought he to pay now to clear himself if 
interest is 4^ per cent. ? 

Observe here that we must not calculate interest on the £450, for 
that is not the principal, but the amount to which his present debt 
will have accumulated if he leaves it unpaid for a year and a half. 
Whatever he owes at this moment is the principal, and this with the 
interest upon it at 4^ per cent., will amount to £450 in a year and 
a half. We have therefore to separate £450 into two parts, so that 
one shall be the interest upon the other at 4^ per cent, for li years. 

As in the second case of compound interest, it will be convenient 
to take £100 as a standard, and £bid what it would amount to at 
the same rate and time. 

^^^ 100 X 4-5 X 1-5 _ ^g ^gg _ interest on £100. 
100 

.*• £100 present debt would become £106 15s. a year and a half 
hence at 4^ per cent. 

We have now the following proportion : — 

If £100 will become £106 15s. in a certain time and at a certain 
rate, what sum will amount to £450 at the same rate ? 

The statement is 106-75 : 450 : : 100 : x. 

And a: = 1^^-^^ = £421545 = £421 10s. lid. 
106-75 

385. This answer gives the Present Value, and the difference 
between this and £450 is called the Discount. Or the discount 
itself might be found by the following proportion : — 

If £6 15s. is the discount which should be deducted from £106 
15s., what is the discount to bo deducted from £450 ? 
The statement is £106 15s. : 450 : : £6 15s. : x. 

And X = ^^Q X ^•'^^ = £28-455 = £28 9s. l^d. 
UM)-7o 
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386. The difference between the calcolation of Interest and Bis- 
oount is this, that in the one the principal is generally given and we 
are required to find the interest which has to be added to it ; but 
in the other a sum of money is mentioned which includes both prin- 
cipal and interest, and we are required to separate it into those two 
parts. This latter problem is always to be solved by choosing a sum 
of money, finding what it would amount to under exactly the same 
circumstances as the unknown principal, and thus establishing a 
proportion. For convenience we generally select £100 for this pur- 
pose, but any other sum of money would enable us to obtain the 
same result. 

387. Example, — What sum of money is that which, after lying 
in the Bank 7 years, when money is at 3 per cent., will amount to 
£5630? 

We will choose £50 as the basis of the proportion : — 

50 X 7 X 3 _ £iQ.5 «. £iQ iQg __ the interest on £50 for the 
Jq() ' given time. 

.*. £50 would become £60 10s. under the same circumstances. 

If a principal of £50 would become £60 lOs. in 7 years at 3 per 
cent., what principal is that which will become £5630 at the flame 
rate and time ? 

The answer required is principal, and 50 I or is the ratio to be solved. 

£60 10s. : 5630 : : 50 : x. 



. . 



And or = 5630 X 50 __. £4652.392 = £4652 17s. lOid. 
60-5 

Of course this answer is the same as if 100 had been taken, for 
then the statement would have been — 

£121 : 5630 : ; 100 : x. 

And ar = ^630 X 100 _ £4652892 = £4652 178. lOid. 
121 

388. Bills and Peomissost Notes are written engagements on 
the part of a debtor to pay a certain amount on some future day. 
A Bill is drawn by the person to whom the money is due, and 
accepted or signed by the debtor. By accepting the bill he becomes 
legally liable for the amount when the time expires. A Promissory 
Note is simply signed by the party promising to pay. Three days 
are allowed by law beyond the date specified in the document ; thus, 
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a Bill or Promissory Note made payable on the 3rd of September 
is not legally presentable until the 6th, unless this day should be 
Sunday, in which case it must be presented on the preceding day.* 

Suppose A holds a bill by which B is bound to pay £500 this day 
three months, and A wishes to realize his money immediately. It is 
clear that if he parts with his claim or sells the biU, he ought to 
receive in heu of it such a sum of money as, if put out at interest 
for three months, would amount to £500 by the end of that time. 
Many persons, as bankers and bUl-diBCOunters, are ready to negotiate 
in such matters and to buy bills before they are due, provided that 
the credit of the acceptor is good and he is considered likely to pay 
when the bill falls due. But, in fact, the true discount is never 
calculated on bills, but the interest on the sum for which the bill 
is drawn is deducted &om the whole sum, and is called the discount. 
The discounter of the bill evidently derives a small advantage from 
this arrangement. For if 4 per cent, is the rate of interest, and he 
pays A £495 for the bill, deducting £5, or three months' interest 
on £500 at 4 per cent., the discounter really receives rather more 
than 4 per cent, for the money which he advances, for £495 put out 
at interest would not amount to £500 in three months. 

Tradesmen often make an allowance to such of their customers as 
choose to pay ready money. This allowance is called Discount, but 
is really calculated as Interest, the per centage being found on the 
whole sum at a certain rate and deducted from it. 

• The following is a form of Bill :— 

To Mr. C. D., Liverpool. Gresham-street, London, Sept 8, 1854. 

8ix months after date pay to me or to my order the sum of one hundred andffly 
pounds, value received. 
£150 Os. Od. A. B. 

C. D. accepta the bill by writing his name either under that of A. B., the drawer, 
or across the bill. 

A Promissory Note has tlie same force, and subjects the debtor to the same obli- 
gation. Its fonn is generally as follows : — 

Liverpool, Sept. 8, 1854. 

Six months after date I promise to pay to Mr. A. B. or his order the sum of one 
hundred and Jifty pounds. C. D. 

No other signature is requirf:d here than lliat of C. D.,the debtor, but such a note 
is usually endorst'd by the creditor. 

2 



220 THE SCIENCE OF ARITHMETIC. 

RULE FOR DISCOUNT AND PRESENT VALUE. 

389. Take £100, find what it would amount to at the 
same rate and time, and state the proportion as 
follows : — 

As £100 + its interest for the given time is to the given amount, 
80 is £100 to the present yaluo. 

General Formula. — ^If A = amount, and I = interest on £100 — 

Then Present Value = 

100 + I 

Or if the discount be required — 

As £100 + il* interest is to the given amount, so is the interest 
on £100 to the answer. 

General Formula, — = Discount. 

100 + I 

In the following Exercise the expression, true discount, refers to 
the calculation made in this way, while ordinary discount means the 
deduction actually made in business. 

Exercise CVIIT. 

1. What sum will discharge a debt of £720, due a year and a 
half hence, at 4 per cent. ? 

2. What sum put out at interest will amount to £1310 14s. in 
six years at 4| per cent. ? 

3. If a legacy of £1200, less 5 per cent, duty, is to be paid to a 
person whose age is 17 when ho becomes 24 years old, what sum 
paid to him now would be cquiyalcnt to it ? 

4. What is the difference between the ordinary bankers' discount 
on a bill of £470 due six months hence, at 5 per cent., and the true 
discount ? 

5. A tradesman accustomed to give nine months' credit is offered 
ready money for an account of £58 149. 9d. ; what is the ordinary 
discount at 5 per cent. ? 

6. Find the true discount on £107 5s., payable at the end of six 
months, at Si per cent. 

7. What is the exact present value of a debt of £572, due eight 
monthB hence, at £3*75 per cent, simple interest ? 
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8. How much money must I inyest at 7 per cent, in order that 
at the end of four and a half years I may be worth £5000 ? 

9. Find the difference between the true and the ordinary dis- 
counts in the case of the following bills : — 

(a). £450 drawn on March 1, payable on June 1, at 4 per cent. 

£1000 drawn on June 18, payable on August 18, at 5 per cent. 

£1728 drawn on Sept. 27, payable on Dec. 31, at 3^ per cent, 
(b). £2347 drawn on Aug. 26, payable on Jan. 15, at 2^ per cent. 

£6274 drawn on Feb. 13, payable on June 16, at 3f per cent. 

£240 drawn on April 3, payable on July 1, at 2\ per cent, 
(c). £27 drawn on Jan. 6, payable on April 28, at 3^ per cent. 

£48 drawn on Dec. 5, payable on Jan. 8, at 5 per cent. 

£623 drawn on Dec. 28, payable on April 3, at 4 per cent. 

STOCKS AND SHARES. 

390. In the reign of William III. the Government of England 
laid the foundation of our present National Debt by borrowing 
money from private persons, which was employed for the necessities 
of the State.* In order to induce persons possessing capital to 
dispose of their money in this way, interest was offered at a certain 
fixed rate per annum. At different periods since that time foreign 
wars and other national emergencies have made it necessary for the 
Government to borrow more money of individuals ; and the total 
sum which has been thus lent to the State and expended by it, is 
nearly £800,000,000. Every person whose money has been thus 
disposed of receives interest regularly every half-year, at the rate of 
3 or 3i per cent., and also holds an acknowledgment from the Gov- 
ernment, of the debt. These acknowledgments may be transferred 
from one name to another, and may be bought by any person who 
chooses. Like everything else which is marketable, they fluctuate in 
value, becoming dear when there is a general disposition on the part 
of capitahsts to buy them, and becoming cheap when many of the 

• Up to this period money had often been borrowed by Government, but gene- 
rally on the security of some special tax. A king in difficulty would mortgage the 
« tonnage and poundage," for example, and if it failed to produce the necessary 
sum, the lenders lost money by the transaction and were never repaid. But it waa 
in this reign that the national credit was for the first time pledged to the lenders, 
and that the permanent debt was established. "^ 
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holders are anxious to sell. Now when the prospects of the country 
are unusually good, and there is a greater probability than usual that 
the debt will be reduced ; or, when money is so abundant that per- 
sons possessing it cannot readily find other investments, and so are 
glad to get the 3 or 3i per cent, which Gk>yemment allows, buyers of 
stock are numerous, and prices advance. But the prospects of war, 
the chances of a bad harvest, or such a scarcity of money as makes 
people anxious to employ their capital in other ways, will lessen the 
number of buyers, and cause the stock to become cheap. The extent 
of speculation, and many other circumstances, also affect the value of 
the funds, so that it is seldom that prices remain perfectly stationary 
even for two consecutive days. Thus : a £100 share, or £100 stock 
as it is called, rose in value in 1752 to £106 Vs. 6d., the TnnT-imnTn 
ever attained, and in September, 1797, could be bought for £47 128. 
6d., which is the lowest price at which they were ever quoted. 

When the market price of £100 stock is £100, the funds are said 
to be a^ par. They are usually below par ; and in ordinary times 
prices fluctuate between 91 and 98. 

The person in whose name the stock stands at the end of each 
half year, receives the dividends, and therefore a purchaser has the 
benefit of the interest on the stock he buys, &om the last day of 
payment to the day of transfer. Hence, all other things being equal, 
the approach of the dividend day causes the price of stock to ad- 
vance, and after the dividend has been paid prices experience a 
decline. 

Dividends on different stocks are paid at different times in the 
year, so that it is easy for a stock-holder to invest his money so as 
to receive his income quarterly. 

391. It is evident that if a person takes a share in this debt, or 
purchases Stock as it is called, when fimds are low, he is credited 
with a larger sum than he actually invests; and as he receives £3 or 
£3 Ss. per cent, on this nominal value, the interest actually accruing 
on his capital is greater than the nominal interest. The price of the 
funds is therefore a good measure of the rate of interest, and the 
general abundance of money, — ^for Interest is high when Funds are 
low, and vice versa. If funds rise in price, and a man sells his 
shares at a higher value than that at which he bought them, he may 
obtain profit by the transaction just as in ordinary trade. Many 
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persons make a business of the purchase and sale of stock with & 
view to profit in this way, bj speculating on the probabilities of & 
rise or £dl in the funds.* 

392. Sometimes foreign governments desire to raise a loan, and 
invite all the capitalists of Europe to take shares in it. Bonds, or 
engagements to pay interest until the money is returned, are issued 
and sold in the money markets. If the credit of the government 
wishing to borrow be generally considered good, and the interest 
offered be high, many persons will become eager to take up portions 
of the loan ; the prices of the stock advance, and the actual interest 
on the investment is proportionately diminished. It is evident that 
the market price of foreign bonds or securities is affected by the 
same circumstances as that of the English funds. 

893. Shares in railway, canal, or other public companies are also 
bought and sold in the share market, and are regulated by the same 
laws. For example, suppose a company is started requiring a capi- 
tal of £1,000,000, and this sum is distributed in the form of 100,000 
shares of £10 each. If the prospects of the company are generally 
considered very good, and it is likely to realize a handsome profit on 
its capital, many persons will desire to become shareholders, and the 
shares will rise in value. Perhaps a £10 share will be sold for £12 : 
in this case the value of the company's shares is said to be £2 
premium ; but if, on the other hand, persons are imwilling to join in 
the undertaking, the shares will probably be sold at a discount^ t. 0., 
at less than their nominal value. 

394. Transfers of invested capital from one form of stock to 
another are very common. Whenever this is done the nominal 
value of the given sum is in inverse proportion to the market price 
of the stock. ' Thus : if I have a sum of money invested in Russian 

• For example : A engages to sell B £1000 stock Tor £000 on a oortain fixed day, 
perhaps 3 monibs hence. A possesses in lact no such stock, but he has reason to 
believe that by the time mentioned the price of stock will be below 90, and in that 
case he will gain a profit,— for should fuuds be at 88, he will be able to buy £1000 
stock for £880, and so to gain £20 by the transaction. B however engages to buy 
in the hope that funds will be at a higher price than 90, and thus to gain a profit by 
purchasing stock at that price, and selling it at the market rate. In the slang of the 
Stock Exchange, A would be called a Bear^ and B, who speculates on the chance 
of a rise, is called a Bull. Such bargains, though very common, are a sort of 
gtunbliug, and are not recognized by law. 
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securities, which are at 57, and I transfer it to the English fnnds tA 
BSi, the sum standing in my name in the latter will be as many 
times less than in the former as 57 is less than 88^. For if I were 
to sell the Russian stock, I should only realize £57 for every nominal 
£100, and with this sum I could not purchase nearly so large an 
amount of stock at 88^. 

395. The persons who effect the necessary sales, and whose 
business it is to transfer stock and shares from one name to another, 
are called Brokers, and the sum they receive for their trouble is 
called Brokerage. The commission thus paid to Stock-brokers is 
always ^ per cent., or 2s. 6d. on every £100 stock in the funds, but 
is higher for other stock. It must always be added to the cost of 
purchasing stock, and subtracted from the receipts of one selling stock. 

It is evident that the principles of proportion apply to all calcula- 
tions of this kind. The following are examples of the sort of ques- 
tions which occur in these rules : — 

396. Example I. — How much stock in the 4 per cents, can be 
purchased for £1240 when the price is 89| ? 

Here is a case of Inverse Proportion, for the lower the market 
value of the stock, the more can be purchased for a given sum. 

The answer required is to be as many times greater than £1240 as 
89f is less than 100. 

.-. the statement is 89f : 100 : : 1240 : x. 

And ar = l?:^^.i59 1381-615 = £1381 12s. 3|d. 
0174 

397. Example J/.— What will it cost to purchase £1050 stock 
when funds are at 93i j brokerage at | per cent.? 

Here the expense of brokerage must be added to the value of the 
stock, as it wiR have to be paid by the purchaser. 

The case is one of Direct Proportion, for the lower the value of 
£100, the less money will be required to purchase any given nominal 
amount. 

.*. the statement is 100 : 93375 : : 1050 : x. 

And ar = ^^^ ^0^^^^^ = 980-4375 = £980 88. 9d. 

398. Example III. — ^What sum will stand in my name in the 8 
per oents. at 81i if I transfer £1450 from Russian stock at 54r| ? 
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Here is a case of Inverae Proportion, because the lower the price 
of the stock the greater the nominal value of a given sum. 

.'. the statement is 81-25 : 64-5 : ; 1450 : x, 
1450 X 54-5 



• • 



X = ^ ^-^ ^ _ 972-615 = £972 12s. 3|d. 

81-25 



EXEECISE CIX. 

1. What sum invested in the 3 per cents, when they are at 98i 
will have the nominal value of £7268 ? 

2. What annual income should I derive from an investment of 
£3500 in the 3i per cents, if I buy the stock at 911 ? 

3. What is the price of stock when I can buy £3158 for 
£2754 10s. ? 

4. If 1 lay out £840 in the purchase of stock at 79^, and sell out 
at 85f , what do I gain P 

5. If I purchase 120 Bank Annuities at 90f , at what price must 
I sell them so as to gain £150 P 

6. What is the difference between the annual income arising from 
the investment of £2150 in the 3i per cents, at 87i, and that from 
the same sum in the 3 per cents, at 86^ P 

7. A person invests £1248 in the 3 per cents, at 95^ ; what will 
be his net half-yearly dividend after deducting 7d. in the pound per 
annum for income tax ? 

8. What would be realized by selling £8296 10s. stock, at 88|? 

9. If funds are at 82^, what must be given for £1250 stock ? 

10. How much should I gain by purchasing £700 stock at 97f , 
and selling out at 1014 ? 

11. When the 3 per cents, are at 89i, at what rate may the same 
quantity of stock bo purchased in the 3^ per cents, with equal ad- 
vantage ? 

12. A person invests £3000 in the 3 pep cents, when they are at 
76^, what will be his annual income ? 

13. How much stock at 91 J can be bought for £768, i per cent, 
being charged for commission ? 

14. Suppose I lay out £1270 in the 3 per cents, at 92^, and sell 
out after allowing the interest to accumulate for two years, and 
find myself the riclier by £147 10s. ; at what price do I soU out ? 

3 
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MlSCELLA-XEOrs APPLICATIOXS OF TIIB TERIC PeB CeNT. 

339. One nrWDRED is employed as the standard of proportion in 
many other eases besides Interest, e.g.. 

Profit and Loss, Tradesmen measure their gains and losses on 
the whole of the capital they invest, by a certain sum per cent^ or on 
every £100 of their outlay. 

400. Commission. Travellers, agents, collectors, and others, who 
are employed by a firm or a company, either to receive money ofr to 
extend business, are usually paid at the rate of so much jper cent, 
on every £100 which passes through their hands. 

401. Insurance against casualties, such as premature death, fire, 
or the loss of a ship at sea, is always calculated at a certain fixed 
rate per £100 on the sum insured. Thus : if a man at a certain age 
(say 40) desires to insure his life, a calculation is made founded on 
the average rate of mortality among persons of that age, and the in- 
surer is cliarged with such an annual sum, as if he lives to the average 
age, will repay the insurance company and give them a reasonable 
profit. So also if a house or warehouse has to be insured against 
fire, the probabihty of the house taking fire is calculated from the 
ascertained number of fires in proportion to the total number of 
houses and warehouses ; and this is determined at the rate of so 
much per £100. Insurances of life as well as of houses, warehouses, 
&c., are usually effected by a company, as such dealings are neces- 
sarily on a large scale and involve too large a risk for private persons 
to incur. But the insurance of vessels at sea is usually imder- 
taken by private persons who are called underwriters. It is thus 
effected. A is the owner of a ship whose cargo is worth £5000 j he 
desires to indemnify himself against the loss of the ship at sea ; he 
therefore proposes to various underwriters to take shares in the in- 
surance : one will perhaps take £500 worth of the risk, and another 
will engage himself to the extent of £1000 ; each will receive a sum 
by way of insurance proportioned to the amount of risk he under- 
takes ; and in the event of the loss of the ship, each wiU be bound 
to pay to the owners the sum for which he became responsible. 

402. Observation. — It is to be noticed hero that in the case of 
human life, of fire, of shipwreck, or of loss of life by railway, the 
amount of money paid as insurance is regulated by the prohabiUlif 
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of some particular event. Tliis must in every case be determined by 
past experience. Suppose, for example, it is proved on referring to 
the liistory of past years, that one ship in 200 of all which go from 
London to the West Indies founders or is lost ; then the underwriter 
is bound to assume that the chance of any particular sliip reaching 
its destination safely is as 200 to 1. He therefore would be safe u 
he insured every ship going to the West Indies at Aq part of the 
value of the cargo, because the doctrine of chances would justify him 
in expecting that 200 shipowners would pay him insurance for every 
one whom he would have to compensate for loss. By careftiUy 
keeping registers of casualties, the amount of risk incurred by life or 
property, either on the sea or in travelling, may be pretty accurately 
measured, and all insurance tables are founded on such registers. In 
all these the proportion is reckoned at so much per cent. 

403. Statistical tables respecting population, employments, educa- 
tion, &c., are always constructed on the basis of 100, and are calcu- 
lated at per cent. Thus: if it be found that in a country containing 
2^ millions of inhabitants, a certain number, say 400,000, are 
employed in agriculture, it is usual to express this &ct by stating 
that a certain number per cent., or out of every 100 of the popula- 
tion, are so employed. 

The following are examples of the use of this important formula ; 
and it is evident that, as in every case 100 is only assumed for con- 
venience as the standard of proportion, the principles of the Bule 
of Three apply to them all. 

404. Example /.—A man invests £2340 and makes £2587 of it ; 
what does he gain per cent. ? 

Here his total gain is £2587 — 2340 = £247. 
But the gain on £100 will be less than on £2340. 
/, the statement is 2340 : 100 : \ 247 : a?. 

And ar = ^'^ ^ ^^ = 10*5 = £10 lis. Ud. 
2340 

405. Example II, — An agent who sells an estate worth £1 2346, 
receives a commission of 3s. 6d. per cent j how much does he get by 
the transaction ? 

Here the statement is 12346 : 100 ; : -175 \ x. 

An 100 X 1-75 ., , . . 

And X ^ — tne answer bemg m poimds. 

n« ^ - 100 X 3-5 ., , , .... 

To.Qj^ ~ *"® answer m shillings. 



14500000 ; 


:ioo 


14500000 . 


:ioo 


14500000 ; 


:ioo 


14500000. 


:ioo 


I'i500000 . 


: 100 


14500000. 


:ioo 
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406. Example III. — In a country containing a population of 
14,500,000, 3,270,000 derive their subsistence from agriculture, 
4,820,000 from trade, 2,748,000 from manufactures, 1,125,000 from 
professions, 975,000 are persons of independent means, and the rest 
are paupers ; what is the per centage of population in each class. 
Here the proportions in all cases are direct, and the statements are — 

3270000 ; per centage engaged in agriculture. 
4820000 ; per centage engaged in trade. 
2748000 : per centage engaged in manu£Eictuies. 
1125000 \ per centage engaged in professions. 
975000 ', per centage of independent persons. 
1562000 I per centage of paupers. 

It will bo found that all these answers added together will make 
100, and will represent the proportions in which an average 100 of 
the population are distributed among the various classes of society. 

Exercise CX. 

1. In a school of 250 children 44 per cent, are learning geogra- 
phy, 36 per cent, are learning grammar, 12 per cent, cannot read, 
and only 4 per cent, have advanced as far as algebra. What are the 
actual numbers of each ? 

2. An agent wl^o is paid 2f per cent, on all the money he 
collects, receives £57 as commission ; how much has he collected ? 

3. There are two schools, one containing 650, and the other 340 
children : 5 per cent, of the former are generally absent, and 7*5 of 
the latter ; what is the average attendance in each ? 

4. Air is composed of 3 gases, 75 '55 per cent, being nitrogen, 
23*32 oxygen, and 1*13 carbonic acid. In a chamber containing 
3274 cubic feet, how much is there of each gas ? 

5. In the year 1852 the total number of persons killed on all the 
railways of the United Kingdom was 216. Of those, 32 were pas- 
sengers, 120 were railway servants, and the rest were trespassers. 
Find the per centage of each class. 

6. In the same time the total number of joumies made on the 
railways was 89,145,729. What was the per centage of passengers 
who lost their lives ? 

7. In 1831 the population of Great Britain and the islands in 
the British seas was 16,364,893; in 1841 it was 18,658,372; in 
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1851 it was 20,936,468 : what was the ratio of increase per cent, 
during each decennial interval ? 

8. In 1841 the population of Ireland was 8,175,124 j in 1851 
only 6,61^,794 : what was the decrease per cent ? 

9. Of 138918 persons convicted of various offences during 5 
years, 30'66 per cent, were unable to read and write ; 58'89 per cent, 
could do both fairly; and the rest had received a decent education : 
what were the numbers in each class ? 

10. The number of children belonging to all the public schools 
in England at the last census was 1,407,569 ; the number belong- 
ing to all the private schools was 700,904. Of the former, only 
1,115,237 were actually present on the day of the census ; of the 
latter 639,739 were in attendance: compare the per centage of 
attendance in public schools with that in private. 

11. At the same time the population of England and Wales was 
17,927,609; what per centage of the people was imder tuition ? 

12. What is the insurance on £7285 at £2 7s. 6d. per cent. ? 

13. If the rate of insurance be £1 6s. 4d. per cent., for how much 
is a person insured who pays an annual premium of £29 10s. ? 

14. If a warehouse contains goods worth £17230, and is only 
insured for 86*3 per cent, of its value, what sum would be lost in 
case of its destruction by fire ? 

15. By selling 26 yards at 33. 4^. per yard, a draper gains 6s. 6d. 
What was the prime cost per yard, and what is the gain per cent. ? 

16. If a dishonest firuit vender uses a weight of 14*76 oz. for 1 lb. 
and professes to sell his goods at the cost price, what does he gain 
per cent. ? 

17. If a grocer mixes 17 lbs. of tea worth 4s. with 25 lbs. worth 
4s. 8d. and sells the whole at 5s. 4d. per lb., what is his total gain, 
and his profit per cent. ? 

18. By selling goods for £483 lOs. a tradesman gets a profit of 
7i per cent. ; what did he give for them ? 

19. If 1 cwt. 3 qrs. are purchased for £27 10s., what should be 
the retail price per lb. to give a profit of 5^ per cent. ? 

20. Suppose a man insures his life for £1000 at the yearly rate 
of £60, and dies immediately after he has paid his fifth annual 
premium ; how much does the company lose by the transaction, 
reckoning nion<'y worth £5 per cent, compoimd interest ? 
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Questions on Ratio and Proportion. 

What is meant by absolute and relative maprnitade ? What is the usual standard 
of comparison ? Distinguish lutegntl from Fractional, and both from Proportional 
Arithmetic. Jn how many ways may two magnitudes be compared ? Which is the 
more usual of the two ? Give a name to both. Define Ratio. Show how the defi- 
nition given in the common translation of Euclid is open to objection ? What 
sign is employed to indicate ratio? Define antecedent and consequent. 

Why should the words " of like kinds" form part of the definition ? If rado be 
itself a magnitude is it abstract or concrete? Why ? How far do the truths con- 
cerning fractions apply to ratio ? Give examples. What is the effect on a ratio of 
diminishing its consequent? of increasing it? of diminishing its antecedent? of 
increasing it ? of increasing both ? of diminishing both ? Give numerical illustra- 
tions. 

Define Proportion. Make three proportions, and explain how they illustrate 
your definition. How far do the words " of like kinds" apply in this case ? Why? 
By what test oau you determine whether four numbers are in proportion ? WUl 
the test apply in the case 6f incommensurable magnitudes ? Why ? Prove in 
tiiree ways that i[w:x::y:z, then wz = xy. What practical use is made of this 
truth in arithmetic ? 

How is any one term of a proportion to be determined when the other three are 
given ? Suppose the product of any two numbers equals the product of any other 
two, what inference can you deduce from the fact? State the principle, prove it, 
and give two examples. 

When is a ratio expressed in its lowest terms, and why ? Give an example. What 
is Continued Proportion? What name is ofldn applied to it? Give examples. 
How many other conclusions can you deduce from the fact that four numbers are 
in proportion ? Give a reason in each case. If I square every number in a propor- 
tion how du I know that the resulting numbers are in proportion ? Of what general 
truth is this a special example ? 

What is the purpose of the Rule of Three ? Why is it so called ? In the solution 
of a sum in Simple Propurtiou what two things have to be done ? How are we to 
do the first? the second? What is Direct Proportion? Give other examples not 
mentioned in the text. Dt;fine Inverse Proportion. Give examples. How does 
a fraction illustrate the diiference between Direct and Inverse Proportion ? Take 
the two fractions ^\ and ^ and show what principle explains tlieir relation to each 
other. 

How is a Rule of Three sum to be stated ? Why ? How is it to be solved after 
stating? Why ? When I multiply the second and third terms together and divide 
by tlie first, what truth is taken for granted ? 

When and how are ratios compounded ? Give examples. What operation in 
Fractious resembles the oompositio.i of ratios ? On what principle does the compo- 
sition of ratios depend ? Show how the principle applies. Into what parts may 
every problem in Compound Proportion be resolved? Take the first four sums in 
Compound Proportion and resolve each of them into two distinct sums in Simple 
Proportion. Why should the two statements be combined ? 
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Define interest, principal, rate per cent. Show how far interest illustrates Direct 
Proportion, and in what cases Inverse Proportion occurs. Give in symbolical form 
the rules for finding interest, principal, rate, or time. What is Compound Interest ? 
Give an example, and the rule for working it. Why should we use the decimal 
method throughout this Rule ? What is Discount, and how does it differ from 
Interest ? To what extent is this Rule actually used in business ? 

What are Stocks ? Explain why they fluctuate in value. Show how the price of 
Stocks determines the current rate of interest. What is Brokerage ? Give au ex- 
ample. Give some other examples of the use of the term per cent. 

State the following sums : — 

Find the interest on £a at b per cent, for c months, and also the discount 
What will a articles cost at the rate of b shillings for n articles ? 
If a men dig b cubic feet in c days, how many will do e cubic feet in m days ? 
If stocks are sold at a, how much can I buy for £b? 
For what sum can I buy £a stock when the price iab? 

It a cwt of goods are carried b mileafor a certain sum, to what distance would c 
cwt. be carried ? 

Express in words the truths contained in the following formulae : — 

Ifaib : :c :d Then a : c : : b : d^ and e : a :: d : b 

Also a ± b : b :: c ± d : d, and a ± c : b ± d :: a : b 

And ma : nib ii c : df and a : b iiS. : _ 

n n 

And o^ : &* : : c** : (f*, and ad =s eb. 
MlSCELLAlTEOUS EXEEOISES ON PeOPOETION. 

1. If 7 men can reap 6 acres in 12 hours, how many men will 
reap 15 acres in 14 hours ? 

2. What is the amount of £720 168. in 3 years at 4 per cent, 
compound interest ? 

3. By how much does the compound interest on £627 for 4^ 
yesirs at 2^ per cent, exceed the simple interest on the same sum for 
the same time ? 

4. If 800 soldiers consume 5 barrels of flour in 6 days, how 
many will consume 15 barrels in 2 days ? 

5. Find the discount on £125 8s. for 6 months at 3i per cent. 

6. What is the difference between the interest on £135 7s. 6d. 
for 9 months at 4 per cent., and the discount on the same sum ? 

7. If the population of Great Britain be 18,526,830, and H per 
cent, possess the elective finnchise, determine the nimiber of electors j 
also state what per centage of the whole population of Great Britain 
is that of Scotland, which is 2,620,180 ? 



232 THE SCIENCE OF ARITHMETIC. 

8. If 17^ ells, oiich containing 5 quarters, cost £6 iTs., how 
much will 18 yards cost ? 

y. A bankrupt's stock was sold for £520 10s., at a loss of 17 per 
cent, on the cost price : had it been sold in the ordinary course of 
trade it would have realized a profit of 20 per cent ; how mooh was 
it sold at below the trade price ? 

10. If the quartern loaf be sold for 7id. when wheat is 47s. per 
quarter, what shoidd be its price when the price of wheat is 65s. ? 

11. A parcel of goods bought for £18 was sold 4 months after- 
wards for £25 ; what was the gain per cent, per annum ? 

12. If 8 oz. of bread are sold for 6d. when wheat is £15 a load, 
what should be the price of wheat when 12 oz. are sold for 4d. ? 

13. An annuity of £50 is put out to interest immediately after 
each payment ; what will it amount to in 7 years, allowing 5 per cent. 
simple interest ? 

11. A person invests £1000 in 3 per cent, stock at 88f per cent, j 
what will be the amount of his half-yearly dividends P 

15. What annual income will arise from two investments, the 
one of £1 472 at 3 per cent., and the other of £2000 at 4i per cent., 
deducting income tax at 7d. in the pound ? 

16. AVTiat weight ought to be carried 25f miles for the same sum 
for which 3 cwt. are carried 40 miles ? 

17. \Miat is the present value of £75, due 17 months hence, at 4 
per cent. ? 

18. A man can reap 345f square yards in an hour ; how long will 
7 such labourers take to reap six acres ? 

19. A corn-factor buys 2 quarters of wheat at 398. per quarter, 
and 7 bushels of a superior quahty at 6s. per bushel ; at what rate 
must he sell the mixture so as to gain £1 by the transaction ? 

20. At what rate per cent, will a person receive interest who 
invests liis capital in the 3 per cents, when they are at 91 ? 

21. A bequest of £468 is made to each of 3 persons : the first 
being a son of the testator pays a duty of 1 per cent. ; the second 
being a brother pays 3 per cent. ; and the third, who is not lelatedi 
pays 10 per cent. : what sum does each receive ? 

22. A person transfers £1000 stock from the 4 per cents, at 90 
to the 3 per cents, at £72 j find how much of the latter stock he will 
liold, and Vac alteratioii made in his income ? 
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23. What principal lent at simple interest on the Ist of January 
at 5^ per cent, would amount to £1000 on the 29th of September in 
the same year ? 

24. A bankrupt owes £1537 38. 4d. but can pay only £960 14s- 
7d. ; what wiU be the dividend ? How much shall a creditor receive 
for a debt of £276 lis. 6d. ? 

25. At what price must an article be bought, that, being sold for 
£3 10s. 6d., 13 per cent, may be cleared ? 

26. Eeduce 2746 American dollars 30 cents to British money, 
exchange being at 4s. 3^d. British per dollar ? 

27. What sum must be put out at 4 per cent, compound interest 
to amount to £1000 in 5 years ? 

28. The divisible receipts of a railway company for one year are 
£437500, and there are 250000 shares at £21 each; what is the 
dividend on each share, and what is the rate per cent, of the 
company's profits ? 

29. What annual income will arise from the investment of £1800 
in the 3^ per cents, when they are at 87i ? 

30. I borrow £130 on the 5th of March and pay back £132 lOs* 
6d. on the 18th of October; what rate per cent, per annum of interest 
have I paid ? 

31. A and B rent a field for £35 a year : A puts in 6 horses for 
the whole year ; B, 5 horses for 11 months, and 3 more for 5 months : 
how much should each contribute towards the rent ? 

32. If 12 men build a wall 60 feet long, 4 thick, and 20 high in 
24 days, working 12 hours a day, how many must be employed to 
build a wall 100 feet long, 3 thick, and 12 high in 18 days, working 
8 hours a day ? 

33. A and B exchange goods : A gives 13 cwt. of hops, the retail 
price of which is 56s., but in barter he rates them at £3 j B gives A 
10 barrels of beer, the retail value of which is Is. per gallon, but the 
value of which he raises in proportion to the increased value of the 
hops : how much must B give in money ? 

34. In what time will the sun move through 50*1 seconds when 
it describes 360 degrees in 365 days 6 hours 9 minutes 9*6 seconds, 
the motion being supposed uniform ? 

35. In what time wiU £645 15s. amount to £960 lis. Ofd. at 
4^ per cent, per annum ? 
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6. In what time will anj Bum of money double ilsdf at 9^ per 
i. simple interest ? 

37. At what rate will any sum of money double itself in 4| jetn f 

38. The total number of degrees in the fiye angles of a pentagon 
. 540 ; find the angles of a pentagon which shall be to one ^Ttothqr 

« 2, 3, 4, 5, and 6. 

39. In discharging a debt of £200 due a year hence, allowing 5 
per cent, simple interest, why ought I to pay more than £190^ and 
how much more ? 

40. A tenant pays com rent of 30 quarters of wheat and 12 of 
barley, Winchester measure ; what is the yalue of his rent, wheat 
being at 60s. and barley at 64s. a quarter imperial measure^ soppoa- 
ing a Winchester bushel to be to an imperial bushel as 32 to 33? 

41. The mint price of gold is £3 17s. lO^d. per ounce ; what is 
the smallest number of exact ounces that can be coined into aneuet 
number of soyereigns ? 

42. A tradesman marks his goods at two prices, one finr ntdj 
money and the other for 6 months* credit ; what fixed ratio ought 
the two prices to bear to one another, allowing 5 per cent, per 
annum simple interest ? and what is the credit price of an artide in 
his shop marked for ready money at £120 10s. ? 

43. Two companies of soldiers start at the same time to maidi 
39 miles, but one by marching a quarter of a mile an hour filter 
than the other arriyes there an hour sooner ; required their rates of 
marehing? 

44. A man pays a tax of 10 per cent, on his income, bat after it 
ia paid he has £1250 per annum to spend; what is his annual income? 

45. At Is. 7^d. per day, how long will a man be in saving £10? 

46. Out of an allowance of £50 a year, how much will be sated 
after spending 2s. 6|d. a day ? 

47. A man spends 19s. 6d. a day and sayes 10 guineas emj 
quarter ; what is his income ? 

48. What sum of money invested at 4^ per cent, will amount to 
£1000 in a year and a half? 

49. At what rate per cent, is the profit which a stationer makes 
who sells a book at a reduction of 2d. in the shilling on the published 
price, and purchases it at 25 per cent, discount, the account running 
in the wholesale 12 months, in the retail 6 months ? 
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407. The products formed by multiplying the same 
number into itself are called the powers of that number. 

Thus the product of three sevens, or 7 X 7 X 7, is 

called the third power of 7 ; the product of five sevens, or 

7X7X7X7X7, is called the fifth power of 7. These 

two results are written 7^ and 7*. 

The figure which represents the power to which a number is 
raised is called the JSxponent ; thus, in 7' and 7° the 3 and 5 are 
exponents, the one showing that 7 is to be raised to the tliird, and 
the other that it is to be raised to the fifth power. 

The second power of a number is called its square^ and 

the third its cvhe,* 

408. When we find the result of multiplying a number 

* These terms are taken from geometry, and their use may be accounted for by 
the fact that when the manner of forming the second and third powers of numbers 
was first investigated it was with a view to the measurement of surfaces and solids. 
There are two simple propositions which will justify this connexion of arithmetic 
with geometry, and which are self-evident as soon as stated. 

I. If any two numbers represent the units qf length in the ctdjacent sides of a 
rectangular parallelogram^ their product will represent the units of surface in 
the parallelogram itself. 

Thus : because one side con- 
tains 5 units of a certain length 
and the other side 3 units of the 
same length, the whole parallel- 
ogram contains 5 x 3, or 15 
square surfaces, each having the 
unit of length for one side. 

Corollary. — Whenever the two 
sides of the parallelogram are 
equal and the figure is a square, 
the number representing the area is the second power of the number represent- 
ing the length of the side. Hence the second power is often called a square, 

II. If any three numbers represent Hie units of length uf the three dimensions 
of a rectangular solid, the product of those three numbers represents t/ie units qf 
solidity in the body itself. 
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by itself a certain number of timus, we are said to invohe 
that number to the given power, and the operation is called 
Involution. Thus 5x5x5 = 125. The number 5 has 
liere been involved to the third power. 
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409. But when a certain power of a number is given 
and we are required to find that number of wliich it is the 
power, we are said to extract or evolve the root, and the 
process is called Evolution, Thus to find that 125 is made 
up of 5 X 5 X 5 is to evolve the 5, and 6 is called the 
third or cube root of 125. 

Every number may be a root, because it may be in- 
volved or multiplied by itself as often as we please; but 
very few numbers are powers of other numbers. 

410. Si^ns, Tho character jy/ is the sign of Evolution ; thus 
j^(i4 = the square root of 64, ^^125 = the cube root of 125, 
^gI = the fifth root of 64. 

A number is called a square number when it has an integer 
number for its root. Thus : 25 is a square number, because ^/25 = 5, 
and j^25 is a rational quantity.* 

A number whose root cannot exactly be ascertained is not a squaro 

number, and its root is called an irrational quantity or surd. Thus : 

12 is not a squaro number, because no number can bo found equal 

to >/12> and the quantity jy/12 is a surd or irrational quantity. 

Observation. — It is evident that a surd is a number not expres- 
sible in figures, and hence that no surd multiplied or divided by any 
figures, whether integral or fractional, can give a rational number 
as the product or quotient. 

SECTION I. — INVOLUTION TO THE SECOND POWHR, OR FORMATION 

OF THE SQUARES OF NUMBERS. 

411. All the ojH>rations of Involution rest upon an axiom in 
Multiplication (72). Multiplication is always effected between two 

factors^ if each of the parts of the one is multiplied by each of the 
parts of the other, and the sum of these products be taken. Hence — 

412. If a number be divided into any two parts, the square 

* Rational is derived A'oni ratio^ used in the sense explained un page 181. 
Numbers are rational when Uieir ratio or relation to other numbers can be exactly 
represented. Hence every number which can be expressed in figures is rational. 
But a/1« or V^J is irrational, because no figures whatever could represent the ratio 
here intended. Irrational or incommensurable quantities were called by the Greeks 
SAoYa, because tlieir XoYor, or ratio, could not be stated. 
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of the number is equal to the product of the whole and one 
party plfis tJie jrroduct of the whole and the other part. 
Demonstrative Example, — ^Because 18 = 10 + B ; 

/. 18 X 18 = (18 X 10 ) -f (18 X 8). 
General Formula, — If a = i -f- c, aa :=z ah -\- ac, 
413. If a number he divided into two parts , the product of 
the whole and one part is equal to the square of tluU partj 
plus the product of the two parts. 

Demofutralive JSxampIe. — ^Because 18 = 10 + 8 ; 
.'. 18 X 10 = (10 X 10) H- (10 X 8) ; 
and 18 X 8 = (8 X 8) + (10 X 8). 
General Formula. — If a = J -f c, oJ = J6 + Jc, and cuf=soc-\-bc. 

Exercise CXI. 

Dirido each of the following numbers into two parts, and show 
how they illustrate the last two propositions : — 

11, 16, 8, 24, 60, 19, too, 26, 327, 48, 59, 26, 46, 72. 

414. If a number consist of two parts, the square of that 

number consists of the squares of those two partSy together with 

twice their produxA.* 

Demonstrative Example. — ^For by (412) 18 X 18 was resohred 
into (18 X 10) + (18 X 8). 
And by (413) 18 X 10 was resolved into (10 X 10) -f (8 X 8), 

and 18 X 8 into (8 X 8) + (8 X 10). 
Therefore 18 X 18 = 
(10 X 10) + (8X8) 
4- (10 X 8) 4- (10 X 8) 
= 10» 4. 8« + 2 (10 X 8). 
General Formula. — 
Whenever a = J -f c j 
<hcna' = i; 4-^ + ^hc. 

* The annexed diaRrom will il- 
liiHtrate tliic. For let the line be 
divided into the two parts, 10 and 
N, it \% evident that the whole area 
of the 8(|uare deftcribi'd \i\um that 
, lino is made up of the parts 10', h', 
and 2 (10 x 8). 
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EXEECISE CXn. 

Divide each of the following numbers into two parts, and show 
how their squares are formed : — 

15, 18, 24, 65, 23-5, 49, 108, 796, 235, 47, 32, 56, 71. 

415. Corolla/ry. — The square of any number is equal to four times 
the square of half that number, 

Demonstrative JExample. — The product of two equal numbers is 
the square of either of them, and because 18 = 9 + 9, then by 
(414)— 

18 X 18 = (9 X 9) H- (9 X 9) + 2 (9 X 9), or 18' = 4 (9^. 

General Formula, — If a = 2J, then a' = 46*. 

EXEBCISB CXIII. 
Verify each of the last four propositions by 12 different numerical 
examples of your own selection. 

416. If a number he divided into three parts ^ the square of 
the whole is made up of the square of the first + twice the 
product of the first into the sum of the second and third; 
the square of the second + twice the product of the second and 
third; and the square of the third. 

Demonstrative JExample, — Divide 15 into 7, 5, and 3.* 
Consider the 5 and 3 as one part and indicate it thus, 5 + 3. 

Then (414) 15» or (7 + 5 + 3)' = 7' + 2 (7 X 5+^) + (5 + 3)». 
But by (414) (5 + 3)' = 5' + 2 (5 x 3) + 3'. 

Hence 

15» or (7 + 5 + 3)* = 

r + (2 X 7 X 5 + 3) 
+ 5' + (2 X 5 X 3) + 3». 

= 49 + 112 +25 + 30 
+ 9 = 225. 

* The annexed figure will illa8> 
trate this. For let the line be 
divided into three parts, the area 
of the square described upon it 
is evidently made up of seven 
portions, whose dimensions are 
those given in the text. 
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General Formula. — Let a = 6 -|- c -|- rf ; 

then a' shall equal 6' -|- 25 (c -f rf) + <^ -f 2«/ -f rf". 



For eonsider c -\- dss one part ; 

then by (U4) a» = 6» + (26 x ^■\^d) + (c 4- d)\ 
But the last term, or (c + <0' = c* + 2«f + <P. 
Hence a* or (6 + <? + <0' = ft' -f (2ft c -\- d) + c* + 2crf + <r. 



EXEBCISE CXIY. 

Divide each of the following numbers into three parts, and show 
how they illustrate this proposition : — 

6, 11, 18, 24, 39, 58, 111, 416, 72, 344, 718, 654, 419. 

417. If a number he divided into any number of parts, the 
square of the whole is made up of the squares of each of the 
parts, together with twice the product of each part into the sum 
of all the succeeding parts, 

Demongtrative Example. — Because 12 = 3 + 9 ; 

.-. by (414) 12' = 3' 4- (2 X 3 X 9) + 9". 

But 9 = 2 + 7, and 9* = 2' + (2 X 2 X 7) + r. 

Wherefore 12' = 3' + (2 X 3 X 9) + 2' + (2 x 2 x 7) + T. 
But 7 = 4 + 3 /. 7' = 4' 4- (2 X 4 X 3) + 3'. 

Wherefore 12' = 3' + (2 X 3 x 9) + 2' -f (2 X 2 x 7) + 4'-|- 
(2X4X3) + 3'. 

Or (3 4- 2 + 4 + 3)' = 3' + [2 X 3 X 2 4-4 + 3] + 2' + 

[2 X 2 X 4 + 3] + 4' + [2 X 4 X 3] + 3'. 

For it is obyious that if we first divide a number into two parts 
and apply proposition (414), then again divide one of those parts 
into two and apply the same proposition, and so on ; we may expand 
the square of a number in this way without limit, and the result 
will always take the same form. 

General Formula. — If « = ft + c + (? + e+/; 

Then a' = ft' + 2ft (c + fZ + e +/) + c' + 2c (cZ + e +/) + 
d" + 2d{e +/) + e= + 2ef^f\ 
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EXEKCISE CXV. 

Verify each of the following assertions : — 

Because 20 = 9 + 6 + 3 + 2, .-. 20' = 9' + (2 x 9 X 11) 
+ 6' + (2 X 6 X 5) -f 3' + (2 X 3 X 2) 4- 2». 

2738' = 2000» + (2 X 2000 X 738) + 700" + (2 X 700 X 38) 
+ 30" H- (2 X 30 X 8) + 8*. 

EXEECISE CXVI. 

Diyide each of the following nmnbers into not less than four parts, 
and show how its square is made up : — 

4, 13, 26, 41, 38, 65, 312, 417, 982, 645, 123, 444, 7098. 
418. It follows firom the laws of our system of notation* that — 

The square of any nurnber cannot contain more than twice 
05 many figures as are contained in the number itself nor less 
than twice as many, minus one. 

Demonstrative Example. — The highest number which can be 
written with 3 digits only is 999. The square of this number must 
be less than the square of 1000. But 1000* = 1000000, and 
this is the smallest number which extends to the seventh place. 
Wherefore the square of 999 cannot contain more than 6 digits. 
Again : the lowest number which requires 3 figures to express it is 
100, and 100* = 10000. But this number extends to the fifth 
place. Wherefore the square of any number consisting of 3 digits 
cannot contain more than 6 nor less than 5 digits. 

In the same manner it might be proved that — 

The square of a number of 2 places cannot have more than 4 or 
less than 3 digits. 

The square of a number of 4 places cannot have more than 8 or 
less than 7 digits. 

The square of a number of 5 places cannot have more than 10 or 
less than 9 digits. 

And, generally, if a number contain n figures its square contains 
not more than 2» and not less than 2» — 1. 

* The student should notice the phraseology here employed. The fact here 
stated is not a fundamental principle of the Science of Arithmetic, but one of the 
consequences of oar having adopted a peculiar system of notation. 

^ P 
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** SECTION n. — THEORY OF NUMERICAL SQUARES AND PRODUCTS 

(contintied), 

419. Tbo theorems in this section are intended still Airtber to illas- 
trate the nature of a square number, and the manner in which it may 
be formed. But they are not necessaiy for the comprehension of 
the ordinary rule for extracting the square root, and may be passed 
oyer by the student who is reading this book for the first time. 

420. The square of the product of two or more numbers is 
the same as the product of their squares. 

Demonstrative Example.— (^ X 8)' = 5' X 8' = 1600. 
For by (65) fiswjtors may be multiplied in any order, therefore 
(5 X 8) (5 X 8), or 6 X 8 X 6 X 8 = 5 X 5 X 8 X 8, or 5* X 8'. 
General Formula. — {ahy = a^b% because alfab = aahb. 

421. Corollary. — If one number measures another its square 
measures the square of that other. 

Demonstrative Example. — ^Because 3 is a measure of 12, 3' is a 
measure of 12', for 3 X 4 = 12 ; therefore (420) 3' X 4' = 12*, and 
3' is a measure of 12'. 

General Formula. — If a be a measure of 6, a' is a measure of b\ 
For let a be contained inb m times, then am = b, and a'm* = ^. 
Wherefore a' is a measure of b'. 

EXEECISB CXVII. 
Besolye each of the following numbers into two or more fectors, 
and prove that the square of the products equals the product of the 
squares : — 

6, 15, 27, 48, 50, 240, 168, 144, 36, 25, 72. 

422. The product of the sum and difference of any two 
numbers equals the difference of their squares. 

Example. — Let the numbers be 12 and 8; their sum is 20 
(12 -f 8) and their difierence 4 (12 - 8). 
(12 + 8) X (12 - 8) = 12' - 8'; i.e., 20 X 4 = 144 - 64. 

General Formula. — (a + i) X (a — ft) = a' — J'. 

423. Corollary I. — If there he any two numbers whose difference 
is one, the difference of tlieir squares equals their sum. 
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JExample. — ^Take the series of numbers — 

1, 2, 3, 4, 5, 6, 7, 8, 9, &c. 

The difference between the square of 1 and the square of 2 = 
1 -|- 2 ; the difference between the square of 2 and the square of 3 
= 2 H- 3 ; between 4" and 5* = 4 -|- 5, and so on. 

General Formula.— Bj (414), (a + J)* = a? + 2a5 + h\ 

.\ (a -f 1)» = a' + 2a H- V. 
.', {a H- ly exceeds a' by 2a -f 1. 

Hence the difference between the squares of any two consecutive 
numbers = twice the less -{- 1, and this is necessarily the sum of 
the two numbers. Thus 378' exceeds 377' by 2 (377) + 1, or 755. 
But this is 378 + 377. 

424. Corolla/ry II. — If there he two fractions which added together 
make one, the difference of their squares is the difference of the frac- 
tions themselves. 

For in this case the product of the sum and difference = the 
difference, the sum being imity. 

JKrawpZe.— Because f + § = 1, (|)' - (|)' = f - |. 

Or ft — g-*, = g — ^ = §} = i, which is the difference between f 
and |. 

Under no other circimistances can the difference between the 
squares of two fractions be the same as between the fractions them- 
selves. 

EXEECISE CXVIII. 
Take the sum and difference of the following pairs of numbers, 
and show that the product equak the difference of theur squares : — 

1. 5 and 9; 28 and 10; 11 and 12; 14 and 17; 15 and 9. 

2. 6 and 7;, 8 and 15; 23 and 24; 100 and 150; 65 and 85. 

3. iandi; f and J ; ^andj|; 47 and 01; 1*25 and -16. 

425. The square of ike difference between any two numbers 
equals the sum of their squares, minus twice their product, 

Example.— (12 - 7)' = (12 - 7) (12 - 7). 
Now (12 - 7) (12 - 7) = 12' - 2 (12 X 7) + 7'. 
i.e., 5 X 5 = 144 H- 49 - 168 = 25. 

General Formula. — (a — ft) (a — ft) = a' — 2aft -i- J"- 
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EXEBCISB GXIX. 
Take the difference between the two numbers of each of the 
following pairs, and show how this truth may be illustrated : — 

1. 12 and 4; 17 and 6 ; 2 and 8 ; 14 and 17. 

2. 20 and 14; 53 and 55; 100 and 9; 27 and 13. 

3. J audi; J and?; -fV and ^ ; IS and |. 

4. -25 and 1-2; 408 and 5*6; 11 '1 and 111 ; 18-3 and '002. 

426. From propositions (414) and (425) we find that — 

The square of the sum of two numbers exceeds the sum of their 
squares by twice their product. 

The square of the difference of two numbers is less than the sum 
of their squares by twice their product. 

We have, therefore, in all cases in which two numbers are taken, 
three magnitudes — 

(7 -f 5)' 7' + 5» (7 - 5)» 

{a + by a» H- 5* (a - b)\ 

of which the first exceeds the second as much as the second exceeds 
the third. Wherefore by (54) the sum of the first and third equals 
twice the second, or (a + b)' -f- (a — 5)' = 2 (a* -|- ft"), or the square 
of the stun of two numbers, together with the square of their differ- 
ence, make up twice the sum of their squares. Hence also the follow- 
ing coroUary may be deduced. 

427. Corollary 11. — The square of the sum of two numbers exceeds 
the square of their difference byfowr times their product.* 

Demonstrative JExample. — For (10 + 3)* exceeding 10* + 3' by 
twice the product of 10 and 3, and 10* + 3' exceeding (10 — 3)' by 
twice their product also, therefore (10 + 3)' must exceed (10 — 3)* 
by 4 times their product. 

General Formula. — (a + by — (a — by = 4a5. 

EXEBOISE CXX. 
Verify the last two Corollaries by taking the squares of the sum 
and difference of the following pairs of numbers: — 

1. 7 and 12 ; 4 and 9 ; 18 and 7 ; 17 and 13. 

2. 16 and 20; 14 and 16 ; 24 and 20; 15 and 25. 

3. 10-5 and 8-5; 121 and 509; 16 and 1*8; 40 and 45. 

* This proportion is analogous to EucM*ft%tYLV^^%V&»n>'^Q«^VL 
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428. Corollary III. — Four times the square of half the sum of 
any two numbers exceeds four times the square of half their difference 
hy four limes their 'product. 

Demonstrative Hxample.—Becemae (427) (10 + 6)' — (10 — 6)* 
= 4 X 10 X 6 ; 

And by (41 5) (10 + 6)' = 4 (^2±^y and (10 - 6)» = 4 (^^f^V; 
... 4(12JL?y - 4('-^/ = 4 X 10 X 6. 
General Formula. 4 f — X— ) — 4 f \ = 4aft. 

If now we take a fourth part of every one of these quantities wo 
have the following result: — 

429. Corollary IV. — The square of half the sum of two numbers 
exceeds the product of those numbers by the square of half their dif- 
ference.* 

^.ample. (1^/ - (1^/ = 10 X 6. 

1^ = 1^ ^ 8 i 2> Because 10 + 10 = 20, the product 

^Qa — : 13 ^ « T Q8 of any two numbers whose sum is 20, 

10* = 14 X 6 + 4' added to the square of half their dif- 

10" = 15 X 5 -f 5» ference, will equal 10». 

12« = 17x3 + 7» General Formula. 

10" = 18 X 2 + 8' (±±I)' - a5 = C" ^ ^ )' 

lO'zslQXlH-S* ^2>' V2>'* 

* This is the inrinciple on which the ordinary mental rule for squaring a number 
is founded. The rule is, " Add the lower unit to the upper, multiply by the teus, 
and add the square of the unit." Thus 34 x 34, by adding the lower unit to the 
upper, becomes 38 x 30, or 1140. But this product of two liumbers is less than 
the square of half their sum (34), by the square of half their difibreuce (4). Hence 
38 X 30 + 4*, or 1140 + 16, or 11&6 = 34*. 

When the unit is greater than 5 it will be more convenient to put the rule into 
another form : " Take from the one unit a number which will make the other an 
even ten ; multiply these two numbers together, and add the square of the number 
which was subtracted," e. g., 67*. Add 3 to one 67 and take it from the other, then 
70 X 64, or 4480, is the product to be obtained. But this product of 70 x 64 is less 
than the square of 07, or half their sum, by the square of 3, or half their difference, 
and 70 X 61 + 3«, or 4480 + 0, or 4489 = 67*. 

By the other method 74 x 60 + 7«,or4440 + 49 s \4^ =.W*. 

Corollary IV. is analogous to the 5thpropo*\\\ouofB.uv\\^,'^wJ^*<^* 

V 2 
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EzESCisE GXXI. 

Make up the square of each of the following numbers in four dif- 
ferent ways, by the help of the last corollary : — 

1. 7; 12; 15; 20. 

8; 24. 

30-5 ; 84*7. 

16J; IBS. 

430. The truth of the following propositions may easily be inferred 
from the foregoing. They should be yerified in each case by the use 
of other numbers. 



2. 5; 


16 


3. 14-4; 


26 


4. f; 


7h 



1. 



2. (A + B)' + (A + B) (A - B) = 2 A (A + B) 

or (7 + 5)' -f (7 + 5) X (7 - 5) = 2 X 7 (7 + 5). 

3. (A - B)* + (A + B) (A - B) = 2 A (A - B) 

or (7 - 5)^ + (7 + 5) X (7 - 5) = 2 X 7 (7 - 5). 

4. (A + B)» - (A + B) (A - B) = 2 B (A 4- B) 

or (7 + 5)' - (7 4- 5) X (7 - 5) = 2 X 5 (7 + 5). 

5. (A + B) (A - B) - (A - B)» = 2 B (A - B) 

or (7 + 5) X (7 - 5) - (7 - 5)» == 2 X 5 (7 - 5). 

6. (A + B)B+(^y = (^ + B/ 

or (6 + 4) 4+ Q' = (^ + ^y- 

7. (A H- B)' + B' = 2 (A + B) B + A» 
or (7 + 5)' + 5' = 2 (7 + 5) 5 + 7'. 

8. (A + B)'^ + A' = 2 (A H- B) A + B* 
or (7 4- 5)' + 7' = 2 (7 + 5) 7 + 5'. 



EXEECISB CXXII. 

(a). Express each of the foregoing propositions in words, and giro 
six numerical illustrations of each. 

(b). Make four numerical illustrations of each of the propositions 
in this section. 
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SECTION m. — EVOLUTION FROM THE SECOND POWER, OR EXTRAC- 
TION OF THE SQUARE ROOT OF NUMBERS. 

431. As in Division and other parts of Arithmetic, so here, it is 
necessary to break up every sum into such smaller sums as shall 
come within the range of our tables ; and in fact to do to a number 
part by part what we wish to do to the whole. In all former rules, 
however, we have found that whatever was done to the parts succes- 
sively was done to the whole ; but in extracting the roots of num- 
bers this is not the case ; for, by finding the roots of the several parta 
which compose a number, we do not find the root of the whole number ; 
if it were so, the squares of these several parts added together would 
equal the square of the whole number, which by (414) is impossible. 

432. If we have a number whose root when extracted will 

consist of two parts, the original number must contain not 

only the squares of those two parts, but twice their product also. 

This is only another form of the truth stated in (414), it is here 
put in the form adapted to the inverse process of extracting the root 
of a given number, and needs no demonstration. 

443. Example I. — Find the square root of 25. 

og We first choose a number, 3, whose square 

9 = 3' is certainly contained in 25 ; on taking this 

1(5 away we observe 16 remain. Now if we were 

12 = 2 (2 X 8) to take the square root of this number, which 

4 is 4, and add it to the 3, we should be clearly 

_^ — 2 wrong, for the square root of (9 + 16) is not 

' (3 + 4) any more than the square root of 

a^ -^ b^ ia a -{■ b; but since a number, if it contains the square of the 

sum of two others, must contain the sum of their squares and twice 

their product (414), we must be able to take from the 16, not only 

the square of the new part, but also twice the product of it, and the 

other part. Now if we choose the number 2, we observe that its 

square (4), and twice the product of itself, and the first found niun- 

ber, 3, will make up 16, 2 -f 2 (2 X 3) = 16. Hence the number 

25 has had taken from it in succession, the square of 8, twice the 

product of 8 and 2, and the square of 2. .*. 25 contains the square 

of (3 + 2), for (3 + 2 = 3' J- (2 X 3 X 2) -|- 2". 
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434. Example IL ^-Extract the second root of 1225. 

1225 We observe that there are 12 

^2? = ^^ hundreds here. Now the nearest 

^25 ^ K K3 ^^^"^^>®r of hundreds whose root can 

325 = 2x30x5 + 5 ^^ ^^ ascertained, is 900, which 

• • • 

is the square of 30. But the root of 
1225 must be greater than 30, because 325 remain ; let the other part 
of the root be a, then the root is (30 -j- a) ; if so, then 1225 =: 
30* H- (2 X 30a) + a'. As 30" has abeady been taken away, the 
remaLning 325 must contain twice the product of 30 into the new 
part, together with the square of the new part, (2 X 30), a -|- a", 
or (2 X 30 -|- a) a. If therefore we double the 30, choose a new 
part, 5, and add to it, and then multiply the 65 by the new part, 
this product, 325, will equal (2 X 30 X 5) + 5', and as this is the 

same as the remainder, the whole number 1225 = (30 + 5)'. 

435. If we divide any number into portions hy pointing off 
every second figure, beginning vnth the unity the number of 
the points thus made will show how mxmy fibres are con" 
tained in the root. 



Demonstrative Example. — The root of 5|62|18 will contain three 
figures ; for by (421) the first portion, 50000, will have for its 
root a number of three places, the second portion, 6200, will have a 
number of the second place, and the third, 18, will have a unit for its 
root. 

Hence, to find what will be the place of the first figure in the root 
it is usual to place a point over the first, the third, the fifth, and 
every alternate place in the number; and the number of these 
points always shows how many figures are in the root. 

436. Jfthe square root of a number consist of several parts^ 
the number itself contains the square of each part together with 
twice the product of that part into the sum of all the preceding 
parts. 

This is only the same proposition as (417) expressed in a form 
adapted for evolution, and needs no demonstration. 
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437. Example III, — Extract the square root of 618089. O^ 

• • « 

pointing this number (435), 613089, we first observe that there will 

be three figures in the root, t. «., that it will consist of a number of 

hundreds ; 610000 is therefore the first part of the number selected. 

Now because <v^61 is more than <^49 and less than >/64, the root 

of 61 tens of thousands must be more than 700 and less than 800. 

700 is therefore the first part of the root, and on subtracting its 

square we find that 123089 remains. We next have to find how 

many tens are in the root. Whatever this number is, its square 

together with twice the product of itself and 700, must be contained 

, , , in the re- 

.^ ^^^ - 700 + 80 + 3 = 783 mainder,*.^., 
700* = 490000 ' ' 



2 X 700 X 
the number 
of tens 4" 



123089 
(1400 + 80) 80 = 118400 = 2 X 700 X 80 + 80« 

4689 . 

(1560 + 3) 3 = 4689 = 2 X 3 X 700 + 80 + 3* thesquareof 

.... the number 

of tens; or if 
X be the number of tens (1400 ■\- 10a?) 10a?. Now on applying 
14000 to the remainder, we see that 8 is the nearest quotient, we 
therefore take 80 as the second part of the root. After subtracting 
the square of this part, together with twice the product of itself and 
the former part, we find 4689 remaining. We have now to find the 
third part of the root, and by (436) this must be such a number that 
its square + twice the product of i^jself and the sum of the preced- 
ing parts shall be contained in 4689, i. «., 2 (780 X the new number) 
+ the square of the new number. But 2 X 780 = 1560, and if we 
apply this to 4689 we have the quotient 3. Wherefore 2 (783) -f 
3', or 1563 X 3, or 4689, should be contained in the remainder. 
438. It was stated in (416) that (a + ft + c)' = a' + 2 a 

(6 + c) + ft' + 2 6c + c*. Now the three parts of the number we 
have here found are 3, 80, and 700, and we have taken away — 

3' -f- 2 X 3 X 700 + 80 + 80' + 2X700X80 + 700*. 

Hence ^613089 = 700 + 80 -h 3 = 783. 

In this case the number proposed is an exact square, but in most 
cases a remainder is left aft«r the operation, and we are only able to 
find the nearest square root. 
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439. The square root of a fraction is always to be found 
by taking the square root of the numerator for a new nu- 
merator, and the square root of the denominator for a new 
denominator. 

For the square of a fraction is to be found by multiplying their 
numei-ators and denominators seYerally. 

li- X -, or I - ) = — , the square root of — is Y = -. 

7 7 Vy/ 4^ ^ 49 ^4Q 7 

4d0. If the numerator and denominator are both multiplied by 
the denominator, the root of the fraction may always be so found as 
to give a rational denominator. 

For let it be required to find the root of— or ^ . 

L^ = il.x_? = iix_l/.,/i5'_^/i5'3r7 vis^ry 

7 7x7 V V j-V --r~= —If — 

441. A fraction may haye a rational square root, and yet appear 
to have none ; e.ff., -^ : the roots of the numerator and denominator 
cannot be found ; but if we divide both by 3 the fraction becomes 
f^, the root of which is rational. Hence, before we attempt to ex- 
tract the square root of a fraction, we must reduce it to* its lowest 
name. The root of such a fraction must always be a fraction, and 
cannot be a whole number, for no whole number could haye a frac- 
tion for its square. 

442. In order to avoid a double operation, it is usual to reduce 
every vulgar fraction whose square is to be found, to a decimal form 
first, and then to apply the following principle : — 

443. The roots of numbers which are expressed decimally 

can always be found readily when the expression extends 

to an even number of decimal places. 

Demonstrative Example. — Because (250) the unexpressed deno- 
minator of 791-82 is 100, the root of 79182 consists of ^^79182 -5- 

^/lOO, i.e., V79r82 = '^/l^ = >/Z!iIi55, therefore if we find 

VIOO 1^ 

the root of 79182, neglecting the decimal, and then mark off the unit 

£giire of the answer by a decimal point (i.e., divide it by 10) we 
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shall havo the root of the fraction. But had the fraction been 

7918*2, or ^^^, the sum could not easily be solyod, for i^lO is an irra- 
tional quantity. Similar reasoning giyes us the following results : — 

444. The square root of a number of 2 decimal places has 1 decimal 
place. 

The square root of a number of 4 decimal places has 2 decimal 
places. 

The square root of a number of 6 decimal places has 3 decimal 
places. 

The square root of a number of 8 decimal places has 4 decimal 
places. 

Therefore if in any Evolution sum we want accuracy to a certain 
number of decimal places, we must have twice as many decimal 
places in the sum. 

Whenever a number has an odd number of decimal places we may 
add a cipher — and by (258) this will not alter its value— and then, 
remembering the above rule, may neglect the decimal points, and 
proceed as in whole numbers. 

445. JExample, — Find the square root of 2710*382. 

If we consider this whole number, without the decimal point, as 
the numemtor of a frtujtion whose denominator is 1000, we shall not 
be able to express the answer decimally, for i^lOOO is not a suitable 
number for the denominator of a decimal fraction. But because 
v^iOOOO = 100, the root of 2710*3820, or of *^M*°> ^^ ^"^^ ^^ for 
its denominator. ** 

27'l6*3826 5000 + 200 + 6 = 5206 
5000"= 25000000 

210*3820 
10200 X 200 = 204*0000 = (2 X 5000 X 200) + 200* 

6*3820 
10406 X 6 = 6*2436 = 2 X (5000 + 200) X 6 + 6« 

13*84 
5206 is the nearest root of 27103820, but as this latter number is 
the numerator of a fraction wliose denominator is 10000, the deno- 
minator of its root is 100, and 52*06 is the nearest answer. It is 
evident that the root might be carried to a greater degree of accuracy 
if other pairs of ciphers wore added to the number, for every two 
places added to the number would add one to the root. 
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BULE FOB EXTBACTING THE SQUABE BOOT. 

446. Place a point over the unit and over every second 
figure from it in both directions. If there be any 
decimal places, add a cipher if necessary, so that 
the last figure shall be pointed. 

Find the nearest root of the first period, and subtract 
it. Add the next period to the remainder. Double 
the first part of the root, and find how many times 
it is contained in this new dividend, omitting the last 
figure. Add the quotient thus found to the divisor, 
multiply the divisor thus formed by the second figure 
of the quotient, subtract this product as before, and 
add the next period to the remainder. Proceed in 
this way until the last period has been brought down. 

447. Observation. — ^In the examples just given we have set down 
more figures than are necessary in the working. The following ex- 
ample will show the ordinary process, and also the extended process, 
of which it is an abridgment. 

Example J.— Extract the root of 141376. " 

Complete or uncontracted process. 

141B76 300 + 70 + 6 
300*= 90000 

51376 
670 X 70 = 46900 = (2 X 300 X 70) + 70* 

4476 
746 X 6 = 4476 = 2 x (300 + 70) X 6 + 6*. 

• • • 

Ordinary or uncontracted process, 

141376(376 
9 

67)513(7 
469 

746)4476(6 



4476 V141376 = 376. 
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It is evident that — 

Because 141376 has been found to contain 

300* + (2 X 300 X 70) + 70* + (2 X 300 + 70 X 6) + 6', 

/. 141376 = (300 + 70 + 6)' = 376^ 

448. JSxample II, — Find the square root of 7 to 3 places of 
decimals. 



7 


2-645 






4 

300 
276 


46 
6 


524 

4 


5285 
5 


2400 
2096 






30400 
26425 









3975 

Observation. — It is evident that there is no limit to this process, 
for, by the addition of pairs of ciphers, the root of any number 
which is not a perfect square, can be ascertained to as many places 
of decimals as may be desired. 

449. The method of extracting the root to a certain decimal place, 
is founded on a principle of somewhat wider application. If it be 

required to extract the root of a number a true to any fraction, say 

1 ♦ 

-, we may multiply the number by »", extract its root, and then 
n 

divide the answer by n. For example, to find «y59, so that the 

answer sliall not differ from the truth by so much as j^y we first 

multiply and divide 59 by 12'. Then 



v^8196 



^ Y 12^ Y 12=* 12 

But the nearest square root of 8496 is 92, 

.-. ^59 = ?-| = 71 nearly. 

Again, let it be required to find /\/314 true to j^. 

314 = 5 = ^^^ ^ ^^' = "f°^ -f- 23' = 16071? -T- 23'. 
^ ^ 7 X 23' ^ ' 

Hence ^31^= ^16071 -r- 23 = 'jf = 5J^. 
So also ^^212 true to i = . /^^^ ^ ^' = ^1^??? = loi = 14?. 

Q 
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In the case of decimals, adding twice as many figures as aro needed 
in the root, is in effect multiplying the numerator of the fraction by 
the square of that number which represents the degree of accuracy 

required. In the example just given, because s/t ^as found true 
to -jiJjg, the sum took this form — 



The following rules will help to show when a number has and 
when it has not a rational square root : — 

450. No even number not divisible hy A^is a perfect square. 

For every even number may be represented by 2fi, its square there- 
fore must always (420) bo 4»' and will always be divisible by 4. 

451. No odd number which, diminished hy I, is not divisible hy 4, 
is a perfect square. 

Because every odd number may be expressed as 2» -|~ l* ^'^ square 
of such a number must always be 4«* + 4» + !• This number 
diminished by unity is evidently divisible by 4. 

452. No number terminating in 2, 8, 7, or 8, is a perfect square. 

For if a square number does not terminate in a cipher, the unit 
figure in the square must have been obtained by squaring the unit 
figure of the root. And the square of each of the nine digits ends 
in 1, 4, 5, 6, or 9. 

453. A number ending in 5 cannot be a perfect square unless the 
number in the tens place be 2. 

For whenever 5 is the imit of a root, the square will always be 5' 
plus 2x5 multiplied into a certain number of tens ; and 2 x 5, or 
10, multiplied into tens will always give hundreds, and the square of 
such a number will consequently consist of 6' + a number of hundreds. 

454. No number terminated by an odd number of ciphers can he a 
perfect square. 

Because (444) a number ending with a cipher will always have 
twice as many ciphers at the end of its square. 

455. The square of every proper fraction must itself be a fraction, 
and cannot be a whole number. 
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Because by (220) the product of two proper fractions is less than 
either of tliem. 

456. If the square of one number measures the square of another , 
the first number itself measures the second. 

For by (168) one number is measured by another when it con- 
tains all the prime factors of that other, and the square of a number 
contains no other prime factors than compose the nimiber itself. 
Wherefore a' contains no other prime factors than are contained in 
a, and ft' no others than are contained in b. Hence if a* measures ft', 
ft contains all the prime factors of a, and is therefore measured by it. 

457. If any fraction whatever be expressed in its lowest terms, its 
square cannot be a whole number. 

For if it could, then the square of -, or ^, being a whole number, 

ft ft 

would have its nimaerator measured by its denominator ; i.e., ft' would 

measure a' while ft did not measure a, which would contradict the 

last proposition. 

458. If the square root of an integer number be not itself an in- 
teger, that root must be a surd or incommensurable quantity. 

For by (457) it cannot be a vulgar fraction, and therefore it cannot 
be a recurring decimal ; because by (266) all recurring decimals can 
be ^xactly expressed as vulgar fractions. 

459. Observation. — The rule for the extraction of the square root 
is not in any way dependent on the particular system of numeration 
with which we work. The same results would be foimd were the 
numbers expressed on any other scale of notation. Again, numbers 
which are perfect squares on the decimal system would be so also on 
all others, whereas the roots of 3, of 7, of 11, are siirds, or incom- 
mensurable numbers, on all scales alike. 

Exercise CXXIII. 

Extract the square root of the following nimibers : — 

1. 17698849; 698485; 6084; 4096. 

2. 841; 1287; 56821444; 714025. 

3. 9585216; 45369; 10816; 74529. 

4. 3370-9636 j 73008-04 

5. 5-764801 ; 100996-84 

6. 372344-04; 2768412 

q2 



•000256; W&' 

•047089. 

39705678. 
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7. 14590-2241; 98596; -00591361. 

8. 14-630625; 16752649; -006724. 

9. I; §1; 2i; 15-8. 

10. 6-4; -64; -064; '0064; 640. 

11. 12j|; 64J; 18-27; 40-96. 

12 ?!2i. 5:^. 1^ . ^ 

2-25' -0016' 52-4 ' . 219 

13. Find the square root of 11 true to ^ and of 223 to ^. 

14. Find the square root of 79^ true to jj, and of /^ to j). 

15. Find the square root of 563 true to ^ and of 413} to ^. 

16. Find ^b6 true to ^, and ^^21? true to ^. 

17' What is the difference between the square root of the sum 
of 1790 and 4451, and the sum of their square roots ? 

18. The product of two equal numbers is 509796. What aie 
they? 

SECTION IV. — INVOLUTION TO THE THIRD POWER, OR FORMATION 

OF THE CUBES OF NUMBERS. 

460. The cube or third power of a number is found by 
multiplying it by itself twice, or by finding the product of 
three equal factors. 

Thus 4X4X4 = 64 = 4' = the cube of 4. 
aXaXa = a' = the cube of a. 

In the lines of figures — 

123456789 10 
1 8 27 64 125 216 343 512 729 1000 

the lower numbers are the Cktbes or third powers o^those above them, 
and reciprocally the numbers in the upper line represent the dtbe 
Soots of those below them. 

461. These results should be committed to memory, as a know- 
ledge of them is needed throughout the Bule for the Extraction of 

the Cube Boot. 

EXEECISB CXXIV. 

Find by multiplication the cubes of the following numbers :— 



1. 


17; 


19; 


30; 


42 ; 16. 


2. 


18; 


12; 


3-7; 


6-8 ; 4-15. 


3. 


2i; 


Si 


^l 


ft; A. 
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462. It is neaeaaarj here to consider a number conuBting of two 
puia, and to find bow its cube is made up of the tnbea of those 

463. * If a numba- be divided into two parts, the cube of 
that numher is equal to the cube of the first, togetlter with three 
times the square of the first mvUipUed by tlie second, together 
with three times the square of the second multiplied by the first, 
together with the cuie of the second. 

Dtmonttrative Example. — Let 10 be diTldod into two parts, 6 

Then (6 + i)' may be found thus :— , 

6+4 

G +4. 



G' + G:k 



< 4 + 4 



= (6 + 4J X 6 
= (6 + 4) X 4 
= {G + 4) X (e + 4) = lO* 



4 + a ( G X 4") + 4 ' = (6 H 



f3(6'x4) + 3(GX4') + 



i' + 3h'c + aJc" + C. 



/^ ^ 


^\7\ 


B / 


-t^— , 


// 


ZJZ/c 


H./ / / 


A , 


/^ / 



■a. For lot 
idlctllnei 

IB drawTi from Lhe pomts of Hctioo; then, 
Jibe aubaba cut Into poi-Lii>iiJuibc9« Lines, 

Uvided into elgbl puu, oureiiioailiDg u 
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EXEBCISE CXXV. 

Diyide the following numbers into 2 parts, and show h6w the 
cubes of the wliole numbers are formed of the cubes of the parts : — 

Example. — Because 5=3 + 2, 

/. 5» = 3» + (3 X 8' X 2) + (3 X 3 X 2*) + 2". 

125 = 27 + 54 + 36 + 8. 

And because 26 = 20 + 6, 

/. 26» = 20' + (3 X 20* X 6) + (3 X 20 X 60 + 6'. 

1. 7; 9; 10; 12; 15. 

2. 1-5; 63; 81; 24; 17. 

3. 80; 21; 34; 13; 30. 

464. The difference between the cubes of any two numbers whose 
difference is 1, equals three times the square of the less, plus three 
times the less, plus one. 

"For if in the former expression we substitute 1 for b, 

/. (b + 1)' = i» + 36» + 3ft + 1. 
Hence, for example, the difference between (64)' and (65)' = 
3 X (64)' 4- (3 X 64) -h 1 = 12481. 

465. Observation. — From this it may be seen how great a distance 
there is between tlie cubes of any two consecutive numbers, and how 
few numbers are perfect cubes. 

ExjiBOiSE OXXVI. 
(a). Verify the assertion in (464) in the case of the cubes of the 
first 10 numbers given in (460). 

(b). Ascertain by this rule what is the difference between the 
cubes of the following pairs of numbers ; — 

1. 15 and 16; 21 and 22; 11 and 12 ; 17 and 18. 

2. 30 and 31 ; 101 and 102 ; 24 and 25. 

3. 125 and 126 ; 19 and 20 ; 46 and 47. 

466. The cube of a number cannot contain more than three times 
as many figures as the numl)er itself y nor less than three times as 
many^ minus two, 

Demonstrative Example. — It has been shown that the cube of 9, 
which is the highest number expressed by one digit, is 729, ».e., it 
extends to three figures ; while the cube of 10, the lowest niimber 
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of two digits, is 1000, a number of the fourth place. In the same 
manner it may be seen that every number between 10 and 100 will 
have its cube between 1000 and 1000000, and that— 

A number of 1 digit has in its cube not more than 3 digits. 

A number of two digits has in its cube not more than 6 digits, nor 
less than 4. 

A number of 3 digits has in its cube not more than 9 digits, nor 
less than 7. 

A number of 4 digits has in its cube not more than 12 digits, nor 
less tha)i 10. 

General Formula. — If a nomber contains n digits, its cube will 
contain not more than 3» and not less than 3n — 2. 

467. And because -1 = A and (f^)* =z jj^^ zs -001 

•01 = tJb and (xfe) » = j^)^ = -000001 
•001 = irfro Mid (tW= T33JRk3W= -000000001 

Therefore the cube of a fraction in the first decimal place extends 
to the third decimal place. 

The cube of a fraction in the second decimal place extends to th^ 
sixth decimal place. , 

And the cube of a fraction in the third decimal place extends to 
the ninth decimal place. 

468. 2^ cube of the product of two or more numbers is the same 
as the product of their cubes. 

Demonstrative Example, — Because 12 = 3 X 4, therefor j 
12» = 3 X4X3X4X3X4. 

But (65) this product is the same with the factors in any order. 

.-. 12' = 3 X 3 X 3 X 4 X 4 X 4 = 3* X 4*. 

General Formula, — If a = bed then a := iVrf". 

ExEECiSE CXXVn. 

Resolve each of the following numbers into factors, and verify the 
assertion in (468) : — 

1. 6; 10; 12; 15; 16. 

2. 14; 21; 24; 30; 18. 

3. 25; 32; 56; 100; 108. 
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SECTION V. EVOLUTION FROM THE THIRD POWER, OR EXTRAC- 
TION OF THE CDBE ROOT OF NUMBERS. 

469. If a number has for its cube root a number consisting of 
two paHs, it must contain the cube of the first part, plus three times 
the square of the first part muUipUed by the second part, plus three 
times the product of the first part and the square of the second, plus 
the cvhe of the second. 

This is only the same truth that is given in (463) adapted to the 
inverse process of Evolution. It will sulBce to explain the reason of 
the rule in all cases, even though the cuhe root contain three or 
more parts. For because 10* = 1000, the cube of any number of 
tens will give the cube of that number multipUed by 1000 (468), 
c. g., the cube of 70 or of 7 X 10 =7* X 10" = 7' X 1000. If 
therefore we cut off the last three figures of any integer number, and 
find the cube root of the rest, the answer multiplied by 10 will give 
the cube root of that nimiber of thousands. And because 100" = 
1000000, therefore the cube root of any number of millions equals 
the cube root of that number multipUed by 100. For by {468) 

^27000000 = i/^ X -i/1000000 = i/^ X 100. 
And if we cut off the last six figures of a number, and find the cube 
root of the rest, the answer will be a number which, multiplied by 
100, will give the cube root of the millions. 

Hence it follows that to find the cube root of any number which 
contains millions, we must first find the cube root of the millions 
and the thousands, and, having obtained it, consider this root, 
though consisting of two figures, as the first part, and then proceed 
to extract the root of the remaining part. 

470. If a point be made over the unit figu^re amd over everg third 
figure from it, the number of such points shows the number of digits 
in the cube root, e.g., 

• • • • 

The cube root of 18528916542 will contain four digits. 
The cube root of 70962 will contain two digits. 
The cube root of 187 will contain one digit. 

471. The following examples will show how this principle is 
fimpJojod in the extraction of the cube root : — 



Example I. — 

50» = 

3 X 50* = 7500) 

7500 X 6 = 

3 X 50 X 6' = 

6' = 



175616 (50 + 6 
125000 
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On placmg points it is 
bbserved that the answer 
will contain two figures, 
tens and units. We first 
find the nearest cube root 
of the first period, 175000. 
This gives 5, which is there-* 



60616 

45000 

5400 

216 



50616 

fore 5 tens. On subtracting the cube of 50, 50616 is found to 
remain. But by (469) this number must contain three tjmes the 
square of 50 multiplied by the new part, plus three times 50 multi- 
plied by the square of the new part, plus the cube of the new part. 
In order to find, approximately, what this new part is, we divide 
50616 by three times the square of 50. When the quotient, 6, has 
thus been obtained, it becomes necessary to subtract three several 
sums from the 50616, viz., 3 X 50* X 6, which is 45000 > then 
3 X 50 X 6', which is 5400 ; and lastly, 6', which is 216. But the 
sum of th^e numbers equals the former remainder, wherefore 

56 = v^l75616. 

For by (464) it has been shown that if a = (i + c), then 
a' = J' -f 36»c.+ Zh<^ + c». 

And the nmnber 175616 has been shown to contain — 
50» + (3 X 50» X 6) + (3 X 50 X 60 + 6'. 



Therefore 175616 = (50 + 6)' = and 56 = </l75616. 

473. JExmnjple JJ.—Find the cube root of 33698267. 

The answer here 



3 X 30' 
X 30 X 2 

2=* 



3 X 320=* 
3 X 320 X 3 



3' = 

= 2700 
= 180 

= 4 

2884 X 2 = 



= 307200 

= 2880 



33698267 (323 

27 



GGt>8. 



will contain three 
digits. The near- 
est cube root of 
the millions is 
found to be 3 (or 
300). On sub- 
tracting 27 and 
bringing down the 
remaming thou- 
sands wo have 
These arc thousands, and the cube root of thousands being 

Q 3 



3^ = 



9 



310089 X 3 = 



6698 


5768 


930 267 


930 267 


... ... 
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tens we have next to find the number of tens in the root ; let this 
number be a?. Then (469) 6698 ought to contain 30* + So? X 
30 X 3a;* + a^. But x being a common factor of these quantities 
it will be convenient to consider it as (30* X 3 + 30 X 3a? -f x*) a?, 
as by this means we avoid three several multiplications hj the 
same number. To find the required nimiber we try 30* X 3, or 
2700 into 669^; the nearest quotient is 2. Place the 2 as the 
answer in the tens place, as x. Then multiply it by the sum of 
8 X 30*, 3 X 30 X 2, and 2*. Subtract this number, and bring 
down the next period. 

It has now been found that 33698267 contains the cube of 32 
tens, or 320, and also 930267 besides. 320 may now be considered 
as the first part of the root, and we have to find the other part. 
This will be a unit figure, for it is evident that the number 3 would 
have been too great in the tens place, and therefore that the answer 
is less than 330 and more than 320. ' Let the unknown unit be yi 
then by (470) 930267 ought to contain 3 X 320*y -f (3 X ^20fy 
H- y', or asy is a common factor (3 X 320* -f 3 X 320^ + yO y- In 
order to find y we take as a trial divisor 3 X 320*, which is 3O7200, 
and find how many times it is contained in 930267; the quotient seems 
to be 3. On taking &om the last remainder these three several por- 
tions we find no remainder ; 323 is therefore the exact root required. 

For because generally (464) the cube of w + a? 4- y =r 

(w -f a;)» + 3 (w + xYy + 3 (w -f a?) y* + ^ • 
And (w + xY = w' + 3M;'ar -f 3war' + ar*. 

Therefore (w -f a? + y)' = 
w* + 3«>*a? + 3wa^ -|- ar* + 3 (w -|- a?)* y + 3 (w + a?) y* + y*. 

And (300 +. 20 -f 3)' = 300' + (3 X 300* X 20) + (3 X 300 
X 20*) + 20* + (3 X 320' X 3) + (3 X 320 X 3*) -f .3*. 

Hence as 33698267 has been found to contain all these several 
parts— ^33698267 = 300 + 20 + 3 = 323.* 

473. 7^ cube root of a fraction may he found hy taking the cube 
roots of its numerator and denominator respectively. 

Demonstrative Example. — Because (-) =_ X- X- = ._ 

Vri/ R ft K, 1.JX 



129 



V^ 125 ^i^ 5 
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47^ As in the Extraction of the Square Koot, it is usual to reduce 
fdi Tulgar fractions whose cube root is required, into a decimal form, 
and to let them be so expressed that their denominators shall have a 
rational cube root. 

Prom (466) it may be seen that the only powers of 10 which have 
a rational cube root are the third, the sixth, the ninth, the twelfth, 
&C., and that the cube root of a number extending to the third 
decimal place has itself one decimal plaee ; that of a number extend- 
ing to the sixth has two places, &c. Hence, before extracting the 
root of a decimal fraction, it is necessary to place three times as many 
ciphers as there are figures required in the root, and that the num- 
ber of decimal places should always be a multiple of 3. ^ 

475. The method of erolying a root by approximation to any 
fraction required (449) is as applicable here as for the square root. 
For \o find the cube root of any number true as far as any given 

fraction, say ~, we may multiply the number by the cube of », extract 
n 

its root, and then divide this answer by n. I^ for example, it i^ 

required to find the cube root of 15 true to ^ the number 15 may 

taise the form — 12 or . Now as the nearest cube root of 

12' 12» 

25920 is 29, the root required is fj, or 2^!^. 

To find the cube root of 37ft true to ^. Multiply 37fj by 20'. 

^? X 20» = 489 X ^??» = »^%«'» = 300923^3. 
But 4/300923 = 67. Hence .^^ = g, or &7g nearly. 
In like manner the cube root of 47 true to ^ = 



V 



47 X 20* _ ., _ 



20» 
And the cube root of 232 true to ft = 



V 



191 X 13'_,7-2» 



8 X 13' 
Aud the cube root of 7 true to 3^3 = 

5' X 30' 



a/ 



H- 30 = {;;. 
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Questions are seldom giyen in this form, but the commoii method 
of treating all fractions as decimals is evidently founded on the same 
principle. Thus, if we are required to find 4^25 true to two places 
of decimals, this means that the answer is not to differ from the 
truth by so much as j^ we therefore multiply 25 by the cube of 100, 
when it becomes 25000000 ; the nearest root of this is 292 ; on 
dividing this by 100 we have 2*92 as the required answer. The 
process in principle is identical with the preceding. 






For -^25 true to ^^ = \/ ^^^^^ = n/25 X 100* -f- 100 



= 292 ~- 100 = 2-92. 



31415 X 100* 
100* 



In like manner i^3'1415 true to -^Jj = Ay 

^3141500 -f- 100 = 1*46. 
To EITBACT THE CUBS BOOT OP A UnTMBEB — 

RULE I. 

476. Place a point over the unit and over every tliii-d 
figure from it both ways. The number of points 
shows the number of figures in the root. 

Find the nearest cube root of the first period, set it 
down as the first figure of the root, subtract its 
cube from the first period and bring down the next 
period to the right of the remainder. 

Take three times the square of the first found figure, 
considered as a number of tens, and ascertain how 
many times it is contained in this new dividend. 
The quotient ^vill form the second figure of the root. 

Take three times the square of the first part -f- three 
times the product of the first and the second -f- the 
square of the second. Multiply this sum by the 
second figure of the root, and subtract the result. 

If more periods remain to be brought down, repeat 
the same process, considering that part of the root 
already found ai> a number of tens. 
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Example, — Extract the cube root of 7 to three decimal places. 

7 (1-912 



3 X 10» = 300 

3 X 10 X 9 = 270 

9"= 81 

651 X 9 

3 X 190* = 108300 
3 X 190 = 570 

r= 1 



108871 X 1 = 



3 X 1910" = 10944300 

3 X 1910 X 2 = 11460 

2'= 4 



10955764 X 2 = 



RULE n. 



6000 



6859 



141000 



108871 



32129000 



21911528 



10217472 



477. Proceed, as in the former rule, to find the first 
part of the root, and to find the second part by trial. 

To three times the first found figure annex the second ; 
multiply by the second, add this product to the 
trial divisor, and multiply the whole sum by the 
second figure of the root. 

To find the next trial divisor, add together the former 
complete divisor, the sum that completed it, and the 
square of the second part. 

Having thus found the third part of the root, add it to 
the right hand of three times the former parts; 
multiply this sum by the third part, add the result 
to the last trial divisor, and multiply by the third 
part. Proceed in the same manner with other 
parts. 



OhseriHiLion. — This is an abridged form of the same process as the 
last. The reuBon will be &m!Lj scon in the following example : — 



ji 
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JExample, — Find the cube root of 4822855. 



Ist Trial divisor 3 X 30* = 2700 

(a). (3 X 30 X 6) + 6' = _576 

3276 X 6 = 
36 

,2nd Trial divisor (J). 3 X 360* = 888800 
(c). (3 X 860 X 4) -f 4' = 4336 

393136 X 4 = 



48228550(36^ 

27 

21228 
19656 



1572550 



1572544 



6 



ExEECiSB CXXVin. 
Find the cube roots of the following numbers : — 

1. 32768; 1157-625; 247673152. 

2. 32461759; 78610563187; 5-088448. 

3. 1-29503; 4173;281; 135796744. 

4. 8108486729; 165795999168. 

5. 1-25; 3; 2197583; -4. 

6. 2599609375; 247791486041. 

7. 356-702522688 ; 219038133-952. 

8. 138-348848448; 51645087424. 

9. Find the cube root of | true to i^, and that of 31| true to ^ 

10. Find VJ true to ^, and v^ji true to ^. 

11. Find V"24| true to J5, and ^^273^ to 5^ 

12. Find the approximate cube root of the following numbers ii 
a decimal form : — 

(a). 729863; 527410; 6283-0542. 
(b). I; -68; -0654; 27-0298. 

(c). 17-4; 18036; 609-7; 62-875. 

13. The product of 3 equal numbers is 3189506048, what are they 



30 
3 



(3 X 30) 4 6 : 
{3-x 30 X 6) + 6» ="576 



6 



(fr). This number, 388800, is clearly 3 times tb 

square of 360, for it contaius 3 times the square of 3<] 

(270000) ; 6 times the product of 300 and of 60 (fc 

57600 is added in twice), together with three times th 

square of 60. 

(c) 360 

3 

(3 X 360) + 4 = 1U»4 
4 

(3 X 360 X 4) + 43 s 4336 



QUESTIONS ON INVOLUTION AND EVOLUTION. 267 

QuesHons on Involution and EvoUUion, 

Define the tenns power, root, involution, evolution, sqaare, cube, exponent. 
Give a reason why the product of two equal numbers should be called a square, 
and that of three such numbers a cube. When are quantities rational? when 
irrational ? Why are these terms applied ? What is a surd 7 

On what ftindamental axiom of arithmetic does Involution rest ? Emmdate in 
order the propositions relating to the squaiv of a number consisting of two parts. 
Give examples. Suppose a number consist of 1, of 4, of 12 parts, describe how 
its square is formed. By how much does the square of a number differ from the 
square of the number next above it? How is the square of a number related to the 
squares of its factors? 

How many digits will be contained in the square of a number containing two 
digits ? Why ? What use is made of this fact in extracting the square root ? What 
is tine product of the sum and difference of two numbers? What is the square of 
their difference ? By how much do the square of the sum, the sum of the squares, 
and the square of the difference of two numbers difRer from one another? How is 
the square of half a number related to that of the number itself? How is the square 
of half the sum of two numbers related to their product? 

How is the root of a fraction to be found? What is the most convenient 
form in which to extract such a root ? Explain the reason of each of the following 
poi-tions of the ordinary rule — pointing, making an even number of decimal places, 
doubling the part of the root, adding a new part, and multiplying by the new part. 
How may a root be obtained approximately ? Suppose accuracy be required aa far 

'as-, how may it be obtained? By what tests may you ascertain by inspection 
n 

whether a number is a perfect square? 

Describe the manner in which the third power of a number is made up. How 
do the cubes of any two consecutive numbers differ? In the extraction of the cube 
root, why should we point every third figure ? Give a reason for adding ciphers in 
the case of decimal fractions ; and for tripling the square of the first found part. 
Take the number 178614, extract its square and also its cube root, analyzing the 
process in each sum, so as to show the separate meaning of every line. 

Express in words the truths embodied in tiie following formulae : — 

(a + 6)« = (a + 6) a + (a + 6) l> = a» + 2a6 + 6» * . 

(a + 6 + c + d + *)■ = a» + 2a (d + c + d + e) + 6« + 26 (c + d + e) + 
c» + 2c Cd + «) + d" + 2d« + c* 

(a + &) (a - 6) = a* - 6*, and (a - 6)« = a* - 2a6 + h* 
^a+_6y _ a6 = (^)', (a + 1)« - a« = a + (a + 1) 

ahC^ = an*c\ (t\* = «", and ^ A= 'I'l 

(a + 6)» = o» + 3o«& + 3a6» + fe» 
abcd» = o»i>'t»d», and .V- = V^ 
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jS^amp20.— Find the cube root of 4822855. 



Ut Trial divisor 3 X SO* = 2700 

(a). (3 X 30 X 6) + e' = ^76 

3276 X 6 
36 

.2nd Triid dirisor (ft). 3 X 360» = 888800 
(c). (3 X 860 X 4) 4- 4' = 4336 

393136 X 4 = 



48228550(364 
27 

21228 
s= 19656 



1572550 



1572544 



EXEBCISB CXXVIII. 
Find the cube roots of the following numbers : — 

1. 32768; 1157-625; 247673152. 

2. 32461759; 78610563187; 6-088448. 

3. 1-29503; 4173-281; 135796744. 

4. 8108486729; 165795999168. 

5. 1-25; 3; 2197583; 4. 

6. 2599609375; 247791486041. 

7. 356-702522688 ; 219038133-952. 

8. 138-348848448 ; 51645087424. 
Find the cube root of ^ true to -jg^ and that of 31f true to ^. 

Find ii/ j true to j^, and ^/ii *™® *^ A* 



9. 

10. 

11. 
12. 



Find V24( true to ^, and ^/273i to ^. 

Find the approximate cube root of the following numbers in 
a decimal form : — 

(a). 729863; 527410; 6283*0542. 
(b). ii -68; -0654; 270298; 

(c). 17-4; 18-0*36; 509*7; 62*875. 
13. The product of 3 equal numbers is 8189506048, what are thej? 



30 
3 



(a) 
(3 X 30) 4 6 = 

(3 X 30 X 6) + 6« = 676 



6 



(fr). This number, 388800, is eleariy 3 times the 

square of 360, for it contaius 3 times the square of 300 

(270000); 6 times the product of 300 and of 60 (for 

57600 is added in twice), together with three times the 

square of 60. 

(c) 360 

3 

(3 K 360) + 4 = 1U»4 

4 

(3 X 350 x\)->t 4? »"^t^ 
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QuggHonf on Involution and SvoUUion, 

Define fhe tenns povtr, root, involation« evolution, square, cube, exponent. 
Give a reason whj the prodoct of two equal nombers should be called a sqnare, 
and that of three each numbers a cube. When are quantities rational? when 
irrational ? Why are these terms applied ? What is a surd 7 

On what ftmdamental axiom of arithmetie does Involution rest ? Enunciate in 
order the propositious relating to the square of a number consisting of two parts. 
Give examples. Suppose a niunber consist of 1, of 4, of 12 parts, desoibe how 
its square is fonned. By how much does the square of a number differ from the 
square of the number next above it? How is the square of a number related to the 
squares of its factors ? 

How many digits will be contained in the square of a number eontaining two 
digits? Why? What use is made of this Act in extracting the square root? What 
is the product of the sum and difference of two numbers? What is the square of 
their difference ? By how much do the square of the sum, the sum of the squares, 
and the square of the difference of two numbers difRsr firom one another? How is 
the square of half a number related to that of the numbOTitsrif? How is the square 
of half the sum of two numbers related to their product ? 

How is the root of a fraction to be found? What is the most convenient 
form in which to extraet such a root ? Explain the reason of each of the following 
portions of the ordinary rule— pointing, mating an even number of deeimal places, 
doubling the part of the root, adding a new part, and multiplying by the new part. 
How may a root be obtained apinroximately ? Suppose accuracy be required as far 

'as-, how may it be obtained? By what tests may yon ascertain by inspection 
n 

whether a number is a perfect square ? 

Describe the manner in which the third power of a number is made up. How 
do the cubes of any two consecntive nnmbers differ ? In the extraction of tiie cube 
root, why should we point every third figure ? Give a reason for adding ciphers in 
the case of decimal fractions : and for tripling the square of the first found part. 
Take the number 178614, extract its square and also its cube root, analyzing the 
process in each sum, so as to show the separate meaning of every line. 

Express in words the truths embodied in the following formuls ; — 

{a+b)* z={a + b)a + {a + b)b = a* + 2ab + b* 

(a + 6 + c + d + e)«=a« + 2a(d+c + rf + «)+d« + S6(c + d+e) + 
c' +2c{d + e) + d* + 2de + e* 

{a + b){a- b)=za* ^ b*, and (a - &)• = a* - Soft + b* 
(^y - aft = (lzJ:y , (a+l)«-«» = a + (a + l) 

abe' = a*b*e\ /"^V =~ , and ^ /* = -^ 

(a + b)* = a» + Za*b + Sab* + b* 

abed* = a»6»t»d», and */- = ^^ 
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APPLICATION OF ARITHMETIC TO GEOME- 
TRICAL MEASUREMENTS. 

478. Many of the preceding rules are employed in the 
measurement of lines, surfaces, and solids. 

Greometry investigates the proportions subsisting among 
the lines by which regular plane and solid figures are con- 
tained, and shows how those lines determine the magnitude 
of the figures themselves. 

479. Every practical rule of mensuration is based upon some 
theorem of geometry, and arithmetic can only be applied to this 
purpose when we take for granted the truth of some such theorem. 
The following are among the most important of these^ with their 
{practical applications : — 

480. /. Every parallelogram, whatever he its form, U eqwd 
in area to a rectangle having an equal base and perpendicular 
altitude to itself. (Euclid i., 36.) 

The area of every triangle is half of that of a parallelogram 
having the same base and altitude as itself (Euclid i., 41.) 

Parallelograms are to one another in a ratio compounded of 
their bases and altitudes. (Euclid, Book vi., 1, corollary.) 

481. Hence, To find the area of a parallelogram — 
Multiply the number of linear units in the base by 

the number of linear units in the altitude. 
And, To FIND the area of a triangle — 

Find the area of a parallelogram having the same base 
and altitude, and divide the result by 2. 

482. The foot is generally taken as the standard of linear measure 
by artizans, and the square foot is the principal superficial unit. 
Each of these units is subdivided into twelfths, twelfths of twelfths, 
&c. Ilence the ordinary method of making such calculations is 
called duodecimal.* The two subdivisions are as follows : — 

1 foot = 12 primes or inches = 144 seconds = 1728 tliirds, &c. 
1 si]. foot = 12 primes = 144 seconds or inches = 1728 thirds, &c. 

* From Lutiii dttodecim, twelve, <»r 2 {duo) + 10 [decern). 



GEOMETRICAL MEASUREMENTS. 269 

The prime, or twelfth of a linear foot, is a linear inch, but tho 
second, or 144th of a square foot, is a square or superficial inch, tho 
priino or twelfth of a square foot containing 12 square inches. 

483. It is usual to express these subdivisions by accents, thus : — 

7 feet 6' 3" 2'" 8"" = 7 + - + 1. + ~ + ~ feet. 

12 IZ' 12* 12* 

Now because a rectangular area 1 foot long and 1 foot wide is a 

square foot — 

.', Feet multiplied by feet give square feet. 

And because such ah area 1 foot long and 1 inch wide contains 
12 square inches — 

/, Feet multiplied hy inches give superficial primes. 

And because sucH an area 1 mch long and 1 wide is a square mch— 

.*, Inches multiplied hy inches give superficial seconds. 

And because such an area 1 inch long and 1 second wide contauis 
one-twelfth of a square inch — 

.*. Inches multiplied hy seconds give superficial thirds. 

And in the same manner it may be seen that — 

Feet multiplied hy seconds give superficial seconds or square inches. 

Seconds multiplied hu seconds, or ) . n - i j* ax 

Inches multipLd hy thirds ...... J^*"^ superficial fowrth^, 

Example Z— Fmd the area of a floor 17 feet 2' 6" by 11 feet 8' 9". 
ft. in. sec. 



17 


2 


6 




11 


8 


9 




189 


3 


6 




11 


5 


8 





1 





10 


10'" ( 



= 189 4- A + T« = (X^ 2' 6") X 11 
= 11 4- A + ^h = (17 2' 6") X 8' 
_6"" = 1 + il + ,i^g + io^as = (17 2' 6") X 9" 
211 10' 0" 10'" 6"" 

Example II, — What surface is contained by a triangle whose base 
is 18 feet 9 inches, and perpendicular height 14 foot 7 inches ? 
ft. in. 



18 
14 


9 

7 


262 
10 


6' 
11' 3" 


2)273 


5' 3" 



= (18 9') X 14 

= (18 9') X 7' [base and altitude 
= area of rectangle having the same 
Square foot,~13G 8' 7" 6'" = area of triangle. m 
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484). When the fractions of a foot, givon in the question, can be 
easily expressed in decimals, the area can be fonnd more readily 
than by this method. 

Example III. — Find the area of a surface measuring 7 feet 6 

inches by 11 feet 9 inches. 

Decimal method. 

11-75 
75 

5875 
8225 

88125 = 88^j feet. 
88 1' 6" = 88x^84 feet. 

485. As cost of paying, flooring, or tiling is usually calculated at 
a certain rate per yard or foot, it is generally convenient, when the 
question refers to price, to reduce the whole of the dimensions to 
one denomination, and represent them all as fractions of a foot. 

JSxample IV, — What would be the cost of carpeting a room 32 feet 
6 inches, long and 23 feet 9 inches wide, at 5s. 6d. per square yard ? 

I, By Ordinary Fractions. 11. DuodecimaHy, 
32i X 23f feet ft. in. sec. 

= (¥ X ^) square feet 32 6 

= 7713 X J = square yards 



Duodecimal method. 




ft. 


in. 










7 


6 










11 


9 










82 


6 




= (7 


6') X 
60 X 


11 


5 


7 


6" 


= (7 


9' 



23 9 



747 6 

= 85f5 square yards 24 4 6 

(85f5 X 5^)s. = cost of carpeting „ 9)771 10 6 

= £23 1l8.8id. Square yards, 85 9 8 



85 at 5b. 6d. = £23 7 6 

ft 

3 

T« 



*- =04 li 



^ = Of 



\ 



£23 11 8i 

EXEECISE CXXIX. 

1. Find the area of a rectangle 2 ft. 6' 8' by 17 ft. 8' IC, and 
of one 3 ft. 4' 7" by 1 ft. 9' 11". 

2. Find the area of a rectangle 36 ft. T 11" by 9 ft. 8' 3", and 
of one 20 ft. 8' by 15 ft. 0' 10". 

3. Find the area of a rectangle 111 ft. 1' 5" by 14 ft. 7', and of 
one 10 it. & 1" &" by 35 ft. 8' 10". 
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4. Find the area of a rectangle 7 ft. 6' 9" by 13 ft. Sf 14" 7'", 
and of one 20*72 feet by 1871 inches. 

5. Find the area of a rectangle 17*25 feet by 6*231 yards, and of 
one 238*19 feet by 61*518 feet. 

6. Find the area of a rectangle 72i feet by 561 feet, and of one 
86x\j feet by 75t feet. 

7. What is the area of a triangle whose base is 14*672 feet and 
perpendicular height 11*98 feet ? 

8. What is the area of a triangle whose base is 3*08 feet and 
perpendicular height 6*589 feet ? 

9. What b the area of a triangle whose base is 5*27 yards and 
perpendicular height 3*896 ? 

10. What is the area of a triangle whose base is 37 ft. 6' 11" and 
perpendicular height 17 ft. 8' 3" ? 

11. What is the length of a room containing 47 square yards of 
flooring and whose breadth is 18 ft. b'? 

12. How wide is a rectangle containing 156 ft. 8' if its length be 
17 ft. 9' 4" ? 

13. How wide is a room containing 392 square ft. 5' 8" if its 
length be 23 ft. 8 in. 

14. An area is 250| feet, its length l7i feet ; find the breadth* 

15. What length of carpet f of a yard wide will cover a floor 6^ 
yards long by 5i wide ? 

16. 69 yards of carpet f of a yard wide cover a room lOi yards 
long ; how wide is the room ? 

17. How much cloth will cover a room whose length is* 12 feet 6 
inches and breadth 2 feet 9 inches, and what would it cost at 5s. 6d. 
per square yard ? 

18. How many square feet in a floor whose length is 10^ yards 
and breadth 5 J, the price of paving being 28. per square foot ? 

19. How many square feet of paper will cover the walls of a room 
20 ft. 10 inches long, 16 feet broad, and 10 feet 8 inches high ? 

20. What will remain out of 393 square feet of carpeting after 
covering a floor 23 feet 8 inches by 16 feet 7 inches ? 

21. Find the cost of coyenng a room 23f feet long by 16i wide, 
at 2s. 9d. per square yard. 

22. What is the cost of carpeting a room 16]^ feet square, at 
4s. lOid. per yard, if the carpeting be 2 feet wide ? 
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23. WLat length of carpet } yard wide will oorer a room 42 feet 
5 inches long by 31 J wide? 

24. Compare the magnitudea of two triangles, the one baring a 
baee 17^ and an altitude 13^, and the other having a base 20^ and 
an altitude 11|. 

25. Compare the magnitude of a parallelogram 25 ft. 6' by 17 ft. 
T with that of a square on a line 23*67 feet long. 

26. Compare the magnitudes of two reetang^ one of which is 
17 ft. 8' T by 23 ft. 5', and the other 11 ft. 6' by 27 ft. T 11". 

27. Find the diilerencc between 27 sq. feet and 27 feet square. 

28. Find the price of a rectangular piece of ground 52 feet 8 
inches by 34 feet 9 inches, at 25s. per square foot. 

29. IIow broad is a yard 36 feet 6 inches long, when the cost of 
paving it is £12 6s. 6id., at Ss. 3d. per square ywd? 

30. Find the cost of paving a yard 3 feet 10 inches broad and 
12 foct 11 inches long, at Is. Id. per square foot. 

486. //. The square described on the greatest side of a 
right angled triangle is equal to the sum of tJie squares 
described upon tJie other two, (Euclid i., 47.) 

To rilTD A SIDB OP A BIGHT AITGLED TBIAKOLE — 

487. The number representing the linear units in the 
hypotheneuse equals the square root of the sum of the 
second powers of the number of linear imits in the other 
two sides. 

EXEECISE CXXX. 

1. Find the hypotheneuse of a right angled triangle whose sides 
are 15 and 7, and of another whose sides are 9 and 16. 

2. The two sides of a right angled triangle are 120'5 and 83 ; by 
how much does the hypotheneuse exceed the greater of those sides ? 

3. K the liypotlicneuse be 26, and one side 9, what is the other ? 
If the hypotheneuse bo 153, and the base 64, what is the altitude ? 

4. The foot of a ladder 30 feet bng is 14 feet feom a house, 
and its top reaches the upper part of a window ; when it is drawn 
away to a distance of 17 feet, the top reaches the lower edge of the 
window; how high is the window ? 
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6. How long should a rod be which joins the extremities of two 
walls, of which one is 13 feet and the other 6 feet, if the two walls 
meet at a right angle ? 

6. Find the diagonals of 3 squares whose sides respectively are 
14, 20-6, and 33 feet in length. 

7. What are the sides of three squares whose diagonals are re- 
spectively 25, 57*6, and 85*4 feet in length ? 

8. By how much does the square described on a line 5*73 
inches long exceed one on<a line of half the length ? 

9. What is the length of the side of a square piece of ground 
equal in area to a rectangle containing 4970'25 square yards ? 

10. If a rectangle contains 14723 square yards, and one side 
measures 506 yards, what is the length of the diagonal ? 

11. By how much does the square described upon the diagonal 
of a square exceed the square itself? 

12. A rectangle has for one side a line 25 feet, and for another 
a line 9*9 yards long. Compare the magnitudes of these squares 
described on the two sides, and the diagonals respectively. 

13. If two vessels sail fi*om the |ame port, the one l7i leagues 
due east, and the other 41 '6 leagues due north, how far will they 
be apart ? 

14. If a ladder 80 feet long be so placed as to reach a window 40 
feet high on one side of the street, and 30 feet high on the other, 
how wide is the street. 

15. What are the sides of two squares whose areas are 5083*6 
inches and 17'8 feet respectively. ' ' . 

488. IIL The ratio of the diameter to the drcrnnferefnce of 
every circle is nearly that oflto 3*14159.* 

• This may be proved in two ways: — 1. As a deduction from the formuIsB in 
analytical trigonometry, which give a numerical equivalent in terms of the radius, 
for the sine of an angle so small that the arc does not appreciably differ from the 
sine itself: and, 2, By actual measurement On unroUing the circumference of a 
circle, or finding a straight line of the same length, it is found impossible to express 
precisely the relation between this line and the diameter. But if the diameter con- 
tain 10 parts the circumference is observed to contain rather more than 31 such 
parts : if the diameter be 100, the circumference mther exceeds 314 ; if the diameter 
he 1000 the circmnference is 3141 ; if the diameter has 100000 pai-ts the circumference 
iuLS 314159, &c. ; each is a nearer approximation to the truth tlion it? predecessixr^ 
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489. To PIND EITTrBR THE CIROUMPKUENCE OB BTAVETEB Of A 
CIRCLE WHEW TUE OTHER IS KVOWS — 

Multiply the diameter by 3'14159 to find the circum- 
ference, or divide the circumference by 3*14159 to find the 
diameter. 

Exercise CXXXT. 

1. Find the circumferences of circles whose diameters measure 
17, 53-6, 247, and 10*9 feet respectively. 

2. Find the diameters of circles whose circnmferenoes measmre 
154, 208*6, and 4058 feet respectiyely. 

3. The length of ^ of the earth's circumference is about 6^ 
miles ; what is the earth's diameter ? 

4. What is the diameter of a circle whose semi-circumference 
is 54 yards ? 

5. Find the length of the French unit of length (a metre) , which 
is a ten-miUionth part of the distance from the equator to the pole, 
on the supposition that the diameter of the earth is 7912 miles. 

6. How many degrees are there in an arc whose length is 73*5, 
radius 115-6? 

7. Find the radius of a circle whose circumference is equal to i 
of a nule. 

8. Find the length of the quadrant of a circle, one-fourth of 
whose radius is 9*75 yards. i 

9. Find the number of degrees in an arc, whose length is ^ the 
circumference, when f the radius is 76*25 feet. 

10. If the semi-circumference of a circle, whose radius is 98*5 
feet, is equal in length to the quadrant of .another, what is the 
diameter of this last ? 

11. What is the length of the arc of a circle whose radius is 24 ft. 
6 in., and which contains the same number of d^rees as the arc of 
another circle whose length is 5 ft. 4 in., to radius 9*12 fi. ? 

12. What is the number of degrees in the arc of a circle whose 
diameter is 79 ft. 10 in., aad which is equal in length to the arc of 
another circle containing 26° 4' 13', to a diameter of 98 ft. 8 in. ? 

bat the two lines are incommensurable however far the eomparison be canied. The 
following number expresses the truth as far as to 35 decimal places : — 

3'14]$0265358979923816264338327950388. 
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490. IV. The areas of circles are to one another as the 
squares of their diameters. 

The area of every circle is equal to that of a rectangle whose 

base is the radius and wJiose altitude is equal to one-half of 

the length of the circumference ; or it is equal to that of a 

rectangle whose base is the diameter , and wJiose altitude is one- 

fourth of the circumference.* 

491. To PIND THE AEBA OP A CIBCLE — 

Multiply the square of the radius by 3 '14 159, or multi- 
ply the square of the diameter by •7854.t 

EXEBCISE CXXXII. 

1. Find the areas of three circles whose radii are 7, 8, and 9 
respectively. 

2. Find the areas of three circles whose diameters are 75, 80*5, 
and 7*19 respectively. 

3. If the radius of a circle be 8'5 feet, find the side of a square 
which shall have the same area. 

4. What is the radius of a circular field containing 2i acres ? 

5. Compare the magnitudes of three circular plots of ground 
whose radii are 17, 18, and 19 respectively. 

6. The diameters of two concentric circles are 173 and 191 '6 
feet ; find the space included between the two circumferences. 

7. What is the area of a gravel walk round a circular grass plot 
whose radius is 23 ft., the width of the walk being 5 it. 6 in. P 

8. What is the ai«a of a path round a circular flower bed whose 
diameter is 11-72 feet, the width of the path being 3 ft. 8 in. ? 

9. The area of the space occupied by a circular tower is 687 
yards, the area of a moat round it is 1280 yards; what is the width 
of the moat in feet ? 

10. A man wishing to find the number of acres covered by a cir- 
cular pond, walked round it at the rate of 3^ miles an hour, and 
found that it took him 2^ hours to complete the journey j required 
the area of the ppnd. 

• These propositions are readily Jeducible from Euclid, Book vi., prop. 20. 
+ -7864 = a-Ul.'iQ + 4. 
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11. How many acres arc there in a circular field, the cost of 
planting a hedge round it being £72 10s., at 2s. 4d. per yard ? 

12. I haTe purchased a curcular field for £690 128. 6d., at £65 
per acre ; what will be the cost of digging a ditch round it at 5d. 
per yard, and of dividing it into two equal parts by a wall which will 
cost 4s. 9d. per yard in building ? 

13. Twelve persons can sit round a circular table, allowing 22 
inches for each ; what will be the price of a cloth to cover it, and 
extend 1 foot over the edge all round, at 2s. 6d. per square yard ? 

492. F. The product of the numbers representing the three 

dimensions of a rectangular solid, or parallelepiped, represents 

the number of cubic units in the solid itself* 

493. To PDTD THE CtTBIC CONTENTS OP A FABAUiEIiOPIFED — 

Find the continued product of the numbers representing 
the length, breadth, and thickness of the solid. 

494. It is usual to employ the duodecimal method described in 
(482) to express the solid contents ; a cubic foot being divided into 
primes^ seconds, thirds^ &c. Only here it must be remembered that 
whereas a lineal prime, or •/} of a foot, is a lineal inch ; a superficial 
second, or ^l^, is a superficial inch ; so a cubical third, or -p^, is a 
cubic inch. 

Example. — How many cubic feet and inches are there in a solid 

whose breadth is 9 ft. 3 in., length 11 ft. 6 in., and height 3 ft. 2 in. ? 

* ft. in. 

9 3 
11 5 



square feet 105 7' 3" = Superficial content of one 

side of the solid 



cubic feet 334 4' 11" 6"' = SoKd content of the whole 

12 figure 

Reducing the primes "^ -^, 



101 9 




3 10 


3 


105 r 


3" 


3 2 




316 9 


9 


17 7 


2 6 



& seconds to thirds > , „ 

or cubical inches, j --- 



714'" Ans. 334 cubic ft. 714 cubic in. 
• See note ante, p. 235. 
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EXBEOISB CXXXIII. 

1. What arc the solid contents of a rectangular mass, 15 ft. 6 in. 
long, 18 ft. 5 in. wide, and 23*5 ft. thick ? 

2. Find the content of a block of stonelT ft. 9 in. long, 14 ft. 
3 in. broad, and 5 ft. 6 in. thick ; and its price at 4d. per cubic foot. 

3. The weight of the cubic foot of water is about 1000 ounces ; 
what weight of water will fill a cistern 4 ft. 6 in. long, 3 ft. broad, 
and 4 ft. 3 in. deep ? 

4. What will be the cost of a marble block 37 ft. 8 in. long, 8 ft. 
broad, and 6 ft. 6 in. thick, at 5d. 6d. per solid foot ? 

5. If a brick be 9 in. long, 4 in. wide, and 3 in. thick, how many 
will bo required for a waU 1 foot 10 in. thick, 100 yards long, and 
4^ yards high ? 

6. The weight of a cubic foot of Portland stone is 156 lbs. ; find 
the weight of a block 7 ft. long, 3 ft. 9 in. broad, and 2 ft. 1 in. thick. 

7. The weight of a cubic foot of oak is 68 lbs. ; what is the 
weight of 3 beams, each being 12 ft. 6 in. long, 2 ft. 3 iu. broad, and 
1 ft. 6 in. thick ? 

8. Gold sells at £3 178. 6d. per oz. ; what is the value of a bar 
6 in. long, and li in. in breadth and thickness, a cubic inch weigh- 
ing 131 oz. ? 

9. What is the cost of a marble slab, 6 ft. 3 in. long, 2 ft, 8 in. 
broad, 4 in. thick, at 14s. 6d. per cubic foot ? What is the weight of 
the slab, one cubic foot weighing 170 lbs. ? 

495. F/. Spheres are to one another as the cubes of their 
diameters. The cubic content of a cylinder equals tJiat of a 
rectangular solid having the same altitude, and whose base is 
equal to the area of the circle. 

The cubic content of a sphere is two-thirds of a cylinder 
having the same diameter and altitude. 

The cubic content of a cone is one-third of a cylinder having 
the same diameter and altitude.* 

* These propositions are all demonstrated in any ordinarj' treatise on solid geo- 
metry; we do not quote the number of the propositions as they stand in Euclid 
because tliut part of bis " Elements" which refers to this subject is seldom used. 

U 



278 THE SCIENCB OF ARITHMETIC. 

496. To FTSB THE CONTENT OF A PARiMJtLOFIFSD, A PBISM, OB 
A CTLINDEB— 

Multiply the number representing the area of the base 
by the number of linear units in the altitude. 

497. To FIND THE CONTENT OF A CONE — 

Multiply the area of the base by one-third of the 
altitude. 

498. To FIND THE SOLIDITY OF A SPHEEE — 

* Multiply the cube of the radius by 4*18879. 

ExEBcisB cxxxrv. 

1. How many cubic inches are there in two spheres whose dia- 
meters are 17'725 ft. and 2*1 feet respectively ? 

2. The circumference of a sphere is 125^ yards ; find its solidity, 
also that of another sphere whose circumference is 24900 miles. 

3. The radius of the base of a cylinder is 56 ft. 8 in., and the 
height is half the circumference ; required the soUdity. 

4. The length of a cylinder is 127^ ft., and the radius 13f ft. j 
what is the solidity ? 

5. What is the solidity of a cylinder whose length is 72*25 ft., 
and the circumference i the length ? 

6. Eequired the cubic contents of a cylinder, having a length of 
174*2 ft., and the circumference 17*42 ft. 

7. The length of a hollow roller is 4 ft., exterior diameter 2 ft., 
and the thickness of the metal f of an inch ; determine its solidity. 

8. If a cylinder, whose lengthi s 13 ft. 4 in., contains 1728 cubic 
feet, what length must bo cut off, so that it may contain ^ that 
number of cubic feet ? 

9. If a cylinder contains 692*5 cubic feet, its length being 74*25 
ft., how long must it be to contain 138*5 cubic feet ? 

10. The diameter of a cone is 17 ft. 9 in., the perpendicular 
height twice the circumference; required the solidity. 

11. Required the solidity of a cone whose perpendicular height 
is 25 ft. 11 in., and the diameter 2 ft. 7 in. 

12. The circumference of a cone is 25 ft., and the height four 
times the radius ; required the solidity. 

♦ 4-18879 m I of 6-28318 which is the ratio of circumference to radius. 
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PROGRESSION AND LOGARITHMS. 

499. Any set or series of numbers of which each is re- 
lated to its successor according to some fixed law is said to 
be in Progression. 

SECTION I. — PROGRESSION BY EQUAL DIFFERENCE, OR ARITHME- 
TICAL PROGRESSION. 

500. When any set or series of numbers is so arranged 
that each differs from that which precedes it by the same 
number, they are said to form an Equi-different or Arith- 
metical Progression, 

The number by which they differ is called the Common 
Difference. 
Let there be two sets of numbers — 
I. 5 8 11 14 17 20 23 26 29 • • • 
IL 55 50 46 40 35 30 25 20 10 • • • 

In (I.) each number exceeds that which is before it by the constant 
difference 3. In (II.) each number is less than that which precedes it 
bj the common difference 5. The former is an example of ascend- 
ing and the other of descending progression. 

501. In -an ascending progression the second term equals 

the firsty plus the common difference; the third equals the firsts 

plus twice the common difference ; and generally^ any term in 

the series is made up of the first term, plus the common differ- 

ence multiplied by the number of terms before it. 

Observation. — If the word mintts be substituted for plus through- 
out this proposition, it will obyiously be true for all cases of descend- 
ing progression. 

502. Demonstrative Example, — ^If 3 be the first term, and 4 the 
common difference, then — 

The second term s= 3 + 4 
The fifth term =3 |- (4 X 4) 

The ninth term = 3 -f (4 X 8) 
The hundredth term = 3 -\- (4> x 99). 
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503. Suppose a, 6, i, o, u are in ascending progression^ and that 
d be their common difference, 

Then e=.a -^ d 

is=e-\-d=:a-\- d -\- d =z a -\- 2d 
o = i -\- d =za-\-2d-\-d=^a-\-Sd 
u=:o-^d = a-\-^d-^d=.a-^ 4id, 

If « be the number which denotes the place of a term, 
then (« — 1) denotes how many terms stand before it. 

General Formula. — Let a =: first term, and d = common differ- 
ence; «th term = a + (n — 1) d. 

If the progression be descending, then we should haye — 
e zz. a — d 

izze — dzza— d -- d r= a '- 2d] 
o=i — d=^a'—2d — d=za — dd 
and hence nth term := a — (n — 1) d. 

504. To FIKD ANY GIVEN TEBM OTf AK ABITHHETICAL PBOOBES- 
SION — 

RULE. 

Multiply the common difference by the number of 
terms miniLS one, add this product to the first term 
if the progression be ascending, and subtract it from 
the first term if the progression be descending. 

• 

Exercise CXXXV. 
Find what the following terms are : — 

Example. — ^Find the 21st term of a progression whose first term 
is 5, and whose common difference is 8. 

Here 21st term = 5 -f (20 X 8) = 165. 

1. First term 7, common difference 8 ; find the 9th term. 

2. First term 6, common difference 12 ; find the 20th term. 

3. First term 7, common difference 3 ; find the 12th term. 

4. First term 3, common difference 2 ; find the 24th term. 

5. First term 5, common difference 4 ; find the lOOth term. 

6. First term 6, common difference 8 ; find the 23rd term. 

7. First term 11, common difference 2 ; find the 15th term. 

8. First term 14, common difference 3 ; find the 23rd t-erm. 
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9. First tenn 7, oommon difference 9 ; find the 11th term. 

10. First term 1, common difference Hi ; find the 5th term. 

11. First term 20, second 17 ; find the 5th term. 

12. First term 100, second 94 ; find the 7th term. 
18. First term 53, second 51 ; find the 20th term. 

14. First term 83, second 32^ ; find the 14th temu 

15. First term 45, second 41*25 ; find the 6th term. 

505. A method is easily deduced from this by which we may in- 
sert any nmnber of terms between two nmnbers, so that the whole 
shall form an equi-different series. Terms thus Inserted are called 
differential or arithmetical means. 

For since the last term contains the first -\- the product of the 
common difference into the number of terms minus one, 

506. To INSEBT ANY KTTMBEB OF ABIIHMEIICAL OB SIPTEBEK- 
TIAL MEANS BETWEEN TWO NITKBEBS — 

RULE. 

Subtract the less from the greater, and divide the re- 
mainder by the total number of the terms required 
to be inserted, plus one. This will give the common 
difference. 

Example, — ^Insert 9 differential means between 8 and 53. 
Here, because there are in all 11 terms, 53 or the last term consists 
of the first term, plus 10 times the common difference. 
.53-3 



10 



= 5 = the common difference. 



/. 3 -f- 5 = 2nd term, 3 -f 2 X 5 = the 3rd term, and the other 
terms proceed in the same order. 

ExEECiSB CXXXYI. 

1. Insert 15 differential means between 5 and 37. 

2. Insert 3 differential means between 8 and 86. 

3. Insert 16 differential means between 5 and 56. 

4. Insert 8 differential means between 6 and 600. 

507. If in a progression any two nuTnhers he takeuy equally 
distant from a third, their sum equals twice the thxrd. 

r2 
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This is shown in (54), for if in the following series — 
6, 11, 16, 21, 26, 31, 36, 41, 46, 
any one number, as 21, be taken, it is evident that this added to 
itself will equal the sum of 16 and 26, or of 11 and 31, or of 6 and 
36, each of these pairs consisting of two numbers equally distant 
from 21, and one of each pair being as much less as the other is 
greater than the central figure. 

The number thus between the other two is their arithmetical 

mean or their average. 

508. Observation. — The term average is also applied in oases when 
three, four, or many numbers are concerned. Thus, if there be 3 
unequal numbers and we add them together and take one-third of 
the sum, we find their average. So if tfiere be 7 unequal numbers, 
and we divide their sum by 7, we discover what 7 equal numbers 
would amount to the same sum, and any one of them is the average 
of the whole. 

To PIKD THE AEITHMETICAL MEAK OB AVEEAGB OP NUMBEES — 

RULE. 

Add them together, and divide their sum by the 
number of terms. 

Example. — What is the arithmetical mean of 34 and 80 ? 

Ilere — — — = 67 = the arithmetical mean. 
2 

And 34, 57, and 80 form an arithmetical or equi-difTerent pro- 
gression. 

Exercise CXXXVIT. 
(a). Find the arithmetical means of the following pairs of num- 
bers : — 

1. 72 and 36 J 45 and 69; 83 and 57; 111 and 127. 

2. 38 and 64 ; 25 and 135 ; 41 and 93 ; 61 and 85. 

3. 100-2 and 7*8 ; 6*5 and 114-5 ; 84 and 1126. 

4. land 1-25; J and {J; J? and a^p 

5. 41and6h 27Jand35A; 18-6 and 35-4. 

(b). Find the average in the following sets of numbers : — 
1. 18, 19, and 20 ; 15, 18, and 21 ; 23, 27, and 32. 
2. ' 4, 5, 0, and 7 ; 8, 9, 10, and 11 ; 17, 23, 25, and 26. 

3. 11, 25, 8, and 12 ; 4, 11, 13, and 8 ; 25, 10, 33, and 44. 

4. 79, 80, 53, and 12-5 ; 79, 99, and 89 ; G-25, 31, and 47. 
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509, In every arithmetical progression, the sum of any two 

terms at equal distance from the two extremes^ equals the sum 

of the two extremes. 

Demonstrative Example I. — 

2, 5, 8, 11, 14, 17, 20, 23, 26, 29, 32, 35. 
Here it foUows from (55) that 2 + 35 = 5 + 32 = 8 + 29 = 
11 + 26 = 14 + 23 = 17 + 20. 

General Formula, — If a, i, c, d, e,/, ^ be in arithmetical ppogrea- 



sion. 



Then a + ^ = J +/= c + c = 2<?. 

Thus (55) every such series may be resolved into a number of 
pairs or couples, each having the same sum. And since the number 
of such pairs must always be half the number of terms, it follows 
that the sum of any two which form a pair, repeated as many times 
as there are pairs in the series, will give the sum of all the numbers in 
the series. 

Demonstrative Example II, — 

Let the series be 3, 7, 11, 15 35, 39, 43, 47, 

Then placing these numbers 

in the reverse order, 47, 43, 39, 35 15, 11, 7, 3. 

It is evident that the sum of every pair in the vertical lines is the 

same. Let the progression be of a, i, c a?, y, « 

any length, let the imknown sum 

be denoted by S, and let » repre-. 2, y, a? c, ft, a 

sent the number of terms. If now we write the same set of terms 
in the iieverse order, the sum of the two series will be 2 S. But 
because (509) a -\- z=zb -\- y z=. c -\- x it follows that — 

2 S = a + a taken as many times as there are terms. 

Or 2 S = (a + 2) ». 

And if we divide both by 2, then S = i±±Aj^, 

^ 2 

General Formula. — ^If a = first term, z = the last term, and n 
the number of terms j 

Then Sum of n terms =: (a + «) X — 

But since (502) z=ia-\-n — Id when d is the difierence. 

Sum of n terms = (a + a + « — 1 d) - = (2a + » — 1 <Q - . 

^ 2 ^ 
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610. To FIBD THE SUM OP AK XQUI-PIPPEBXHT fiEBIE8— 

RULE. 

Find the last term by (504). Add the first and last 
terms together, and multiply by half the number of 
terms. 

511. Obsenaiwu, — ^Bividing the sum of the first and last temiB 
by 2 gives ns the average of the whole series; and » times the 
ayerage is evidently the same as the sum of n unequal numbers. 

Example, — ^What is the sum of 25 terms of the progression 
2,7,12? 

Here by (501) the 25th term = 2 + 5 X 24 = 122. 

2 2 

EzEBCiSE CXXXYIIL 
Sum the following series : — 

1. 8, 9, 15, to 13 terms ; and 1, 9, 17, to 100 terms. 

2. 8, 15, 22, to 12 terms $ and 1, 3, 5, to 25 terms. 

3. 4,7, 10, to 23 terms; and 12, 17, 22, to 86 terms. 

4. 1, li, 2, to 18 terms ; and 5, 5^, 5f , to 21 terms. 

6. 6, 6*25, 6'5, to 30 terms ; and 11, 13*7, 15*4, to 15 terms. 

6. 116, 108, 100, to 10 terms ; and 270, 260, 250, to 11 terms. 

7. i^ 1, If, to 8 terms ; 6, &i, 5, to 25 terms. 

& 89, 35i, 32, to 20 terms ; and 1, J, 2, to 12 terms. 

9. How many times does the hammer of a clock strike in a week P 

10. What debt can be discharged in 2 years by monthly pay- 
ments, at 6d. the first month and 8d. additional in each succeeding 
month ? 

11. A man travels 5 miles on one day, 8 the next, 11 the next, 
increasing his journey regularly at the same rate ; in how many days 
will he travel 735 mfles ? 

12. Add together aU the nimibers from 3 to 5000, both included. 

13. A man receives a regular increase of 9d. a week in wages ; if 
he begin at 10s. what will he earn a year and a half hence? 

14. A fsdling body descends 16*1 feet in the first second, 48*3 in 
tl:e second, and 80*5 in the third; how iar would it fidl in the 
Bcvcnteeuth second of ita descent ? 
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512. The sum of the series of odd numbers, beginning with 
unity y and carried to any given numbei* ofterrns, always equals 
the square of that number. 

Demonstrative Example. — Let it be required to find the, sum of 
20 terms of the series 1, 3, 5, &c. 

Here by (503) the 20th term = 1 + 19 X 2 = 39. 
And by (510) Sum = \_±J^ x, 20. 

But \±^ = 20. .-. Sum = 20 X 20 = 400. 
2 

In the same manner it might be shown that in this series the sum 

of 27 terms = 27* ; the sum of 100 terms will bo 100', &o.* 

General Formula. — If a = 1 and c2 = 2, 
Then Sum = (2 + (n - 1) 2) . ^ (2_+2_»^-2)ji ^ ^. 

2 . 2 

513. Corollary. — If there he any arithmetical series such that the 
common difference is double the first term, the sum of n terms of that 
series equals the product of the first term into n'. 

Example.— 16, 48, 80, 112, &e. 

Ilere first term = 16 and common difference 32, or 2 X 16. 

t Hence the sum of 7 terms = 16 X 7*. 

EXEECISB CXXXIX. 

1. Find the sums of 24, of 57, and of 93 terms of the series of 
odd numbers. 

2. Find the sum of 25 terms of the series 3, 9, 15, &o. 

3. Find the sum of 237 terms of the series 2, 6, 10, &c. 

4. Find the sum of 185 terms of the series 5, 15, 25, &c. 

5. Find the sum of 25 terms of the series 3*5, 10*5, 17'5, &c. 

6. Find the sum of 17 terms of the series 12, 36, 60, &c. 

7. How far will a body fall in 19 seconds ? 

1* + 3 = 2* * The student should carry this table further, and then compare 

^' + 5 =3* (^3 truth with that Biven in (429) and endeavour to detect the same 

b' + 7 =s 4* 

^a . (J _ ^9 principle under both forms. 

+ This progression represents the number ot feet through which a falling ^body 
passes in successive seconds, and the rule is theretore of importance. To find the 
space traversed in n seconds, multiply 10 by n*. 
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3. Find the 8th term of the Bcries 2, 6, 18, &c. 

4. Find the 5th t«rm of the series 7, 28, 112, &c. 

5. Find the 11th term of the series 6, 3, J, &c. 

6. Find the 8th term of the series 5, 20, 80, &c. 

7. Find the 7th term of the series 3, 30, 300, &xj. 

8. Find the Gth term of the series 2, f, |, &c. 

9. Find the 12th term of the series 2, 6, 1 8, &c. 
10. Find the 10th term of the series 12, 6, 3, &c. 

518. The sqtiare root of the product of ttoo numbers is alwavs 
their proportional mean. 

Demonstrative Example. — Let a proportional mean be inquired 
between 2 and 200. 

Here by (324) if 2, a?, and 200 be in proportion, 2 X 200 = a?'. 
And because 2 X 200 = the square of the mean, 

/. the mean = ^2 X 200 = /^^iOO = 20. 
/. 2 : 20 : 200 are in geometrical progression, and 20 is the pro- 
portional mean. 

General Formula. — a I ijah \ h. 

To PIND A PROPOBTIONAL MEAN BETWEEN TWO NlTMBEES — 

RULE. 

519. Find their product and extract its square roojt. 

EXEECISE CXLII. 
Find a mean proportional between the following numbers s — 

1. 18 and 162; 29 and 1421 ; 6 and 54. 

2. 15 and 240; 18 and 450; 13 and 1573. 

3. 2 and 18; 35 and 46; 2792 and 3472*9. 

520. To insert any number of proportional means between any 
two numbers it is only necessary to find the common ratio. But to 
do this often involves the extraction of higher roots. Thus, if the 
first term and the fourth are given, and we are required to find the 
second and third, we must seek the common ratio. 

But since the 4th term =: the first term X the cube of the com- 
mon ratio, we must divide the fourth term by the first, and th«i 
extract the third root of the quotient in order to find a common 
ratio. Similarly, if we have to insert 7 proportional means between 
two numbers, these two numbers will form the let and 9th terms of 
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the seines. But the 9th term is made up of the product of the first, 
and the 8th power of the common ratio. Here therefore it would be 
necessary to divide the greater number by the less, and to extract 
the 8th root of the quotient ; this would give the common ratio. 

General Formula. — If r be the common ratio and n the number 
of terms, a the first term and z the last, 

Thenr= ITj/- 

521. It will thus be seen that the common ratio can be obtained 
by ordinary arithmetic, only when the number representing the root 
to be found is either 2 or 3. 

522. In every geometrical progression^ the product of any two terms 
equally distant from the two extremes is the same as the product of 
the extremes. 

Demonstrative Example,— h : 15 : 46 ; 135 : 405 : 1216 ; 8646. 

Here because 15 is as many times more than 5 as 1215 is less than 
3645 .-. (126) 15 X 1215 = 5 X 3645. 

And because 45 is as many times more than 6 as 405 is less than 
3645 /. (126) 45 X 405 = 5 X 3645. 

And because 135 is as many times more than 5 as it is less than 
3645 .-. (124) 135' = 5 X 3645. 

Hence 5 X 3645 = 15 X 1215 = 46 X 406 = 135*. 

General Formula. — If a',hlc\d\e If I g^ 

Then ag = J/*= ce = d*. 

Hence (127) every geometric series may he resolved into m numher 
of pairs of factors^ each pair having the same product as the square 
of the middle term, or as the product of the two extremes, 

523. This truth does not, however, like the analogous truth in 
Arithmetical Progression (508), enable us to find the sum of the 
series;* it is necessary, therefore, to seek some other method of 
arriving at this result. 

* If the inference were of any value, it woald be interesting to notice that we 
might here obtain an estimate of the product of all the terms of a geometric series, 
by a method analogous to that by which we obtained the ram of an arithmetical 
series. For it follows (torn what is said in the text, that tAe product qfaU the termg 
of a geometric progretaioUf contisting qfn terms., equals the square root o/the mU^ 
power of the product qf the two extremes. 3 at such a propositiou is never nm^i^^ 
iu practice. J^H 

S 



290 THE SCIENCE OF ARITHMETIC. 

Let tlie series T^rhose sum is required be— 

2, 6, 18, 54, 162, 486, 1458, and let S = their sum. 

Here the common ratio is 3. Now if we multiply every term of 
the series by the common ratio, we find that — 

I. 3 S = 6 -h 18 + 54 + 162 + 486 4- 1458 + 4374. 

II. But S = 2 4- 6 4- 18 4- 54 4- 162 4- 486 4- 1458. 

Here the same set of numbers occurs in both series, except the 
last term of (I.) and the first of (II.) Therefore subtracting (II.) 
from (I.) we have 2 S = 4374 - 2 = 4372 j and S = 2187. 

Or let the series be a, ar, ar", ar*, ar*, .... ar^~^. 

Then S = a 4- or 4- ar" 4- or* '4- a/^ 4- ar^-\ (1) 

And Sr =: ar -}■ ar^ -}■ ar^ -{- ar* -\- ar^ . . . , ai^. (2) 

Subtract (1) from (2), then S (r — 1) = ar* ~ a. 

General Formula. — S = - — ^^-^ = il—H — L? 

r ~ 1 r — 1. 

In the case in which the common ratio was 3, and we multiplied 
the last term by 3 and subtracted the first term, the result gave 
twice the sum. In like manner had the common ratio been 6, six 
times the last term, minus the first term, would have given ^t?e times 
the sum. In (266) this principle was applied to the summation of 
recurring decimals, and then, as 10 or some power of 10 was always 
the common ratio, the result of the same operation always gave 9 
or 99 or 999, &c., times the sum. 

524. To PIND THE SFM OP A GEOMETEIO PEOGEESSIOK — 

Find the last term by (517). Multiply this by the 
common ratio and subtract the first term. This 
answer divided by a number one less than the 
common ratio will give the sum. 

Example I. — Find the sum of 7 terms of the series 2, 4, 8, &c. 
Here because »th term = ar"~*, and r = 2, and n = 7 — 
.-. (516) 7th term = 2 X 2« = 128. 

And because S = (>^th^tenn X r) - a 

r - 1 
/. Sum of 7 terms = (128 X 2) — 2 = 254. 
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Example II. — Find the sum of 5 terms of the series 1, }, J, &c. 
Here the common ratio is ^. 

.*. the 5th term = (f)* = 



Example III. — Sum the series '434(34343, qd infinitum. 

This is equivalent to — -|- — ^- + . + , &c., and is there- 

^ 100 IOC 100' 100* 

fore a series of progression by equal ratios, the common ratio being j^. 
Multiply every term by 100. 
Then 100 S = 43 + A'o + ifiP + & + &» &c. 
Subtract S = tto + tSu + tIJ!? + A ^> &c. 

Then 99 S = 43. Therefore S = 12. 

99 

Example IV. — Sum the series i + A + A, &c., ad infinitum. 
Here i is the common ratio, yiQ therefore multiply every term by 4. 

4 S = 1 + i + 1^ -f B? + &c., ad inf. 
Subtract S = i + A + b*4 + &c., ad inf. 

Subtract 3 S = 1 and S = i. 

EXEECISE CXLIII. 
Sum the following series : — 

1. 1, 4, 16, &c., to 7 terms, and 3, 4^, 6|, to 5 terms. 

2. 4, 3, f, to 10 terms, and % 1, f, to 12 terms. 

3. 5, 20, 80, td 8 terms, and 100, 40, 16, to 10 terms. 

4. i + i + 78. <^-» ^ *^-> and i, J, ^, ad inf. 

5. Suppose a ball to be put in motion by a force which drives it 
12 miles the first hour, 10 miles the second, and so on, continually 
decreasing in the proportion of 12 to 10 to infinity j what space 
would it move through ? 

6. If one grain of wheat be placed on the first square of a chess- 
board, two on the second, four on the third, and so on, doubling the 
number for each of the 64 squares, how many bushels of wheat 
would be required, supposing that 7,680 grains fill a pint measured 

s2 
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525. We may trace a certain correspondence between the analogoos 
expressions in the two kinds of progression. Thus — 



//. Geometrical Progresnon. 

In which a= first term, r = com- 
mon ratio, and n = number of 
terms. 

(516) »th term = a X r*"*. 

(520) r = V^gth term^ 

Bj (522) product of all the terms 
= V(a X »th term)*. 



/. Arithmetical Progression. 
In which a=fir8t term, d-=icam- 

mon difference, and i»=number 

of terms. 

(503) nth term = a -f n^ld. 

And rf = *'thterm-a 

» - 1 
By (510) sum of all the terms 

(a H- «th term) » 

2 

On comparing these two we see that — 
Addition in (I.) corresponds to Multiplication in (II.) 
Subtraction in (I.) corresponds to Division in (II.) 

Multiplication by a given number in (I.) corresponds to Involution 
to a given power in (II.) 

Division by a given number in (L) corresponds to Evolution of a 
given root in (II.) 

SECTION in. LOGARITHMS. 

526. The resemblances noticed in the last paragraph are of great 
importance in Arithmetic. They probably suggested to the mind of 
the inventor* the method of calculating by Logarithms, or of estab- 
lishing such a connexion between numbers in arithmetical and others 
in geometrical progression, as shall enable us to deal with the latt«r 
by means of the simpler operations of the former, and substitute 
addition and subtraction in long and involved computations for 
multiplication and division. The one arithmetical truth on which 
the use of this method is founded, and which must be borne in mind 
throughout this chapter, has been already stated in (137). 

527. We multiply different powers of any number together when 
we add the exponents of those powers, 

* Baron Napier, or Neper, of Murchiston, in Scotland, published a book describ- 
ing his discovery in the year 1614. The book was entitled ** Mirifici Logarithmoram 
CmaoaisDeBanptio*' — ^Au aeoountof the marvelloiu System of Logarithms. 
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Demonstrative Example. — 

6* X 5« = (5 X 5 X 5) X (5 X 5 X 6 X 6 X 6 X 6) = 5». 
a* X a* = a« X aaacM =: a' + • = a'. 

We divide one power of a number hy another power of the same 
number when we subtract the exponent of the divisor ft-om that of the 
dividend, 

DemonstrcUive Example. — 

20' — 20" = 20X20X2 0X20X 2 X 20 X 20 = 

20 X 20 X 20 

20 X 20 X 20 X 20 = 20* or 20'-» 

§ . « aaaaaaaaa • §_• 

a* -5- a' = = aaa = a' =z cr \ 

aaaaaa 

528. Let us now form the simplest series in arithmetical progres- 
sion, beginning with 0, and having 1 for the common difference ; 

And also a simple geometric progression, beginning with 1, and 
haying 3 for the conmion ratio. 

I. 1 2 3 4 5 6 7 8 9 10 11. 

II. 13 9 27 81 243 729 2187 6561 19683 59049 177147. 

Here the numbers in the upper line are called the logarithms of 
those which are placed beneath them. 

Observation. — Logarithm, from X<5ya>v apiBfioQ, ^ the number of 
the ratios. Thus 7 is the logarithm of 2187, because it represents 
the number of the ratios or powers of three, which are contained in 
2187, and 10 is the logarithm of 59049. 

529. The exponent in any nujnerical expression may therefore be 
considered as a logarithm. 

Thus a* = b. Here x is the logarithm of 5* to the base a, or it 
expresses the number of the ratios or powers of a which are con- 
tained in b, 

530. Suppose it be required to multiply two numbers in the lower 
series together, 243 and 729 for instance ; we notice that abore them 
are the numbers 5 and 6. Now 5 -f 6 =: 11, and under 11 we may 
find 177147, or the product of 243 and 729. 

This would evidently be the case however far the series might be 
extended, for all the numbers in the lower line represent powers of 3,, 

* It is usual to contract the expression, thus : log. h means logarithm qfb» 



294 THE SCIENCE OF ARITHMETIC. 

and the figures above them are the exponents of those powers. 
And because 243 = 3», and 729 = 3*, 

.-. 243 X 729, or 3» X 3« = 3" = 177147. 

531. In like manner we may divide any one of the terms in the 
lower series bj any other which is less than itself, if we subtract the 
exponent of the divisor from that of the dividend, and take the num- 
ber which stands underneath the difference. 

Thus 59049 -r- 729 = 81. 

Because 59049 = 3*'', and 729 = 3% 

.-. by (527) 1=3* = 81. 

532. We may construct any other series fulfilling the conditions 
described in 528, and obtain similar results, e.g.^ 

3 6 9 12 15 18 21 24 27 30 33 36 39. 

1 2 4 8 16 32 64 128 256 512 1024 2048 4M 8192. 

Take any two numbers from the lower series — 32 and 128. Now 
find a number as many places to the right of 128 as 1 is to the left 
of 32. 

Then 1 : 32 : : 128 : 4096. 

Now by the law of proportion (319) 

1 X 4096 = 32 X 128. 

But above these numbers are 0, 15, 21, 36, of which the second 
exceeds the first as much as the fourth exceeds the third. 

And by the law of arithmetical progression (55) 

+ 36 = 15 H- 21. 

But 36 = log. 4096, and 15 = log. 32, and 21 = log. 128. 

Hence log. (32 x 128) = log. 32 + log. 128. 

533. The following are obvious inferences from this reasQning^: — 

I. The sum of the logarithms of two or more numbers equdls the 
logarithm of their product. 

General Formula. — Log. ahc =z log. a -\- log. b -|- log. c. 
And log. a'' ^ n X log. a. 

II. The difference between the logarithms of two liiumbers equals 
the logarithm of their quotient. 

General Formula. — Log. - = log. a — log. 6, and log. J^a = —?!_ , 

b n 
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534. These relations once established between any two series of 
numbers, it follows that as £a,r as those series extend, we may be 
spared the trouble of multiplying and dividing numbers whose loga- 
rithms are known, and may add or subtract those logarithms instead. 

It thus becomes desirable to construct a table which shall com- 
prise all ordinary numbers, and shall give the logarithms of each. 
For this purpose, any number may be chosen as the base, e.g.^ 

I. 0123456 7 8 9. 
1 2 4 8 16 32 64 128 256 512. 

II. 1 2 3 4 5 6 7. 

1 5 25 125 625 3125 15625 48625. 
Of these systems, (I.) is constructed with the base 2, and (II.) is 
constructed with the base 5. 

535. Observation. — No use can be made in calculation of such 
tables as these, however far they may be carried j because the num- 
bers whose logarithms are given are very few, and the tables contain 
no provision for dealing with any numbers unless they happen to 
be expressed with integral exponents as powers of the base. It is 
necessary, therefore, whatever system be adopted, to calculate the 
fractional exponents of all the intermediate numbers. 

536. Two or three important facts require to be noticed here. 

I. The logarithm is, in every case, the differential mean between 
the two logarithms, one on each side of itself. 

II. The number in the lower line is, in every case, the propor- 
tional mean between the two numbers, one on each side of itself. 

Thus, in series (II.) > 3, 4, and 5 are in equi-different progression, 
while 125, 625, 3125, are in equi-rational progression. 

3x5 

.". by (508) —- — = 4 = the differential mean between 3 and 6. 

2 



And by (519) ^3125 X 125 = 625 = the proportional mean 
between 125 and 3125. 

537. In like manner, if any two terms be taken at random in the 
series of logarithms, the other logarithms between them form a series 
of differential means ; while the numbers to which the logarithms 
belong form a series of proportional, means between the two extremes 

Thus, in (I.), we take &om the upper line 3 and 8. 

Now the logarithms between these, viz., 4, 5, 6, and 7, are 4 dif- 
ferential means between 3 and 8 (505). 
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But tbe numben of whidi 3 and 8 are logarithms, toe 8 and 256. 
And the series of nombers between them, are 16, 32, 64, and 128w 
And these are four proportional means between 8 and 256. 
Henoe we in£er that, 

538. 1/ we take any Uoo nmmben whose logarUhmt are hmtmm^ 
and find a mean proportional between them, the reeuU wiU he a 
nmmber whoee logarithm will he a difflerential mean between the two 
logarithme. 

For the differential me^i between 2 and 3 is 2i, or 2*5. 

Hence in (I.) 2*5 is the log. of y/4 X 8, or the proportional mean 
of those nnmbers whose logs, are 2 and 3. 

Also in (n.) 2*5 is the log. of ^^25 X 125 for the same reason. 

539. The system of logarithms now universally adopted 
is the decimal.^ It was invented by Briggs, and is com- 
monly caUed his system ; it is as follows : — 

01284 5 6 7 8, &c. 

1 10 100 1000 10000 100000 1000000 10000000 100000000, &c 

In order to construct the common tables on this basis, it becomes 
necessary to flU up the lower of these lines with the set of natural 
numbers; to consider each of them as a term in geometriccU propor- 
tion} and to connect each with another numiber, which should show what 
term it is in the series. The process of discovering the logarithms of 
the intermediate numbers is a very difficult and laborious one, in- 
volving the use of some of the most advanced truths in mathematical 
science. The logarithms of any numbers which are not powers of 
10 are surds, and can only be approximately expressed. , 

• Th« faiTentor of logarithms wm led to hit discorerj by the detira to timpliiy 
gecnnetiica] and astronomieal fonnuhB. He did not AUlj autidpato their eztensiTe 
qypUeation to ordinaiy arithmetical proeesaes. Hence the radix or hate of his 
aeale was determined for certain geometrical reasons. We cannot enter into them 
in this plaee, bat it is wortti remembering, that in the Napierian orHTperboIie sys 
tem, the logarithm of 10 is 2*3025803 ; the nnmber whose logarithm is 1 being 
27182S18. This latter nomber is called the beue of the Hyperbolic or Napierian 
Logarithms ; and it is evident that anj logarithm on the decimal system, multiplied 
by the former number, will give Uie logarithm on the Hyperbolic. Henry Briggs 
published, in the year 1017, the book explaining the duuige which he proposed to 
MOMke in the base. 
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540. Suppose now that by the higher processes we have referred 
to, it be found that the logarithm of 5 may be approximately ex- 
pressed thus — 

Log. 5 = -69897. 

This means that 10'«»8s7 — 5^ op that 69897 is the exponent which 
represents what power of 10 the number 6 is. 

We may obtain many inferences from this feet, c.^., 

I. From (533) it follows that— 

Log. 5x5 = log. 5 -|- log. 5 = 2 log. 5. 
Or log. 25 = 2 X 69897 = 1-39794. 

II. And log. 10 -f- 5 = log. 10 — log. 5. 

But log. 10 = 1, .-. log. 2 = 1- -69897 = '30103. 

III. Because 8 = 2x2x2, .*. log. 8 = 3 log. 2. 
/. from (II.) log. 8 = 3 X -30103 = -90309. 

lY. And log. 16 = log. 2 + log. 8 = -30103 + 90309 = 1'20412. 

V. Log. vie or log. 4 = IggLJg = ^'^Q^^^ = -60206. 

^ ® 2 2 

VI. And log. 5' = 7 log. 5 = -69897 X 7 = 4-87479. 

541. Because the logarithms of the several powers of 10 are integer 
numbers, it follows that if i;he logarithm of a number be known, the 
logarithm of that number, multiplied or divided by any power of 
10, will differ from it in the whole number, not in the fractional 
part. The whole number is called the characteristic, and the frac- 
tional part the mantissa. 

Thus because— log. 25 = 139794 

Log. 250 = log. 10 + log. 25 = 239794 
Log. 2500 = log. 100 -f log. 25 = 3-39794 
Log. 25000 = log. 1000 + log. 25 = 4*39794 

Hence also log. 25 -^ 10, or log. 2*5 = -39794 

Log. 25 4- 100, or log. -25 = '39794 — 1, or 139794 

Log. 25 -^ 1000, or log. '025 = '39794 — 2, or 2'39794 

Log. 25 -f- 10000, or log. '0025 = -89794 - 3, or 3-39794 

Log. 25 -J- 100000, or log. 00025 = '39794 — 4, or 4-39794 

Observation. — On referring to a book of tables to find the loga- 
rithm either of 25, or 25000, or -025, or any of the numbers just 
given, the only figures found would be 39794i The characteristic 
is never given, and is determined by the following considerations :— > 

S3 .— 
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542. I. From (539) it will be seen that the characteristic of every 
number between 1 and 10 is 0, that of every number between 10 and 
100 is 1, that of every number between 100 and 1000 is 2, and 
generally the characteristic of every integer number is the same as 
the number of its digits^ minus one. 

543. II. The characteristic of a decimal fraction or of a number 
divided by 10, or some power of 10, must always be subtracted, and 
is written with the sign of subtraction over it, thus : " log. *0025 = 

3*39794" means that though the mantissa may be added, the cha- 
racteristic must be subtracted from any other logarithm which may 
require to be connected with it. If the first significant figure of the 

number be in the first decimal place, the characteristic is 1; if it be 

in the second the characteristic is 2 ; and generally, the characteristic 
of any decimal fraction has the minus sign above it, and is the num- 
ber which represents the place of the first significant figure to the 
right of the decimal point. 

544. Since (533) the logarithm of any composite number can 
readily be deduced from the logarithms of its factors, if the logarithms 
of prime numbers be once ascertained, those of all other numbers 
can readily be found. The following is a table of the logarithms of 
all the prime numbers up to 100, expressed as in ordinary books 
without the characteristic : — 



Prime Numbers. 


Logarithms. 


Prime Numbers 


Logarithms. 


2 


30103 


43 


6334685 


3 


4771213 


47 


6720979 


5 


69897 


53 


7242759 


7 


845098 


59 


770852 


11 


0413927 


61 


7853298 


13 


1139434 


67 


8260748 


17 


2304489 


71 


8512583 


19 


2787536 


73 


8633229 


23 


8617278 


79 


8976271 


29 


462398 


83 


9190781 


31 


4913617 


89 


94989 


37 


5682017 


97 


9867717 


41 


6127839 







LOGARITHMS. 299 

545. To 7IKD THE LOOABITHlf OF A KUMBEB — 

RULE. 

Resolve the number into its prime factors and add tlie 

logarithms of those factors together. 
Or, if the number be a fraction, subtract the logarithm 

of the divisor from that of the dividend, and the 

remainder is the logarithm of the quotient or of the 

fraction. 
Or, if the number be a power of a known number, 

multiply the logarithm of that known number by 

the exponent of the power. 
Or, if the number be a root of a known number, divide 

the logarithm of that known number by the index 

or exponent of the root. 

^Example. — From the logs, of 2''and 7 deduce the logs* of 2800| 
of 3-43, 12i, and of ^^14. 

1. Because 2800 = 2 X 2 X 7 X 100, 

/. log. 2900 = log. 2 -1- log. 2 + log. 7 + log. 100. 

= -30103 + '30103 + -845098 + 2 = 3'447168. 

2. Because 343 = 7 X 7 X 7 X tSb» 
/. log. 3-43 = 3 log. 7 — log. 100. 

= 3 X -845098 - 2 = -5852941. 

3. Because 12i = % .\ log. 12i = log. 49 — log* 4. 

But log. 49 ^ 2 log. 7 = 1-690196, and log. 4 = 2 log. 2 = 60206i 
.-. log. 12-25 = 1-690196 - 60206 = 1'088136. 

- . . — loR- 2 4- loir. 7 

4. Because ^14 = v^2 X 7, /. log. 4/14 = -^ 3 — ' — 

= (-30103 + -845098) -^ 3 = •8820426, 

EXEECISB CXLIV. 

1. From logs. 2 and 3 deduce the logs, of the numben 6, 27| 

3-6, 1600, 6-4, 2-25, v^2, ^T2, -3, and '8. 

2. From logs. 5 and 7 deduce the logs, of 85, of 49000, of 6*26| 
of 17-5, of iJ, of 1?, of 2450000. 
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Z, From lo^k of 7 and o€ 2, deduce thote of 1400^ of 6re» ol 
'0aid6,nidof980, 

4, CHreDlogpi. 3 and 2, deduce from than those of eOy of 27000, 
of 1620, of 405, of a^, and of 4900. 

6. Giren logi. 5, 11, and 3, dednee logpi. 605, 1665, -0045, of {^ 

of 726, 91-6, 44^ 675, 198, 24% 10264. 

646, CiMleulatiom of Differeneet* — Ordinaij tables onlj gire the 
logarithmf of nmnbera conmtmg of either 4 or 5 digits, the loga^ 
rithms thenuelrefl being generallj carried to the 6th or 7th phu^ 
If we desire to find the logarithm of 254329, and on looking into a 
table find that the logarithms of 2543 and of 2544 are giren, bnt 
not of anj intermediate nombers, the nmnber most be calcolated in 
the following manner: — 

Log. 2543 = '40535, and log. 2544 = 40552. 

The difference between these logarithms is 17. 

Kow the difEsrence between 254300 and 254400 is 100, and the 
difference between 254300 and 254329 is 29. Hence we hare the 
fi>llowing proportion : — If for 100, difference hetween 254300 and 
254400, we have 17 difference hetween their logarithme, what should 
he the difference hetween the logarithms of the two mtmbers 254300 
and 2S4a29, which differ hg 29? 

The proportion is 100 : 29 : *. 17 .* ar. And x = ^^ ^^ = 4-93. 

Hence log. 254329 = 5*40535 + 493 = 540540. 

547. Ohservation, — The difierence is always giren in a separate 
column in the tables, and is called the tabular difference. The pro- 
portion thus established between the differences of numbers and the 
differences of their logarithms is not strictly true, but giyes a result 
sufficiently near for all practical purposes. 

548. When the logarithm of the answer to a sum is found it 
becomes necessary to find the number of which it is the logarithm. 
To do this wo must look in the table for the number, omitting the 
characteristic. For example : if the answer to a sum were to be 
2*8991717 wo should look in the table for '3991717, and haying 

* TbroQgboat the remainder of ttAu section it is assumed that the itadent has a 
book of tables at hand, llutton's and Babbage's are the completest; but any set 
trill answer the purpose. 



LOGARITHMS. 801 

found the number 25071 as the natural number belonging to it, we 
should then use the characteristic 2, in order to determine the yalue 
of these figures. Now, since 2-3991717 must by (541) be the loga- 
rithm of a number between 100 and 1000, the decimal point must be 
placed after the third figure, and 23991717 = log. 250*71. 

In this case the given logarithm was found exactly in the tables ; 
but this does not always happen, and it often becomes necessary, 
therefore, to calculate the difference. Thus : suppose it is required 
to find the number corresponding to 6*45936 ; we look in a table 
and find that log. 2879 = 45924, and log. 288 = 45939, the tabular 
difference being 15 : we may then make this proportion — If for 15 
difference between the logarithms of 2879 and 2880 there he a differ- 
ence of one in the numbers themselves, tohat should be that number 
whose logarithm differs from that of 2S79 by 11 P 

15 : 11 : : 1 : a:, and a? = ij = -e. 

Hence '45936 = log. 28798, and 6*45936 = log. 2879800. 

The following examples, worked by the help of logarithmic tables, 
will show how they are applicable to inrolTed problems in arith- 
metic : — 

<--« XT IT a- v^^x. ' 472*8* X i/268450 

549. Example I. — Sunplify the expression — ^ — . 

Now by (545) the logarithm of the answer to this sum will be — 

3 log. 472*8 + ^Qg* ^6^5Q _ (log. 1876 -\- 2 log. 327). 

5 

But log. 472*8 = 2*6746775. Hence log. 472*8* = 8*0240325 
And log. 268430=5-4288634. Hence log. >;/268450 = 108577268 

Logarithm of numerator = 8*10980618 

Log. 1876 = 3*2732328 

2 log. 327 = 2 X 2*5145478 = 50290956 

Logarithm of denominator = 8*3023284 = 8*3023284 
Log. 64191 = *80747678 

But since the characteristic of the logarithm is the answer lies 
between 1 and 10, and is therefore 6*4191. 

By logarithms we may readily solve those questions in Geometrical 
Progression (521) for which the ordinary processes of Evolution will 
not suffice. 
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550. Example U. — Suppose it be required to insert 6 proportional 
means between 2 and 4374. Now here it is first necessary to find 
the common ratio of the series, which consists of 8 terms. 



By(524)r = 'r/^^i?i5^ /. r =//!?!! =c ^C/^IS?. 

/. log. r = log. 2187 ^ 7 = 5:??^^ = .477121 = log. 3. 

Hence 3 is the common ratio, and 6, 18, 54, 162, 486, 1458 form 
the series required. 

Example III. —Insert 25 proportional means between 3 and 4. 

_ log. 4 — log. 3 



*/ 4 
Here r = ^ / -, and log. r = 



26 

But log. 4 - log. 3 ^ -60206 - 4771213 = 1249387. 

Dividing this by 26, log. r = -00480 = log. 1*0111. 

The first term, 3, multiplied by this number will give the 2nd 
term, and multiplied by its square will give the 3rd term. To find 
any term, say the 11th term of the series — 

By (517) 11th term = ar^^ /. log. 11th term = log. 3 -f 10 
log. 1-0111 = 52517 = log. 3-351. This number is the 10th mean 
proportional, or the 11th term of the series. 

651. It is occasionally required to solve questions by the aid of 
logarithms which take this form : — 

I. To what power must 5 be raised that it may equal 20 ? 
Here if a? = the unknown exponent, 5* = 20. 

/. X log.5 = log 20, and x = l^il^ = ^'.^^ = 1-861. 
^ ^ ' log.5 -69897 

Hence 5**"* = 20, or 1'861 is the exponent which raises 5 to 20' 

II. What would be the logarithm of 180 if the base were 12 ? 
Here if a? be the required logarithm, 12* = 180. 

.-. X log. 12 = log. 180, /. X = ^_??ll?? = 2*2552726 ^2-089. 

^ log. 12 1-0791813 

And 12*^ = 180, or 2-089 would be the logarithm .of 180 on th« 
base 12, 
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Application op Looaeithms to Interest and Annxiities. 

652. Compound Interest, — It was stated in (381) that coinpound 
interest was to be found by working a separate sum for each of the 
periods mentioned in the question. The rule of Progression, how- 
ever enables us to abridge this laborious operation. For if the 
rate of interest on a sum of money be uniform through a series of 
years, the amounts at the end of each period will form a series 
in geometrical progression, and as the amount at the end of the 
first year is to the amount at the end of the second year, so is 
that amount to the amount at the end of the third year, &c. And if 
A, Aj, As, &o., represent the several amoimts, it will be true that — 

Ai ; A, I A, • Ai ; A* are in continued proportion. 

We have first to find the constant ratio of this series. 

Now if £1 be put out at interest at B per cent., at the end of the 

first year it will amount to 1 -|- — or it— ; let us call this 

^ 100 100 

amount A. 
Then at the end of the second year the sum will amoimt to 

A + ^ or 150A±A5 or A X M±». 
100 100 100 

100 -4- "R 
But A = — — * .% amount at the end of second year = 



100 + E 100 + B ^ /IDO + Ry ^ a^ ^^^^ ^„ 

on 100 V 100 / 



100 
)OJh 

100 ' 100 V 100 

A"B 
Then at the end of the third year the amount will be A" + 

•^ 100 

= 1000 A^' + A^'R «, j^tf ^ lOOH-B 
100 : 100 * 

But A" = ( IL — ) /, amount at end of third year = 

^ 100 A ^ 

.lOO + By „, A E^V 

V 100 >' '^ 100'' 

loo + It Hi 

And since it is evident that ^ "^ — or 1 + is the constant 

100 100 

ratio of this series, it follows that— 

Amount of £1 for n years at R per cent. = f 1 + _^ 

^ lOO''- 

Amoimt of £P for n years at R per cent. = P (^1 -|- ^5) 
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BULE FOR COMPOUND INTEREST. 

553. Find in a decimal form the sum to which £1 
would amount at a given rate in one year.* Involve 
this number to the power representing the number 
of jears, and multiply by the principal. 

554. Example I. — ^Find the compound iaterest on £12000 at 4 
per cent, for 7 years. 

By the formula, Amount = 12000 (l + — )'= 12000 X I'Oi;'. 

/. log. A = log. 12000 H- 7 log. 1*04. 
But 7 log. 104 = 7 (0170333) = 1192331 

log. 12000 = 4-0791812 
log. 15791*3 = 41984143 
Answer — £15791 Gs. = Amount, and £3791 Gs. = Interest. 

555. JSxample 11, — ^Find the amount of £7 at <x>mpound interest 
at 3 per cent, for 100 years. 

Here Amount = 7 X 1*03**. 
Log. A = log. 7 H- 100 log. 1-03. 

But log. 7 = -845098 
100 log. 1-03 = 1-28372 
Log. 134-53 = 2-128818 

Hence £134 lOs. 7id. =r Amount. 

556. "Excmvple III, — ^In what time will a sum of money double 

itself at 5 per cent ? 

/ It \* 

Here, because Amount == ( 1 -4- ) 

V ^ 100/ 

,Mog.A = iixlog.(n-^^ 

log. A 

And n = , 7 W\ 

log. ( 1 + j5l ) 

^ \ ^ 100/ 

But if £1 be taken, 1 + ^=105, andA = 2. 

100 

. , log. 2 -3010300 T . oAflAc 
And , — ?- — - = = 14-20606 years. 

log. 105 -0211893 ^ 

* If the payibents be made half-yearly or otherwise the amoant should be calen. 
lated for that period, and n will represent the number of half-years or interrals of 
ptiymentt 
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557. An Annuity is a sum of money paid at yeai'ly intervals, and 
may aria^ from estates, from invested capital, from a pension, or any 
other source. Thus: the lease of an estate worth £80 a year, and 
which will expire in 35 years, is to the owner an annuity of £80 
for 35 years. 

Annuities which are to last for a fixed term of years are called 
certain, and those which are only to last during the lifetime of any 
particular person or persons are called contingent. If an fumuity 
becomes payable at once, it is said to be immediate ; if it is only to 
be entered upon at a certain distant period, it is called SLrevernonofy 
or deferred annuity. 

The amount of an annuity means the sum of all the payments, 
together with the interest upon them, from the time at which they 
become payable until the expiration of the whole term. 

Now if an annuity be regularly paid at the end of each year for 20 
years, interest upon the first payment accrues for 19 years ; the 
second payment is subject to interest for 18 years, and it is only the 
last payment, viz. that paid at the end of the 20th year, on which 
no interest has to be calculated. 

Now suppose interest be at 5 per cent., and that the annuity be 
of £1 J then the last payment r= £1 only ; the payment of the year 
before is £1 + its interest for a year ; that of the eleventh year re- 
quires nine years* compound interest to be added, and the several 
sums of money with their respective interests form a series. 

20th year 19th 18th 17th 16th 1st 

£1, 105, 105*, 105', 105*, 1-05" 

This series shows us each year's principal with its compound in- 
terest for the time which has to expire before the termination of the 
20 years. Now the series is one in geometrical progression, the 
common ratio being 1*05. 

Hence the total amount of the annuity is the sum of this series. 

And by (524) Sum = ^ " ^ = ^'^^^ " ^ 
^ ^ ^ r - 1 1-05 - 1 

105" - 1 = 2-65329771 - 1 = 1*65329771. 
1*65329771 ^ 1-05 - 1 £33*065954 = £33 Is. 3id. 
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It follows, that if the annuity had been of £25, or of £60, or anj 
number of pounds per annum ; this sum, £33 Is. 3|d., which repre- 
sents the amoimt of an annuity of £1, would require to be multiplied 
by £25, or by £60, and that thus the amount of any such series of 
annual payments may always be found. 

658. To PIND THE AMOUNT OP AK ANNTJITT — 

Find by (553) the amount of £1 at compound interest for the 
given time, subtract unity from this amoimt, multiply this difference 
by the annuity, and divide this product by one year's interest on£l. 

Example. — What will an annuity of £48 5s. amount to in 15 
years at 4 per cent. ? 

Here if a be the annuity the answer must be a ( — — — \ 

But a = £48 Ss., « = 15, and r = 104, r — 1 = 04. 
And the problem to solve is /lO^" - 1\ x 4825. 

Now by logarithms* 1-04" = 1-80094351 

Subtract 1 

•80094351 
48-25 

400471755 
160188702 
640754808 
820377404 



'0 4)38-6455243575 
Answer— £966 28. 9id. 966*13810898 

659. Sometimes the amount of the annuity is given, and the time, 
and it is required to find what the annuity itself is. In this case it 
is only necessary to find what would be the amount of an annuity 
of £1, for the given time, and divide the whole given sum by that 
amount. 

JSxample. — Suppose money can be improved at 3 per cent, com- 
pound interest, how much ought I to lay by per annum in order to 
be worth £1000 eleven years hence ? 

* These results are, in practice, more freqaently obtained from Annaity Tables 
which have been prepared especially for this purpose, and which save the trocdile 
of working eHoh part of the sum by logarithms. 
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Here by the former rule, a sum of £1 laid by per annum at 8 per 
cent, for 11 years, ^ill amount to 12'807796. 

Hence the required sum is J:^^ = 78-077 = £78 1b. 6Jd. 
^ 12-8078 

ExsBOiBB CXLY. 

1. Find the amount of an annuity of £325 in 9 years at £8 6i. 
per cent, compound interest. 

2. Find the amount of an annuity of £30 6b. 4d. for 12 years at 
6 per cent, compound interest. 

8. Find the amount of an annuity of £24 at Si per cent, for 29 
years. 

4. Find the amount of an annuity of £288 at 6 per cent, for 28 
years. 

6. Find the amount of an annuity of £72 at 5i per cent, for 17 
years 6 months. 

6. What sum must be put by annually for 80 years, in order 
to amount to £600, if money is worth 3f per cent. P 

560. The pbebbnt yalub of an annuity is determined by the same 
considerations as apply to the deduction of discount (884). If £1 be 
payable a year hence, its present value is such a sum as, if improved 
at the current rate of interest, would amount to £1 at the end of the 
year. Hence — 

Present value : £1 : : £1 : £1 + interest. 

Suppose the rate of interest be 6 per cent. ; then £1*06 due a year 
hence is worth £1 at tliis moment, and 

.• £1 duo a year hence is now worth . 

And because (552) £1 will be worth £1-06' two yean hence, at 
compound interest, 

/, present value of £1 due two years hence = ^ 

In like manner it may be shown that — 

Present value of £1 due three years hence = 

^ 106* 

Present value of £1 due four years hence = — ~. 

^ 106* 
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Hence if a be the annaxtr, iU pswcnt valne fiv a namber of jetts 
is repretented bj the geometrical 



a 



» ^ — r:3 » 



1-06 KJC l-oe» 1-U6* 1-OtJ* i-oc 



&c^ 



of which the common ratio is , and the Sum of the series, as 

1-06' 

determined hj the role in (524), is equal to-^ 

X St. 



C-;^^) 



561. ObtervcUion, — The number representing the present rahie of 
21, due any number of years hence, is the reciprocal of the number 
representing the sum to which it would amount if inyested at com- 
pound interest from the present time to the expiration of the time. 
For compound interest on £1 at 6 per cent, for 20 years = 1*06**. 

And present value of £1 at 6 per cent. 20 years hence = . 

662. To FXITD THE PRBSBirT TALUB OP AK AITinJlTT — 

Divide £l by the sum to which it would amount at 
compound interest for the given time. This will give the 
present value of £1. Subtract this sum from unity, multi- 
ply this difference by the annuity, and divide the result by 
the interest on £l for one year. 

Example. — Find the present value of an annuity certain, of £50, 
for 18 years, at Si* per cent. 

Present value of £1 due 18 years hence = = '53836114. 

^ 1-035" 

1 - -53836114 = -46163786 

50 

•035)23081893 



659-4826 
Answer— £659 9s. 7f d. 

EXEBCISB CXLVI. 

1. If money be improvable at 5 per cent., what is the present 
value of an annuity of £170 for 20 years p 
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2. At 2^ per cent, find the present value of an annuity of £100 
for 46 years. 

8. At 6 per oent. what is the present.Talue of an annuity of £25 
for 84 years ? 

4. At 4i per cent, what is the present value of an annuity of 
£284 for 16 years P 

5. What sum ought to be expended in the purchase of an annuity 
of £150 for a person 48 years of age, supposing the average expecta- 
tion of such a life extends to 58 years, and that money is worth only 
8 per cent P 

6. How much ought to be given for the lease of a house, if 27 
years of the term be unexpired, and the yearly rental £74, calcula- 
ting interest at 4 per cent. P 

MlBOELLANEOUS EXBBOIBBS ON FROaRESSlON AND LOGABITHMB* 

Bolve the following expressions : — 



V 



1884* X 796' 



/ ^32 X -^48 
V 2 ./^ 



2 V"27 2684» 

1. In what time will an annuity of £200 pay off a debt of £4000 
at 8 per oent. compound interest P 

2. Find x in the following expressions : — 

8* = 100 
10* = 2 
8. In what time will a sum become ten times its original value 
at compound interest at 5 per cent. P 

4. Insert 3 geometric means between 2 and \, What number 
is that which being raised to the 5th power will equal (j^Y P 

5. In what time will a sum of money double itself at 3^ per cent, 
compound interest ? 

6. In what time will £20 amount to £90 at 5 per cent. P 

7. In how many years will £825 amount to £895*0394 at 5 per 
cent, compound interest P 

8. Aperson invests £5000 in the 8 per cent, consols, when stocks 
are at 90, wliat will this sum amount to in 15 years, supposing the 
half-yearly interest, as it becomes due, to be invested at the same 
rateP 
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9. Solve the following expressions by the help of logarithmic 
tables : — 






625 Y 125 

10. To what power must 50 be raised to equal 1000 ? 

11. To what power must ^ be raised to equal '17577 ? 

12. Find a fourth proportional to the 19th power of 11, the 11th 
power of 19, and the 17th power of 17. 

13. The mean distances of Mercury and Uranus are in the pro- 
portion of -387098 to 191823900, and the time of the revolution of 
Mercury is 87'969258 days; what is the time of revolution of Uranus' 
the square of the times being as cubes of the mean distances ? 

14. In what time would £10 amount to £100 at 3 per cent, 
compound interest ? 

15. How much will be the discount on £1000 at 4 per cent, for 
two months ? 

16. If the discount on a promissory note of £500 Is. 3d. amounted 
to £32 Is. 3d., and the rate of interest 4^ per cent, compound, how 
long had the note to run ? 

17. A debt of £550 accumulating at the rate of 3 per cent., is 
paid off by yearly instalments of £25 j when is the debt discharged ? 

18. What should be paid for an annuity of £25 for 14 years, to 
commence at the end of 7 years, allowing 4^ per cent, compound 
interest ? 

18. An annuity of £30 for 25 years is sold for £350; what 
interest is allowed ? 

19. A leaae for 99 years is purchased for £100 j what rent must 
be paid to you to allow 5^ per cent. ? 

20. Multiply 79368 by 27415, and divide the product by 827*145» 

21. Find a fourth proportional to 726' : 298* : : ^/3072 ; a?. 

22. A lease for 500^68'™ is purchased for £300, the purchaser 
not to receive anything from it for 20 years ; what rent should then 
be obtained to make 6 per cent, interest ? 



APPENDIX.— A. 

MONEY, WEIGHTS, AND MEASUEES. 

I. The Unit os Standabd ov Measubbments. 

It was shown in (4) that before Arithmetic can be applied to 
the measurement of any concrete magnitude, the unit of that magni- 
tude must be clearly defined and understood. But such quantities 
as lengthy solidity^ weighty time^ and valucy being capable of con- 
tinuous increase, ofier us no units which are clearly distinguishable, 
and by means of which they can be readily compared with one another. 
Men are compelled therefore to select arbitrary standards; and it is 
not surprising that almost every nation has its own peculiar method 
of measuring, and its own set of tables. On this account there is 
great difficulty in comparing ancient or foreign measures with our 
own. 

Of all the magnitudes just mentioned, time is the easiest of 
measurement;* because the period of the earth's revolution round its 
axis, or one day, and the period of the earth's revolution round the 
sun, or one year, are portions of time which, as far as we know, 
never vary. They form the natural standards by which all nations 
alike measure their time. The day is the principal unit of time in 
all countries of the world, and all other periods are either aUquot 
parts, or multiples of a day. Nations may differ as to the sub-divi- 
sions of a day, but they cannot differ as to the day itself. Hence 
there is no diiHculty in comparing foreign methods of computing 
time with our own ; because nature has provided all men alike with 
a fixed unalterable imit to serve as the basis of their calculations. 

It is to be desired that some natural standards could be found in 
like manner, to which lengths, values, bulks, weights, and other 
concrete magnitudes could be imiversally referred. But it is very 
difficult to find such standards in nature, and all the inconsistencies 
and difficulties of tables arise out of the fact that the standards in 
common use have been arbitrarily chosen, not on any system, but 
chiefly by accident. For instance, an object in nature which is 
always precisely of the same length, and which will therefore serve 
as the unit of linear measurement, is not easy to find. If it were 
found, it would be possible to form from it a unit of surface, and so 
to found square measure upon long measure. Then from the square 

* It may be noted that, if it were not for the circumstance mentioned in the text, 
time would be of all magnitudes the haidest to measure. For in comparing magni- 
tudes of any other kind, equality or inequality can be determined by bringing them 
together, and observing whether they coincide or not. This is manifestly impos- 
sible in the case of two periods of time; and but for the uniiormity of the laws of 
nature we should find il impossible to verify our calculations respecting time. 
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unit of §urhce, we might obtain a cubic unit, or fixed ftandard of 
bulk, and this would serre also as a measure of capacity. Then, if 
some substance were chosen whose wei^t nerer rariea, enough of 
this substance to fill a certain measure might be taken to terre as 
the unit of weight. In this waj, superficial measure, measores of 
capacit J (including ale, beer, wine, ana drj measures), and measures 
of wei^it, could all be connected with the unit of length, and one 
fixed standard of length would suffice to determine all these measore- 
ments in a permanent waf. We shi^ see that our own and most 
other systems rest to some extent on this princ^le^ and that the 
fundamental difficult/ is to determine the linear unit. 

IL Mmastves of Talus — Movzt. 

Measures of ralue are of all others the least ea^ to compare and 
to understand. For there is nothing in nature which is always ex- 
actly of the same worth to men, or tor which men wiU always gire 
precisely the same amount of labour or of time. Hence there are 
nardly any two countries which use the same unit of ralue; and the 
unit itself Taries much in any giren country at different times. 6h>ld 
and silver hare been chosen in most civilized countries as the stan- 
dards to which all other values are reduced. The reasons for this 
selection are — 1. Because, compared with other commodities, their 
Talue fluctuates very little. 2. Because they are hard and durable 
materials. 3. Because they are capable of very accurate and minute 
subdivision. 4. Because, compared with otherthings of equal worth, 
they occupy very Uttle space, and can easily be removed feota place 
to place. X4^evertheless, gold and silver, like other raluable things, 
rise and fall in price according to the quantity in the mai^et ; and 
even if they did not, we could not always measure the wealth of 
other times or other nations by a money standard. For in order to 
tell the worth of a given sum of money, we must know what amount 
of comforts or commodities can be purchased with it; and this 
Taries very much under different circumstances. 

The value of an ounce of gold* is £3 iTs. 10|d. in this country, and 
this price has of late undergone very little fluctuation. The vtdue of 
silver varies more, and is generally from 58. to 5s. 6d. per ounce. It 
would therefore seem that the true way of comparing the value of 
foreign coinage with our own is to ascertain the fineness and weight 
of the metal of which it is made, and calculate its worth by this 
standard. But in fact the relative value of coinage in di&rent 
countries is chiefly determined by the state of trade between them. 
For when two countries have commercial intercourse, money does 

* TUfl is not to be understood as perfectly pure gold ; ,1^ of it is supposed to be 
alloy, so that it would be more accurate to state that f| of an onnoe, or 440 grains, 
represents the amount of pure gold in £3 17s. 10|d. An ounce of silver is supposed 
to bare A,orH dwt. alloy. 
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not actually pass from one to another, but bills are drawn (388) and 
are negotiated among the traders instead. Thus : if a French mer- 
chant has an EngUsh creditor, and an English merchant has a French 
creditor, it will not be necessary that each should ship gold or silver 
to pay his debts, if the former pays his neighbour the debt which 
he owes to the Englishman, and the latter pays to that Enghshman 
the money due to his French correspondent. If all the Englislmien 
who owe money in France accept bUls for the amounts, and all the 
Frenchmen who are indebted to persons in England do the same, 
these documents can be negotiated in the respective money markets, 
and no specie need be transmitted. Now if there be such an equi- 
librimn in the trade of the two countries as that there is just the 
same sum owing by the whole body of English merchants that the 
whole body of French merchants owe to England, there will be as 
many bills drawn in England and payable in France as are drawn in 
France and payable in England. There will be just the same num- 
ber of English debtors wishing to purchase bills upon France, as of 
English creditors wishing to dispose of them. The exchange is 
imder such circumstances said to be at par. But suppose France is 
exporting more to us than we are sending to them. The sum of 
mon^ owing by English merchants to France will be greater than 
that in which France is indebted to us. Hence in the French money 
market the supply of EngHsh bills payable to French merchants will 
be greater than the demand, and such bills will be sold at a discoimt, 
while in England, French bills will be at a premium, or will sell for 
rather more than they are worth. As in this case a balance of ^money 
is due to France, the exchange is said to be in favour of that country. 
The state of the market at any time is called the course of exchange. 
It is necessarily affected by other circumstances ; the credit of the 
persons on whom the bills are drawn, the mint value of the specie 
in different countries, &c. But there is a limit to the fluctuations 
in the coiu^e of exchange. For though the transmission of specie 
involves inconvenience and risk, yet if the exchange were unusually 
to the advantage of France, a merchant in England would rather 
incur the expense of sending money to that country than purchase 
bills at a very high premium, and therefore at a loss. 

Peesent English Money. 

A farthing (i) = -0010416 of £1. 

1 penny (Id.)* = 4 farthings = £-00416 

1 shilling (Is.)t = 12 pence =48 farthings 

1 sovereign or pound J (£1) = 20 shiUings = 240 pence = 960 farthings 

* A penny weighs \0\ drams [avoir.) or 201| grains of copper. 

+ A shilling weighs 3 dwt 15/^ grains of silver. 

% A sovereign weighs 5 dwt. 3^{^ grains, or 123274 grains of gold. 

L, S, and D, are the initials of the words Hbrit Solidi, Denarii, which are th« 

T 
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Table op Fobeign Mokby. 



Fbakce, Belgium, and Switzeb- 
Laitd. — 1 Franc = 10 decimes = 
100 centimes 

Ukited States. — 1 Eagle = 10 
dollars : 1 dollar* = 100 cents. . 

AnsTEiA, Bayabia^ Badeit, and 
Wibtembueo. — 1 Florin = 60 
kreuzers 

Pbussia, Saxony, and Geeman 
ZOLLTEBEIN. — 1 Thaler = 30 sil- 
ber groschen = 360 pfennings. . 

Fbankfobt on the Maine. — 1 
Florin = 60 kreuzers. 

Hahbubo. — 1 Mark ■=. 168chillings. 

Holland. — 1 Florin = 20 stiyers 
= 100 cents 

Denmabe. — 1 Rix-dollar ^=.Qmax\& 
= 96 schillings. 

fRussiA. — 1 Rouble = 100 copecks. 

JSpain, Pebu, and Buenos Atbes. 
— 1 Dollar of plate or 1 Piastre 
= 8 reals = 272 maravedis. 
1 Hard dollar — 20 reals (vellon). 

PoBTUGAL. — 1 Milrea = 100 reas. 

Sweden and Nobway. — IJtix-dollar 
=r 48 skillings 

Titbkey and Egypt. — 1 Piastre = 
40 paras 

G-BERCE. — 1 Drachma = 100 cen- 
times or ceptas 

BoMAN States. — 1 Scudo = 10 
paoli = 100 bajocchi. 



Sterling 
money. 


Decimal 
ofjei. 


Value of jei sterling 
at par. 


s. 


d. 








9J 


•039 


25 fr. 22 cent. 


4 


6 


•225 


4 doL 60 cents 


2 


Oi 


•102 


9 fl. 3 kreuEers 


2 


lOJ 


•145 


6 thalers 27 s. g. 


1 

1 


8 
5i 


•083 
•085 


12 florins 

13 mks. 10 schs. 


1 


8 


•083 


12 fl. 9 cents 


2 
3 


2i 
2 


•11 
•158 


9rix-dol. lOsch. 
6 roubles 40 cts. 


3 

4 

4 


1 
2 

8k 


•154 
•208 
•235 


6 doL 4 real spit. 
4hd.dol. 16rl8. 
4 mil. 360 reas 


1 


8 


•083 


62 doL 5 skilfl. 




2 


•009 


110 piastres. 




8i 


•036 


28 dr. 15 oept. 


4 


2 


•208 


4 Bcudi 6 paoli 



plural forms of tlie names of three Roman coins. Until the aliej^tion In the French 
coinage, the same words were employed in the form of /it;re«, «ot/«, and denier*. 

* The actual value in silver of an American dollar is 48. l'2736d.,butiu exdiange 
it is customary to consider 4s. 6d. as the standard, and to rate all fluctuations as so 
much above or below that sum. 

4- As the old style is still in use in Russia, 12 days must be added to the date of a 
Russian Bill of Exchange. 

t In Spain two kinds of money are current, called respectively p7a^e and vellon; 
their values being as 32 tu 17. Thus : 17 reals plate ss 32 reals vellon. 
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LoMBAEDY. — 1 Lira Austariacha = 

100 centesimi 

Naples and Palermo. — 1 Ducat 

= 5 tari = 10 carlini = 100 grani. 
Sardinia and Genoa. — 1 Lira = 

100 oentesimi 

East Indies. — IBupee* = 16 annas 

=: 192 pice =: 5120 cowries. 
China and Bubmah. — 1 Tael = 10 

mace = 100 candarines 
Mexico, Chili, Singapore, &o. — 

1 Mard dollar = 100 cents. 



Sterling Decimal 
money. I ofjt'l. 



Valae of £ I sterling 
at par. 



8. d, 

8i 
3 4 
' 9i 
3 

2 



2 

6 

4 



•034 
•166 

•04 
•112 

•3 
•208 



29 liras 52 cent. 
6 ducats 
251iri22oent. 



8 ru. 24 ann. 



3 tael 6 mace 

4 hard dol. 80 o. 



Proposed English Money on a Decimal System. 

A mil = £'001 ; somewhat less than one farthing. 
A cent = £*01 = nearly 2id. of present money. 

A florin = £1 =2 shillings, 

A pound = 10 florins = 100 cents = 1000 mils. 

Miscellaneous and Obsolete English Coins. 

Amoidore = 27s. ; a jacobus = 25s. ; a carolus = 23s. ; a guinea 
= 21s. ; a mark = 13s. 4d. ; an angel = 10s. ; a noble = 6s. 8d. ; 
a crown =: 5s ; a groat = 4d. 

III. Measures op Length. 

In early and rude calculations, the parts of the human body 
formed the principal standard of length. The terms foot, hand, 
palm, span, and pace, indicate the origin of our ordinary measures, 
and words equivalent to these are found in the languages of the 
G-reeks and Romans. Among the Romans the pes or foot was the 
principal unit, and was equal to 11*6 1 modem English inches; the 
uncittf or inch, being i^j, or the breadth of the thumb, and the digitus^ 
or finger breadth, being ^oio, foot. The breadth of the four fingers 
(measured across the joints) gave ihepalmus^ or hand, which was \ of 
the foot. The cubitus was the length from the elbow to the tips of 
the fingers, or 1 foot and a half. 2i feet were one gradus or step ; 
2 steps, or 5 feet, one passus or pace ; 1000 paces one milliare or 

* A lao of rupees is 100,000, or £ll;200.> 

4- The Greek irow, or loot, was 12*14 Englioh inches, or rather more than an 
En<{lish foot. This is ascertained by the measurement of some buildings still 
existing, whose dimensions are given by ancient writers. Yet the average length of 
a human fbot is actually about 10*3 inches. 
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mile.* Of course it became necessary in very early times to fix an 
average standard for each of these lengths ; and specimens of the 
legal lengths were probably kept in public buildings for reference and 
appeaL 

The measurement in use in this country during the middle ages 
was foimded on that of the Komaiis ; but as the original standards 
were lost it became necessary to fix upon some others : grains of 
barley were employed for this purpose. The tradition is that at first 
four grains placed side by side were equivalent to the digittu or 
lowest measure.f By a statute of Edward II. it was enacted, that 
the length of three oarleycoms, round and dry, taken from the 
middle of the ear, should make the legal inch, 12 inches one foot, 3 
feet one yard, &c. It is commonly said that the legal measure of a 
yard was taken from the arm of Henry I.,;|: but this is very doubtful. 
{Standards were made for reference and ordered to be kept in all 
^arge towns : these, however, were necessarily exposed to accident ; 
and in fact the standard yard was destroyed in the fire at the Houses 
•)f Parliament, 1834. In ancient books of arithmetic also it was 
customary to illustrate the tables by printed lines or diagrams repre- 
senting the various lengths ; but this kind of standard is unsatisfac- 
tory, as paper is liable to shrink, and books are easily defaced or 
destroyed. 

For all ordinary commercial purposes such standards as these are 
sufficiently accurate, the average length of barleycorns being pro- 
bably uniform in successive years ; but for scientific purposes it is 
desirable that the standard should be determined with mathematical 
exactness. It is for such purposes only that so many laborious in- 
vestigations have been made with regard to the unit of length. 

The great object therefore in regard to these measures, was to dis- 
cover some one fact or object in nature which would furnish us with 
an unalterable standard of length. As physical science became more 
studied, the attention of learned men was directed to this subject. 
It was found that, in a given latitude, the pendulimi which marked 
seconds was always of exactly the same length, § and as the length of 

* The assamption on which these measares are based, and which is on the whole 
an accurate one, is that in a man of average proportions, the breadth of the palm 
is ^^ of his height; the length of the foot one-sixth, and ttiat of the cubit one-fourth. 

t If this were true, 64 grains placed side by side would equal an English foot ; 
but on putting this to a simple test, it may be found that 64 grains of even well 
grown barley give little more than -J of a foot 

% William of Malmenbury states positively that Henry I. commanded that the 
ulna, or ancient ell, which answers to the modem yard, should be made of the 
length of his own arm. But this is the only authority (and not a very trustworthy 
one) for the fact. 

I The Boyal Commission of 1848 appointed to investigate this matter have however 
reported, that although the reference of the standard of length to the seconds pen* 
dulum fvai ofgreal importance, on the whole they judged it better not to depend on 
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the seconds pendulam in London is 39*1893 inches, a ready means 
was discovered of correcting any future deviations from the true 
standard of length by referring it to the standard of time.* 

It has now been shown — 1st. That of all the magnitudes we wish 
to measure, time is that of which nature has most distinctly fixed 
the standard. 2ndly. That a method has been ascertained of deter- 
mining the measure of length by that of time. Srdly. That from 
a fixed length it is possible to deduce fixed measures of surface, of 
capacity, and of weight. 

In the year 1826, an act of parliament was passed which settled 
the national usage in regard to weights and measures, abolished 
many that were cumbrous and inconvenient, and explained the con- 
nexion of the several tables with that called Long Measure, and of all 
of them with time. The following is the table in ordinary use : — 

Long Measttbe. 

1 inchf = ^j^ of a seconds pendulum in the latitude of London 

1 foot =: 12 inches 

1 yard = 3 feet = 36 inches 

1 pole = 5i yards = 16^ feet = 198 inches 

1 furlong = 40 poles = 220 yards = 660 feet = 7920 in. [in. 

1 mile = 8 furlongs = 320 poles = 1760 yds. =c 5280 ft. = 63360 

Cloth Msasube. 

1 nail = 2i inches 

4 nails = 1 quarter 

4 quarters = 1 yard = 16 nails = 36 inches. 

An English ell is 5 quarters, a French 6 quarters, and a !Flemish 
3 quarters. 

MiSCELLANEOrS OB OBSOLETE MeASTJBES OF LENGTH. 

S^aTid (for measuring horses) ^ 4 inches ; a span = 9 inches ; a 
cuhit = 18 inches ; a. fathom =: 6 feet j a chain = 22 yards =: 100 
links ; a degree = 69"1 miles ; a geographical mile = ^ ora degree } 
a Greek stadium = *1149 English mile ; a parasang = 30 stadia, 
or 6i English miles ; a log linCy used by sailors, = 48 feet ; a piece 
of calico = 28 yards ; a piece of Irish Hnen =: 25 yards j a piece of 
muslin = 10 yards. 

such tests, but to cause a number of exact copies of a standard yard to be made and 
deposited in secure places tbroughnut the country. Gun metal, composed of copper, 
tin, and zinc, in the proportion of 16, 2^, and 1, was recommended as the best ma- 
terial, being hard, elastic, and less affected by change of temperature than others. 

* N^ot that a second is a period of time which nature measures for us, but because 
it is an aliquot part of the natural period called u day. 

4 We have no names for the subdivision of an inch, which may be dghttiSy 
twelfths, or tenths; barleycorns are entirely out of use. 

t2 
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Fbenoh Ldteab Measubes. 

The entire system of weighing and measuring in France was 
remodelled at the end of the last century, with a view to the reduc- 
tion of all tables to a decimal form. The plan adopted was to fix 
on one definite length, one surface, one cube, and one weight (the 
last three being founded on the first), and to employ the same 
syllables in each table to express the measures and multiples of 
these units. So, for the various decimal multipliers, terms were 
taken from the Greek language, while for the decimal divisors the 
syllables were chosen from the Latin. 

e.g.^ Myria (nvpia) = 10000. Kilo (x'tXm) = 1000. Hecto 
(tjcarov) = 100. Deca (Seko) =: 10. Deci (decern) = one- tenth. 
Centi (centum) one-hundredth. Milli (mille) =: one-thousandth. 
* The unit of length chosen is the ten-millionth part of the distance 
from the equator to the pole ; it is called a metres and is equal to 
39'371 English inches.* The table is as follows : — 

Myria-metre = 10000 metres = 393710 = English inches 

Kilo-metret = 1000 metres = 39371 

Hecto-metre = 100 metres = 3937-1 

Deca-metre = 10 metres = 393*71 

Metre, principal unit = 39371 

Decimetre =: t\t of a metre = 3'9371 

Centimetre = tJ^ of a metre = -39371 „ 

Millemetre = t^ of a metre = "039371 „ 

IV. Measxtees op Area or Suefaoe. 

These measures are obviously dependent on the preceding. A 
square surface having a given unit of length for its base being a good 
measure of the area. 

LAin> OE Squaee Measuee. 

1 square inch = a square surface having a linear inch for 

1 square foot = 144 sq. inches [each of its sides 

1 square yard = 9 sq. feet =: 1296 square inches 

1 square pole = 30^ sq. yards 

1 square rood or perch = 40 sq. poles =: 1210 sq. yds. 

1 acre = 4 sq. roods = 4840 sq. yds. =: 100000 

1 square mile = 640 acres [sq. links 

MiSOELLANEOUS OB OBSOLETE MeASUBES 07 SUBFACE. 

A hide of land = 100 acres ; a yard of land = 30 acres ; a square 
of flooring =: 100 square feet ; 1 rod of brickwork = 272i square feet. 

1 quire of paper =: 24 sheets j 1 ream = 20 quires j a printer's 
ream = 21^ quires. 

• Nearly the same length as the seconds pendulum. 

f This is the measure most frequently quoted in France for long distances, and 
itia important to remember that it is about 5 furlongs. 
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Fbench Sitfebficial MsASimE. 

The principal unit chosen is the a/re or square decametre, t.e., a 
square having 10 metres or linear units for one of its sides. 

Hectare* = 11960*46 

Decare = 1196046 

Arey principal unit =: 119*6046 square yards English 

Declare = 11*96046 

Centiare = 1*196046 ' 

V. Measitees oe Solidity ob Capacity. 

These may easily be deduced from those of surface and of length, 
for a solid m a cubical shape and having a given unit of length for 
one of its edges, is the only standard we need either to measure the 
bulk of solids or the capacity of vessels. Nevertheless the old 
English measures weite not formed in this way, but by a less direct 
method. A statute of Henry III. (1266) enacts that 32 grains of 
wheat well dried shall be the legal weight of a silver penny, and 
shall be called a penny-weight ; 20 such pennyweights shall make an 
ounce, 12 ounces a pound, and 8 pounds of wheat thus counted and 
weighed should fill a gallon. Thus the gallon became the standard 
unit of capacity, and was derived from weight, and not immediately 
from length. But by the act oi 1826 it was ordered that the gallon 
should contain exactly 277*274 cubic inches. Before this act the 
gallon used to mea8\u*e com was less than that for wine, as 268*6 to 
282. The sha'pe of the measuring vessel was fixed by act of parlia- 
ment, and it was further directed that the articles thus measured 
were to be heaped above the rim of the vessel in the form of a cone, 
to one-third of the height of the measure. Now that heaped mea- 
sure is aboHshed and the exact number of cubic inches fixed, it is 
unnecessary to insist upon any particular form of the vesseL 

The gallon is the standard measure of capacity both for diy goods 
(com, &c.) and for liquids. Special names are employed in Wine, 
Ale, and Beer Measures, but these are rather names of casks than 
standard measures, for by the act of William lY. the contents oro 
always to be guaged in gallons. 



Solid Measube* 

1 cubic foot = 1728 cubic inches 
1 cubic yard = 27 cubic feet 

* Lai^ soifAces are generally spoken of in France as Hectore*, each of wlu<rft 
is about 2| acres English. 



820 THE SCIENCE OF AMTHMETIC. 

Imfebial Measure. 

A gill = i of a pint =z ^ofa gallon 

A pint =: I of a gallon 

A quart* =: 2 pints = i of a gallon 

A gallon\ = 277*274 cubic inches 

A peck =: 2 gallons = 8 quarts 

A bushel = 4 pecks = 8 gallons 

A quarter = 8 bushels = 64 gallons 

A load = 6 quarters = 320 gallons 

Wine Meastjbe. Ale aitd Beeb Measubb. 

1 anker = 10 gallons 1 firkin = 9 gallons 

1 runlet =: 18 gallons 1 kilderkin = 18 gallons 

1 tierce = 42 gaUons 1 barrel = 36 gallons 

1 puncheon = 84 gallons 1 hogshead = 54 gallons 

1 hogshead* = 63 gallons 1 butt = 108 gallons 

1 pipe = 126 gallons 1 tun = 216 gallons 

1 tun = 252 gallons 

Miscellaneous Measubes of Capacity. 

1 sack := 3 bushels ; 1 chaldron =: 36 bushels ; 1 load or ton of 
hewn timber = 50 cubic feet ; 1 load of rough timber = 40 cubic 
feet ; 1 ton (in shipping) = 42 cubic feet ; 1 ton of marble = 12 
cubic feet ; 1 ton of J?ortland stone = 16 cubic feet ; 1 ton of Bath 
stone =: 20 cubic feet. 

French Measubes op Capacity. 

The unit employed for the measurement of com and dry goods, as 
well as liquids, is the ciibe of the decimetre. This is nearly equal to 
our pint, and contains 61*028 cubic inches. 

Hectolitre = 6102*8 cubic inches 

Decalitre = 610*28 cubic inches 

lAtrey principal unit = 61*028 cubic inches 

DeciUtre = 6*1028 cubic inches 

Centihtre = '61028 cubic inches 

The unit employed for solidity is the cu^e of the metre, and is 
called a stere; it is 35*317 cubic feet. 

VI. Measubes op Weight. 

It has been seen that at one time grains of barley, carefully num- 
bered or measured, formed the standard of weight. From that it 
would appear that 7680, or 32 X 20 X 12, was the number of 
grains in an old pound. But as this mode of weighing is liable to 

• Quart, from quart us, = one-fourth. 

^ The imperial gallon contains about 10 lbs. avoirdupois of pure water* 
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variation, a method was sought bj which the unit of weight might 
be referred to that of capacity. Now water, at a given temperature 
and under a given barometic pressure, never varies in specific gravity, 
and a cubic mot, or 1728 cubic inches of water, at a temperature of 
62 degrees, and when the barometer is at 30 inches, is found to 
weigh nearly 1000* ounces avoirdupois, or 62*32106 poimds. 
Hence the unit of capacity becomes a measure of weight. But this 
is not considered perfectly satisfactory, and it was recommended by 
the commissioners who reported to parliament on this subject in 
1843, that standards of metal sliould be made and kept by the 
nation, in preference to deducing the unit of weight from that of 
length. ' 

The weight now called troy weight is undoubtedly of more ancient 
use tlian that known as avoirdupois. The troy pound consists of 
5760 grains (for though 32 grains originally made a pennyweight, 24 
was the number even before the time of Henry VII.) This king is 
said to have fixed the troy pound at its present weight, and to have 
increased the old Saxon pound by three-quarters ot an ounce. By 
the statute of 1826 the use of this weight is limited to gold, silver, 
platina, diamonds, precious stones, and such drugs as are sold by 
retail. Until the time of Henry VIII. gold and silver were weighed 
by the Tower pound, which was Hi ounces. 

There was a weight in use in business up to this period called the 
merchant's pound, of 15 oimces troy. This is plausibly conjectured 
to be the origin of the modem avoirdupois pound, which is 14*6 
ounces troy. There is good reason to beUeve that when the word 
avoirdupois first became in use it was applied to this greater pound. 
The present standard of the avoirdupois poimd was fixed in the reign 
of Elizabeth. It contains 7000 troy grains. It therefore is to a 
troy pound as 7000 is to 5760. 

The great or merchant's pound consisted of 7680 grains, and is the 
same as the old pound just described, which had 32 grains to a penny- 
weight ; of these grains 20 made 1 scruple, 3 scruples a drachm, 8 
drachms an ounce, 16 ounces 1 pound. It appears that long after 
the settlement of the avoirdupois standard medicines continued to 
be dispensed by this ancient sub-division of the pound. Now these 
grains, scruples, and drachms, are not aliquot parts of an avoirdu- 
pois pound, or of 7000 grains, but they are measures of the troy 
pound. And thus it happens, that while apothecaries buy and seU 
drugs wholesale by the avoirdupois pound they retail them by the 
troy pound, only sub-dividing it in a different way. Hence— 

- „ — f 12 ounces = 240 dwts. = 5760 grs. (troy) 

i ID. — ^ ^2 ounces = 96 drachms = 288 scr. = 5760 grs. (apoth.) 

Hence a troy ounce ; avoirdupoise ounce ; ; ^J^ ; ^^® = 96 ; 85. 
* The exact number of ounces it 997' 14, 
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Tbot Weight. 

1 pennyweight =: 24 grains 

1 ounce = 20 dwt. =: 480 grains 

1 pound = 12 oz. =240 dwt. = 5760 grains 

Apothscabies WEiaHT. 

1 scruple (9) = 20 grains 

1 dracnm (5) = 3 scruples =: 60 grains 

1 ounce (3) = 8 drachms =: 24 scruples = 480 grains 

1 Ih. = 12 ounces = 96 drachms = 288 scr. = 5760 grs. 

Atoibdupois Weight. 
1 dram 

1 ounce = 16 drams 
1 lb. = 16 ounces ^ 256 drams 

1 quarter = 28 lbs. = 448 ounces ^ 7168 drams 

1 cwt. = 4 quarters = 112 lbs. = 1792 oz. = 28762 dis. 

1 ton =20 cwt. = 80 quarters = 2240 lbs. = 35840 oz. 

Miscellaneous asd Obsolete Measubes oe Weight. 

A stone ^ 14 lbs. (ayoirdvpois) ; a stone of meat ^ 8 lbs. ; a 
sack of coals := 2 cwt. ; a truss of straw -=. 36 lbs. ; a truss of haj 
= 60 lbs. ; a load = 36 trusses ; a pack of wool ^ 240 lbs. ; \fir* 
kin of butter =: 56 lbs. ; 1 /other of lead = 19^ cwt. ; a stone ci 
glass ^ 5 lbs. ; a pocket of hops = 112 lbs. ; a firkin of soap = 
64 lbs. ; a gallon of salt = 7 lbs. ; a bag of rice = 168 ibs. ; a chest 
of tea =1 84 lbs. ; a quintal of fish = 112 lbs. ; a barrel of anchoTies 
^ 30 lbs. i a barrel of flour = 196 lbs. ; a gallon of oil ^ 9 lbs. 



Wool Weight. 


1 clove 
1 stone 


z^ 


7 
2 


lbs. (avoirdupois) 
cloves 


Itod 


• — 


2 


stones 


1 wey 
1 sack 
llast 


""■ 


6itods 

2 weys 

12 sacks 



Fbench Measubes 07 Weight. 

The unit of weight is derived from that of capacity ; a cubic 
centimetre of distilled water, at its maximum density, bdng taken 
as the standard. This weight is called a gramme. 

Kilo-gramme* = 15444*40234 grains 

Hecto-gramme = 1544'4023 grains 

Beca-gramme ^ 154*4402 grains 

Ghfamme, principal unit = 15*4440 grains 
Deci-gramme = 1*5444 grains 

* As the kilogramme is the weight most frequently quoted, the student alioald 
earefaJly notice its magnitude, which is about 2^ pouuds avoirdap<ns. 
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VII. Measijees op Time. 

We haye seen that a day is the miiyersal unit employed for 
measuring time. However varied the mode of reckoning smaller 
periods may be among different nations, there can be no difficulty 
in comparing them, as they are all aUquot parts of a day. The only 
difficulty attending the construction of these tables is, that there are 
longer periods of time indicated by nature, such as that of the revo- 
lution of the moon round the earth, and of the revolution of the 
earth round the sun ; and these two periods, a month and a year^ 
are incommensurable with a day and with each other. We can 
neither express a year nor a lunar month exactly by days and frac- 
tions of a day. The solar year is 365'2422414 days nearly, and this 
fraction cannot be expressed by an exact number of hours, minutes, 
or even seconds. Again : the period of one lunation, or the time 
between two new moons, is 29*5305887 days ; and this fraction is 
likewise incapable of being expressed in minutes and seconds. 

Though the determination of a day is very simple, it required very 
careful observation to register the exact length of the solar year. 
Hence among semi- barbarous nations it was commonly the case that 
a number of days either too great or too small was fixed upon to 
represent the year. Thus, the Egyptians reckoned the year of 360 
days. Numa, the second king of Rome, formed the year of 12 li^nar 
months (of 29 and 30 days alternately), or 354 days. To make this 
arrangement agree with the actual solar year, an intercalary, or extra 
month, was introduced every two years. But as the length of this 
extra month, and even the periods for its occurrence, were left to the 
discretion of the pontiffs, great irregularities occurred. In the later 
time of the republic the additional month was not inserted so often 
as was necessary, and the average year of the Komans was consider- 
ably less than the solar year. The effect of this was to make the 
artificial computation in advance of the real time ; and when the 
error had accumulated to rather more than two months, the Bomans 
were, in fact, calling the beginning of June that which should have 
been the end of March. To remedy this, Julius Csesar, in the year 
47 B.C., caused the year to consist of 445 days, thus adding 67 days 
to the ordinary calculations. The effect of this was to bring the 
nominal year into harmony with the natural one. At the same time, 
with the aid of some Egyptian astronomers, he ascertained pretty 
nearly the exact length of the solar year. He took it to consist of 
865i days, and enacted that every fourth year there should be an 
adcHtional day to make up for the four quarters. As this additional 
day was added by causing the sixth of the calends of March (23rd of 
February) to be repeated twice, the year in which the day was 
added was called bissextilis {bii = twice, sextilis = sixth), or the 
year in which there were two sixths of March. 

The Julian calendar thus fixed was adopted throughout Europe 
But it was based on the supposition that the year contained 9li( 
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days 6 hours (365*25 days), whereas the true year only contains 365 
days, 5 hours, 48 minutes, 49*7 seconds (365*2422414) : an error of 
little more than 11 minutes p^ anniun was thus caused. This error 
it should be observed was an error of the opposite kind to that 
which the Bomans had made ; for whereas, by making their year too 
short, their calculations were in adyance of the real year, the Julian 
calendar, by making each artificial year 11 minutes longer than the 
real one, allowed the true year to be in advance of the ordinary cal- 
culation. In the sixteenth century it was observed that the error 
thus caused had accumulated to 10 days. Men were calling that 
the 10th of March which ought to have been called the 2l8t. Pope 
Ghregory XIII., in 1582, proposed to correct this by omitting 10 
days from the nominal year ; and with a view to prevent the recur- 
rence of the mistake, he enacted that the extra day should be omitted 
in every 100th year, except the 400th. Thus of the extra days fixed 
by the , Julian calendar 3 are to be omitted in every 400 years. By 
this arrangement, though it is not a perfect one, it is calculated that 
the error in computation will not amount to 1 day in 6000 years.* 
It is important to remember that as this arrangement of time, caUed 
the Tiew ttyle^ did not take efiect in this country until 1751, when 
the error had amounted to 11 days, all earlier dates which occur 
in history, or in old documents, require to be corrected by the 
addition of 11 days. So that the years 1700, 1800, and 1900^ were 
not to be leap years, but 2000, 2400, 2800, are to have a 29th of 
February as usuaL 

Time Table. 

1 minute = 60 seconds 

1 hour = 60 minutes 

1 day = 24 hours 

1 week = 7 days 

The year is rather irregularly divided into 12 parts, averaging 
30*416 days each. Each of these is called a calendar month : 28 
days, or 4 weeks, are called a lunao' month. 

MlSCELLANEOITS MeASUBES OP TiME. 

1 lustrum = 5 years ; 1 century = 100 years j 1 lunar cycle =: 
19 years j 1 solar cycle = 28 years. 

* It is interesting to observe bow very reluctantly this arrangement was adopted 
by Protestant countries. The change took effect in France, Spain and Portugal, 
and Italy, immediately on its promulgation by the Pope in 1582. The new style 
was legally established throughout the Netherlands in the same year ; but several 
of the provinces refused to adopt it, and in Utrecht and Guelders it was not in use 
until 17U0. Throughout Germany and Switzerland the Catholics received it in 
1584, the Protestants not until 1699. In Sweden the new calendar commenced in 
1753. In our country the change was resisted uniil 1751, and was very unpopular. 
To this day Kussia and the countries in connexion with Uie Greek chureh adhere 
to the old style. 
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APPENDIX.— B. 
VARIOUS SCALES OF NOTATION. 

It has been shown that because we have taken ten for the base 
of our notation — I. That we need distinct significant characters for 
the first nine numbers only and express all higher numbers by 
yarying their positions ; and II. That every higher number than 
9 h&s one part which is considered as a product, having for one of 
its factors ten, or some power of ten. Thus — 

22222 = 2(10*) H- 2(10») -|- 2(lO0 -f 2(10) -|- 2. 

Now it follows from similar considerations, that if 4 had been 
chosen for the base of our system we should only have needed three 
significant figures ; 10 would have meant /o«r, and 22222 would have 
equaUed 2(4*) -|- 2(4') -|- 2(4») -|- 2(4) + 2. 

And because that which we now call 37, or (3 X 10) -|- 7 ^ 
(2 X 16) -f- 4 + 1, or 2(4^ +4 + 1; 

Therefore 37, on the decimal scale, might have been expressed as 
211 on the quaternary scale, or as (2 X 4' + 4 + 1). 

And whereas in considering ordinary numbers we break them up 
into tens, hundreds, and thousands, it would be necessary, if 4 were 
the base of our notation, to decompose every number into fours and 
powers of four. 

Suppose it is required to find how 500 would have been written 
had either 4 or 7 been the base of our notation ; it only becomes 
necessary to divide it into fours and sevens in the following manner : — 

4)500 7 )600 

4 )1250 7)71-3 

4)31-1 7)10-1 

4) 7*3 1-3 

nF3 1313 



13310 



13310 on the quatemaiy scale 1313 on the septenary scale 

= 500 on the decimal ; for = 500 on the decimal; for 

13310 1313 

10 = 4 3 = 3 

300 = 3 X 4* = 48 10 = 7 

3000 = 3 X 4' = 192 300 = 3 X 7» = 147 

10000 = 4* =256 1000 = 7' =343 

500 500 

Whatever number be chosen as the base, one less than that num- 
ber of digits would be required. Hence if eleven, twelve, or any 

U 
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(^Rrater numher than ten were cbown it wocJd be r^yfiwry to hare 
new characters; fappr>se twelre were the base, 10 woold mean 
twelve, X mi^zht mean ten, and e eleren; then 2oe7/ woold equal 
(2 X 120 +^5 X 15f) -h ai X 120 -»- (7 X 12; -r 10. 

TliC following examples will s^rre to show how aar one of the 
foor fundamental operations of arithmetie might be per for med on 
any seale which mig^t be eboten. 

L Fnidl3'i-213 + 402 + 12on 
the qnxnarj (5) scale. 

Scale of fire. Scale of ten. 



n 



on 



13 


=r 


8 


213 


— 


5S 


402 


^^^ 


102 


12 


— 


7 


21 (jO 


— 


173 


. Multiplj' 


12212 


by 7 on the 


tciTukrj ecaUr. 


Ternary. 




DecimaL 


12212 


^ 


158 


21 




7 


12212 






102201 






llil222 


= 


1106 



Snbtract 142s firom z/ 
the doodecimal scale. 

DoodectmaL Beamal 
27e9 = 4fi05 
lt2r = 2338 

13.Se = 22t>7 



IV. Diride 2648 br 7 on the 
nonary sctie. 

7)aJ4.8 = 7) 1988 
345 = 284 



EXESCISE. 

ConTcri 52364 into the scale whose base is 5. 

How would 10000 be expressed if the radix were 2, 7, or 11 ? 

\\liat number in the decimal scale equab 123421 on the quinary ? 

If 23454 be a number on the septenary scale, how will it be 
expressed on the scale whose radix is 8 ? 

Add together 123, 432, 310, and 212 on the scale whose base is 
6 ; multiply the result by 14, and give the answer in the duodecimal 
scale. 
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How manj pieces of cloth 9 yards 2 qrs. 3 nails long can be cut 
out of a piece 52 yards 1 qr. 1 nail in length ? 

Find the value of 227 qrs. 3 bush. 2pecKs of wheat, at 36s. 8d. per 
quarter. 

How many ounces of silver, at 5s. 6d. per ounce, are equivalent to 
6 oz. 12 dwt. of gold at £3 17s. lOJd. per oz. 

The sun's diameter is 111*454 times the equatorial diameter of the 
earth, which is 7925*648 miles. Bequired the sun's diameter in 
miles ? 

A manufacturer having a capital of £5000, on which he can realize 
by hand labour 10 per cent, profit, buys a machine for £1000, by 
which the profit 6n the remainder of his capital is raised to 20 per 
cent. This machine lasts 5 years ; how much is he by that time 
the gainer, supposing him to draw £300 a year for the support of 
his family ? 

Find the value of — 

(a) 4 cwt. 2 qrs. 16 lbs. at £3 17s. Bfd. per cwt. 

(b) 3 oz. 17 dwt. 20 grs. at 8s. 6id. per oz. 

In the Julian correction of the calendar, every fourth year (leap 
year) consists of 366 days ; in the Gregorian correction leap year is 
, omitted three times in four centuries, but otherwise retained. Com- 
pare the mean lengths of the year according to those corrections re- 
spectively with the true length, which is 365 days 5 hours 48 min. 
49*7 sec. nearly. 

By the use of the Julian correction, how many superfluous days 
would have been introduced from the year 1 to the year 1750 A.D. ? 

Having bought goods for £20, 1 sell half of them so as to gain 10 
per cent. ; for how much must I sell the remainder so as to gain 20 
per cent, on the whole ? 

Having bought goods for £18, 1 seU them four months afterwards 
for £25 ; what is the gain per cent, per annum ? 

Find the area of a floor whose length is 13 ft. 7 in. and its breadth 
11 ft. 9 in., and show by means of a diagram what surfeu^e is repre- 
sented in each term of the answer. 

Between 1801 and 1811 the population of Edinburgh increased 
by 24f per cent., and in the latter year it was 102987. What was 
it in 1801 ? 

Assuming that there are 682^^X)00 acres of land in the United 
Kingdom, how many square miles of land does it contain ? 

Show that any whole number, 765468, may be expressed by the 
sum of its digits multiphed by powers of 10. Prove also by general 
reasoning that a number is divisible by 9 when the sum of its digits 
is divisible by 9, and only then. 

Add together the fractions |, ^, |, ^, \^j and explain why they 

u 2 
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must bo first reduced to a common denominator. What fraction 
must f be divided by to give a quotient W ? Can more than one 
such fraction be found ? 

What fraction of the earth's diameter (7900 miles) is a mountain 
4J miles high ? By what fraction of an inch would the height of such 
a mountain bo properly i*epre3ented on a globe of 18 inches 
diameter ? 

If the whole revenue of the country (£50,000,000) were paid as 
interest on the national debt, £760,000,000, how much per cent, would 
it give ? 

Find the interest on £7650 10s. for 5 years, at 3| per cent. 

Multiply 2-564 by '047, and divide -00169 by -013 ; verify your 
results by putting the decimals in the form of vulgar fractions. 

Reduce -^J^ to a decimal, and explain why, in reducing a fraction 
to a decimal which terminates, the number of decimal places depends 
on the form of the denominator of the fraction, and not on that of 
the numerator. Extract the square root of 258368*89. 

When are magnitudes (1) in arithmetical (2) in geometrical pro- 
gression? Find an arithmetical and a geometrical mean between (a) 
and (d), write down the 12th term of the series 7, 12, 17, and find 
the sum of five terms of the series i + } 4- -^j &c« 

If 9000 persons, travelling each 20 miles weekly, give a railroad 
company a receipt of £900 in one week, how many persons travelling 
each 30 miles weekly will give a receipt of £62400 a year, when the 
cost of travelling per mile is reduced one-half? 

If the 8d. loaf weighs 48 oz. when wheat is at 54s. per quarter, 
what should be the price of wheat when the 6d. loaf weighs 32 oz. 
8dwt.? 

How many yards of carpet, 2 ft. 11 in. wide, will it take to cover 
a square floor, one side of which is 19 it. 7 in. ? 

A tradesman having bought 200 eggs at 2 for a penny and 200 at 
3 for a penny, sold the whole at 5 for a penny ; how much' did he 
gain or lose by the transaction ? 

Find the interest on £286 from the 1st of June to the 15th of Sep- 
tember, at 3^ per cent, per annum. 

A, B, and C are joint owners of a ship ; CTs share is worth £400, 
A's share is ^ of B*8, and the sum of their shares is six-eighths of the 
value of the ship. Find the value of the shares held by A and B. 

A person who has two-fifths of a mine sells three-fourths of his 
share for £1500 ; what is his share in the whole mine ? 

Reduce 1 cwt. 3 qrs. 5 lbs. to the decimal of f of a ton. 

I borrow £130 on 5th March, and payback £132 10s. 6d. on 18th 
October ; what rate per cent, per annum of interest have I paid ? 

A and B rent a field for £35 a year ; A puts in six horses for the 
whole year, B puts in five horses for eleven months, and three more 
for five months ; how much should each contribute towards the rent ? 

I wish to measure a distance of three furlongs with a line three 
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rocU and a lialf iii leiigth ; how manj timee will the lino measure 
the distance ? 

Add together the circulating decimals 0'53134, &o., and 0*465858, 
&c., and subtract the sum irom 1^. 

Perform the operations indicated below : — 

) 3601 - 2-987664 (4) 62 5 -~ 000 125 

) 2-746 X 45-674 (5) ^21196816 

(3) 288-8268 -r- 346 v / "v 

Find the value of -83333 of 2^ guineas. 

Sum the series 4 + 11 4- 18 + * ' * ' to 9 terms, 
And also the series 3 -j- 6 + 12 + ' ' * * to 16 terms. 

If 15 men, 12 women, and 9 boys can complete a piece of work in 
50 days, how long would 9 men, 15 women, and 18 boys be in doing 
double the work ; the parts done by each man, woman, and boy re- 
spectively, in the same time, being as the numbers 8, 2, 1 ? 

Given that the French metre is equal to 39*371 English inches, 
and that 100 Hamburgh miles are equal to 468*41 English miles ; 
express one mile of Hamburgh in terms of French metres. 

A privateer running at the rate of 10 miles an hour discovers a 
ship 18 miles off, making way at the rate of 8 miles an hour ; how 
many miles can the ship run before she will be overtaken ? 

If 12 men build a wall 60 ft. long, 4 ft. thick, and 20 ft. high, in 
24 days, working 12 hours a day, now many must be employed to 
build a wall 100 ft. long, 8 ft. thick, and 12 ft. high, in 18 days, 
working 8 hours a day ? 

A and B exchange goods ; A gives 18 owt. of hops, the retail price 
of which is 66s., but in barter he rates them at £3 ; B gives A 10 
barrels of beer, the retail value of which is Is. a gallon, but the value 
of which he raises in proportion to the increased value of the hops ; 
how much must B give in money ? 

Find the sum of f of a guinea, f of a pound, and -^ of a crown. 

Place the first term in the following proportion : — 

a? : (15 + 9 - 2)» : : 5 X 8 X 2^: 6» 4- (6 X 2"). 

If a spoon weigh 16 dwt. 11 grs., how many dozen of such spoons 
can be K)rmed out of 122 oz. 9 dwt. 1 gr. ? 

A field of 16 acres produces 440 bushels of wheat $ how much is 
that upon every 22 square yards ? 

A man spends 12 guineas in 36 days, and saves £100 a year ; 
what must he earn in the year P 

Suppose 8 men can do the work of 35 children, and 12 women 
the work of 19 children, how many children can do the work of 17 
men? 

Bequired the number of square feet there are in a piece of slate 
2i ft. and ^ in. long, and 1^ ft. and \ in. in width. 

What is the value of the flooring of a schoolroom consisting of 36 
planks, each plank 10^ ft. long, 8 in. wide, and 8 in. thick, a cubic 
foot being worth Is. 74d. ? 
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There are 10 windows in a house ; each window oontaina 12 paneb 
of glass ; what is the value of the whole glass, each pane being 1^ ft. 
long, 10 in. wide, and \ in. thick, a cubic inch being worth 2id. ? 

A boy loses ^ of his marbles ; he plays again and wins ^ of i 
of what'he has left ; he now has 80 nuurUes : how many did he have 
at first? 

If ^ of the rent of a house be £32 Ts. S|d., what is the rent ? 

Divide £15 4^. 6d. among 4 men, 5 women, and 6 children; 
give the men each a share, the women each f of a share, and the 
children each f of a share. 

Solre the following expressions : — 

2i ofU 6 ~| e} -^i^ 

3g -^7A ^84 ^^ 11-H ^ ^ lt)A X JT 
4a oi^ ^ ij X ^ of 1^ ^ ftX_? 

If the sun shining on the ocean 7 hours per day causes 8756*73 
cubic feet of water to eraporate per hour on a surSeuxs of 2*875 
square miles, what would be the weight of water evaporated on 
a surfiice of 879*398 square miles in 6 days 2|^ hours, supposing 
the sun to shine 9 hours 37 minutes per day, and the weight of a 
cubic foot of water to be 62^ lbs. ? 

If 834 horses can plough 6766}^ acres in 7^1 days, working 
7{ homrs per day, what must be the length of the working day idien 
946 horses plough 67293^ acres in 6|g days, supposing each horse in 
the latter case to perform only ^ of the work performed by each in 
the former ? 

A stage coach has the circumference of its fore wheels 4J ft., and 
the circumference of the hind ones 12^ ft. It is required — 1. To 
find the number of revolutions performed by the lore and hind 
wheels in travelling j of -j^^ of the circumference of the earth (taken 
equal to 24900 nules). 2. If the hind wheels make 5 revolutions 
every two seconds, how many revolutions do the fore ones perform 
per second ? 3. In what time will the distance be travelled over 
according to this rate ? 

A colonist procures 9000 acres of land from Government — ^ of 
which is to be grazing land, ^ arable land, and the remainder for 
the produce of hay — uponj the following conditions ; viz., that he 
is to give to the Government § the annual profit of the grazing land, 
J the annual profit of the arable land, and j of the third kind of 
land. Now the whole annual profit firom the first is £1 per acre, 
from the second £1| per acre, and from the third £ft per acre j 
required the whole annual profit of the farm, and the sum due to 
each of the parties. 

A ship at sea is known to sail at the rate of 10 miles per 
hour when the tide is with her ; on the tide returning, bar rate of 
saUing is reduced J the former rate ; after sailing for some time at 



MISCELLANEOUS QUESTIONS. 331 

tills rate, the wind increasing, her speed is increased J the last rate ; 
required the distance trav^ed over in 12 hours, supposing her to 
sau ^ of the time as in the first case, § of the time as in the second 
case, and the remainder as in the third case. 

Express the answer to the above "question in French metres, each 
39'371 inches, and also in a standard of measure equal to the length 
of a pendulum vibrating seconds in the latitude of London, which 
is 39*1393 inches. 

If I transfer £7280 from one kind of stock which is at 69*25, 
and pays 3 per cent., to another kind of stock at £108*6, which pays 
5 per cent., what will be the difference in the annual income arising 
from the investment P 

If I have to pay a bill of £370 at 3 months' date from this 
time, and I pay £120 of this sum at once, what extension of time 
ought to be allowed for the payment of the remainder ? 

Find the least number which is divisible by 9 without a remain- 
der, and which, when divided by 7, leaves a remainder 4. 

Two detachments of foot being ordered to a station at the distance 
of 39 miles from their present quarters, began their mt^rch at the 
game time ; but one party, by travelUng i of a mile an hour faster 
than the other, arrived there an hour sooner ; required their rates of 
marching. 

Having obtained the five first digits of the decimal equivalent to 
j!^ by actual division, deduce from the result the complete recurring 
period for ^. 

How much stock can be purchased by the transfer of £2000 
stock from the 3 per cents., at 90, to the 3} per cents., at 96 ; and 
what change will be effected in income by it P 

A ship having a crew of 26 persons, carries provisions for 21 days $ 
after having been at sea for 11 days, they pick up a party from a 
vrreck, and it is then found that the provisions will be exhausted in 
the course of 5 days ; find the number of persons taken from the 
wreck. 

If the 3 per cent, stock be at 98, and the 3i per cent, stock be 
at 101, which stock is it most advantageous to buy ? What will 
be the difference between the annual income derived from £5000 
invested in the two ways ? 

I paid £28 per cwt. for tea, and sold it again for £32 10s. per 
cwt. J what quantity must be sold to gain £169 178. 6d.P 

A lump of iron, containing 11 cubic feet, is drawn out into a rod 
14 yards long ; what will be the thickness of the rod ? 

A contract is to be finished in 5 months 17 days, and 43 men are 
put on to work at once : at the end of J of this time, it is found 
that only J of the work is done ; what extra number of hands will 
be reqmred to complete the contract in the given time, the last 
employed men to work 12 hours per day, whilst the first 43 men 
work until the contract is completed only 10 hours per day ? 



XS^-WSL-R^i TO TEZ ^^xy^^l-^>J^_s; 



ExiBCiSK nL 

Xwl^ xhtrnmBd :SuB^ axmdnd aad ivfi 'r tagits ouzuiBal aai ax 
Mv<n zht»fumafi nut nmesy'dye ; tmeasw giniiMm^ dnsie ^'^•''^rr^ 
fi..ar hundied url ifkj-wv.js. nhcmiwmri cwq kundredand sizKCr-^gbfi 
^iz hnndred srul tw?Ticj-«7<»n. nhonannd i:up hnndred sod cwcnfrp- 
Mie ; thirtj'three thcuMiui nme kozuircd and e2eT9L r Boor huud ra d 
suuf twent/'seven thouiand oshs Imodred mtl axseen.; ■« 
milluMU and thirtj-two thoamad eight kimdnd and £mf; d^ 
miRion two hiindrsd azid aerectj-one thooaand and maetjn-sz; 
thxtlsftwo millioa aerea bnndred and fbrtr-dve tiioaBBBDd CMJbfe 
hnndnKl and kfttj-ixe ; tereoij-two tiionaand sine h maih w i and 
ei^teen $ tlurteen ; S^ve thooaand one bszidred and aa i mtj^ tiPD; 
eiiffht hundred and fbrtj ; six hundred and tweatj-aut^ 

y,^j(jf}; 4irjOrjZ; 7G0O; 81402; 250; aQOlG07: 8600; 
2'tr/>5; 1215; rAlO; S81 ; 1S0GG€06; 413; 500. 

Vr— (b) 5000 + 1100 -h 12 tana -HU; 4000 + 1S0O + 17 tens 
^ 17 ; SOOO + 1100 + 15 tens + 11; 40 tfaonaandd + 13 tlio«- 
nftnda -I- 1700 + 11 tcna + 13; 1000 + 900 + 18 tens + 16; 
7WJ0O+ 12000 + 1300 + 11 tens + 17; 180O + 15 tens + 14; 
20r> + 17 tcnj + 17; 500000 + 90000 + 180GO + 1400 + 13 
t«n<i + ll; 70000 + 12000 + 1100 + 16 tens + 11 ; 30000 + 
14000 + 1800 + 10 tens + 18; 50000 + 13000 + 1600 + 11 
t«i»ji + lD; 700000 + 90000 + 12000 +1100 + 13 tens + 15; 
2000(XI + 160000 + 10000 + 1100 + 18 tens + la 

VII.— (1) 24917. (2) 17866. (3) 102119. (4) 9496. 
(5) 2'J77. (6) 7865. (7) 4961. (8) 17985. (9) 
351152. (10) 27166. (11) 172846. (12) 60562. 

(13) 8309287. (14) 8970598. (15) 3028394. (16) 

16548300. (17) 12461. (18) 64015674. (19) 21735. 
(20) gold 283, silrer 568, copper 954 : total 1805. (21) 1333, 
1 720. (22) wheat 4368, barley 10298, oats 3042 : total 17708. 
(28) 8345,2201,5858,4202,2299. (24) 290 days. (25) 

iM.6f)7. (26) 4314 letters. 

Vni.— (1) £2900 198. 5id. (2) £11100 15s. 7id, (3) 

£3388 8s. lid. (4) £1243 158. 2id. (5) 16 tons 16 cwt. 2 

fjrt. 6 lb§, (6) 41 lbs. 8 ox. 5 dwt. 17 grs. (7) 4 tons 3 cwt. 
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1 qr. 26 lbs. 7 oz. 4 drs. (8) 21 miles 6 fur. 33 poles 3 yds. 2 ft. 
7 in. (9) 90 acres 2 roods 4 poles 30 yds. (10) 22 qrs. 5 bush. 

3 pecks 1 gal. 8 qts. (11) 1 cwt. 3 qrs. 6 lbs. 1 oz. 6 drs. (12) 
66 days 17 hours 10 min. (13) 300 acres roods 28 poles. (14) 
232 yds. a ft. 134 in. (15) 222 gals. (16) 30 hours 43 min. 
42 sec. (17) 94 leagues 1 mile 7 fur. 12 poles 1 ft. (18) 382 
yds. 1 qr. (19) 10 miles 7 fur. 1 pole 3 ft. 11 in. (20) £1076 
4s. 5id. 

X.— (1) 6; 613; 707; 465; 8024; 49724; 4017. (2) 
87208; 2563; 8297; 36747; 1789; 3611; 276. (3) 241; 
341; 5784; 22706; 3424; 6319. (4) 507; 157; 366; 

1083. (5) 37393; 999194; 7055. (6) 37993; 2678; 

22815; 1265; 47961; 11644; 37364; 50611; 39410; 7813. 

(7) 214; 52256; 25480; 12965; 36718; 1773; 497929; 
5061. (8) 1959. (9) 71895; 16717. (10) £87332. (11) 
In 1854. The answers are 1311; 1792; 797; 188; 1669. 
(12) Ghreater, 758865; difference, 549183. (13) First, 44; second, 
59 ; third, 15 ; fourth, 12. 

XI. — (1) 4 years 581 days 40 hours 114 minutes ; 26 weeks 9 
days 28 hours. (2) 4 tons 22 cwt. 5 qrs. 38 lbs. ; 46 lbs. 18 oz. 
25 dwt. 29 grs. (3) 275 qrs. 10 bush. 5 pecks 3 gals. ; 17 hours 
61 min. 77 sec. ; 10 yds. 4 ft. 20 in. (4) 1 mile 10 fur. 47 poles ; 

4 miles 1768 yds. 

XII.— (1) £51 9s. Old. ; £108 17s. 3d. ; £703 6s. Id. ; £51 
9s. 7d. ;* £702 3s. 9d. ; £4808 Os. 7id. ; £220 3s. 9d. (2) £226 
15s. 6id. ; £3781 13s. 8|d. ; £2738 3s. lOd. ; £2705 3s. 8id. ; 
£11927 188. Hid. ; £10 2s. 7d. ; £62671 58. 3|d. ; £466 12s. 5id. 
(3) 21 weeks 3 days 19 hours ; 16 miles 3 poles 3 yds. 1 ft. 6 in. ; 
4 leagues 1 mile 4 fur. 37 yds. 1 ft. 6 in. (4) £1225 38. 5id. 

(5) 12 cwt. 14 lbs. ; 1 qr. 19 lbs. 3 oz. ; 4 cwt. 1 qr. 16 lbs. ; 6 lbs. 
6 oz. 4 drs. (6) 5 miles 4 ftir. 23 poles. (7) £513 128. lid. 

(8) 27 tons 13 cwt. 2 qrs. 12 lbs. 

XIII.— (1) 9; 61. (2) 31; 3. (3) 182; 707. (4) 391; 
a? — 6. (5) a -h 3 ; a — 5. 

XIV.— (1) 18; 3; 79; 40. (2) 6-3; y -f- 6 ; a? - 7; 
u — X. (3) 9 ; 9 ; m -\- 6. 

XVI.— (1) 1981; 253145; 11856; 26192; 417760. 
(2) 187623 ; C798 ; 35209284 ; 414712368. (3) 4374 ; 
589659; 52776; 6411132; 117148. (t) 3684709; 100668(i^ 
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29I108i4; 5064402. (5) 3394992; 3474: 508374; 19820935 
(6) 2482956; 6326883; 4369664; 2188396. 

XVII.— (1) 671210 ; 10152 ; 197280 ; 2220288. (2) 3020256 
3059420; 229957; 53374167. (3) 23092488; 1702910 

373095. ' 

XVIII.— (1) 262380; 594800; 24822000. (2) 39792900 
22246000; 26716050000. (3) 1749520000; 15736050000 
1433760000. (4) 23388400; 789920000. 

XIX.— (1) 3906; 3525993; 66710074; 7199076; 368244 
62395025; 313632; 141684375. (2) 29462508; 48954719 
51098208; 4003868253; 6535022130. (3) 109157832 

209385353; 461941684; 22218444; 4768389; 19747892 

(4) 49615636; 36630; ^93720; 11805528; 3601620 

(5) 19686992; 355752; 111680278; 22589658; 86208, 

(6) £256. (7) 7074. (8) 2549470. 

XX.— (1) £35 18s. 4d. ; £59 28. ; £17 58. 2id. (2) £191 
10s. 9d. ; £313 199. 4id. ; £1411 178. 7id. (3) £21967 lis. 
8d. ; £10435 13s. l^d. ; £656181 18s. (4) £534789 48. 9id. ; 
£2901990 ; £3359986 58. 8id. (5) £1602832 Os. Hd. ; 

£2793993 5s. 3d. (6) 97 acres 1 rood 15 poles ; 38 tons 17 cwt. 
1 qr. 12 lbs. ; 63 miles 5 fur. 24 poles. (7) 485 miles for. 37 
poles 4 yds. ; 3 cwt. 1 qr. 15 lbs. oz. 8 dwt. 4 grs. ; 270 lbs. 5 oz. 
6 drs. 2 scruples. (8) 5 tons 3 cwt. 1 qr. 7 lbs. ; 248 ton3 15 

cwt. 2 qrs. 14 lbs. ; 101 tons 14 cwt. 1 qr. 2 lbs. (9) 1 lb. 3 oz. 
9 dwt. ; 11 lbs. 10 oz. 9 dwt. 12 grs. ; 459 lbs. 4 oz. 5 dwt. 22 grs. 
(10) 125 gals. ; 175 gals. 2 qts. (11) 2422 acres roods 12 poles ; 
705 acres roods 14 poles ; 454 acres roods 34 poles. (12) 474 
leagues 1 mile 6 fur. 6 poles 1 yd. ; 432 miles 7 fur. 12 poles. 
(13) 87 yds. qrs. 3 nails ; 2298 yds. 3 qrs. 2 nails. (14) 213 

weeks 5 days 15 hours; 1740 weeks days 18 hours 54 min. 
(15) 1378 qrs. 5 bush. 2 pecks ; 3982 qrs. 7 bush. ; 1608 qrs. 3 
bush. 3 pecks. (16) £418 19s. 7d. ; £867 178. SJd. ; £3232 

2s. 6d. (17) 9696 acres 34 poles ; 10442 acres 12 poles ; 20188 
acres 1 rood 6 poles. (18) £274 4s. 4id. (19) £1456 138. 4d. 
(20) 598 qrs. 6 bush. 9 qts. 

XXI.— (1) 1182600000; 334416720000000; 14916000. 

(2) 2499000; 386640000; 885530000. (3) 11412162000; 

253294000. 

XX1L—(1) 474232 •, 307502 •, 72744. (2) 724815 ; 993652 ; 
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96831296; 69326. (3) 6714160; 3578126 ;• 56179368 j 934974. 
(4) 77824; 1855365; 874259; 562770. (5) 1102577; 9680977; 
16527214011. (6) 12853934; 3994912; 28469426. (7) 7826616; 
35466730 ; 70203285. (8) 91554381 ; 1196020822 ; 3705138048. 
(9) 1737214710; 250771828; 163543296. (10) 6880927680; 
253493422 ; 17136558. 

XXIIL— (1) 801504; 533977968; 43785. (2) 710838; 
6394903263; 1718188164. (3) 541904185; 7225218. (4) 235246; 
5045832 ; 3752362746. 

XXIV.— (1) 7801677; 6975330; 391896702. (2) 4196367; 
525408; 680016. (3) 26334396; 5151696; 687160. (4) 26606496; 
25536842 ; 260609202. 

XXV.— (1) 2419200; 1468800; 27900; 309600 seconds. 
(2) 12544 oz. ; 7168 lbs. ; 392 drs. ; 2664 grs. (3) 21120 ft. ; 
636 in. ; 174240 sq. ft. ; 9292800 sq. yds. (4) 112 half-pints ; 
608 pecks ; 2016 gills ; 5184 pints. 

XXVI.— (1) 14592^; 106907; 11306^^; 1366^; 4a74&^ 
121689; &^. (2) 10425f ; 7904^4:; 33535 § ; 6902; 16583 
8229i. (3) 10972; 120247; 60765^; 6548^; 9121^. (4) 56J 
28 ; 462 ; 32^8^. 

XXVIL— (1) 1551-5; 277i-«-; 11462|-^ (2) 370 J^; 3153^;% ; 
332H. (3) 26A; 1428iV; 201f S ; 330Jf. (4) 22011^; 741,*^; 
972H. (5) 1970^»j; 63^^ J 1467fJ. (6) 867; J ; ^2715; 
275,^. 

XXVin.-(l) 551Hf; 24987|ff; 2024iJ; 8943ff 
22121^^ ; 4m>6^. (2) 62548H ; 13833^Vir J 18960^41 
965Hi; 4fi0941|. (3) 1120f|j ' 160471-5; 12JMf; 652^}^ 
l70iH; 491ff; 572Hi; 694fff; 68|H. W 283tV; 23191^ 
3726tJ1s<V; 137^%; 629^*5 647^Vf. (5) 963ii; 18813if; 7^ 
1389H. (6) 982^ ; 63|H ; 147^- (7) 17-H ; 69^^. 

XXIX.— (1) £180 178. lid.; £8 15s. Ojd.; £97 16s. lOfd. 

(2) £59 lis. 3d. ; £45 15s. 7i + i ; £142 17s. l^d. + |. 

(3) £896 7s. lUd.; £784 6s. ll^d. + i; £697 3s. Hid. + >. 

(4) £10 12s. 7|d. + A J £10 78. 7id. + |^. (5) £2 9s. 5d. 
4- Tj*j^; £91 15s. 5id. -f -J-p ; £5 78. 5id. 4- tt^. (6) £213 Is. 2f d. ; 
£23 48. llfd. + ^^; £44 12s. 6id. + aj. (7) £4.7 Sg. lOd. fH ; 
£955 lOs. 5d. + ^ ; £2 Os. OJd. + |. (8) 4 cwt. 3 qrs. 16 lbs. 
10 oz. lOf drs. ; 14 cwt. 2 qrs. 20 lbs. 4 oz. 6^^ drs. ; 1 cwt. 1 qr. 
21 lbs. 12 oz. l^ drs. (9) 9 oz. 8 dwt. ; 1 lb. 1 oz. 12 4w^ 
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2l,»i ffw. ; 2 oju 16 dwt. ITtK g»- (1^) 1 ™^ far. 26 pote 

yd*, 1 ft. in. li bwlcyi-orna ; 8 miles 3 fur. 1 pole 4 yda. ft. 
2 in. 1^\ bwWcomi; 21 poles 1 yd. 2 ft. 4f in. (11) 4 acres 
IpiHxi; 2a<Ti-s3poOil«13polMl0yd5.2ft.36in.; 1 acre 2 roods 
7 polM 8 XiU, 2 ft, 36 in, ; 1 atTC 1 rood 9 poles 6 yda. 8 ft- 
lli^S* itt« il-) *3 qra, 4 buah. pecks li gaL ; Sbnsh. X^pec^; 

1 t)r. »> bu&h. 1 }uvk 1| gaL 

\\X.— (n llvH); 766H2S; 279iHr.. (2) 489Sff: 1000; 

issiKvj, vJ^^ 470155. 327*iVj; *-"2^ (.*) i&»^; iiSHt; 

M(^.%, VM 1057«5; 6270; 127. (6) SSSO^^V^; 59H. 

^:> .^;*i Si<SjS?,i 12iHS- C^) 224; 347^; 1903»t 

v;»> ilsl^V ^li'*'* 17;i2« fcnirpennT-pio«s, 1155 sixpeooea. 

on 7.SM;iV (12^ SaiOiV^wOf-xruiiMtf; £912^. (1»> 107-^^ 

XWYl.— 0> £1 hiL. >ia,; £355i aa- ^id. (2) £SB 2a. 6id.; 

X:>S :^ua.; £llt^ liK j^a. (S^ 6 houx¥STimn.S6aec; UOdaji 
:« lu^urn di> mi». ; ll4c« ynar» 12t wh^ 4 days. ^4) 24S2 aowsa 
u^^a, (^\ M mJi* 2 far. 1 pwc S yds;. 2 j it ; iS y da. 2 &. llin. 

,r^^ ii^ Kw. s> o«i. 2; ,3?*^ it lbs. • or. (^^ i^>seL (S) IHH *«y» 

\X\\U.-I^1> ^ V !5; 1^ V 4 ; S X T. (2) V i 8 X 4; 

5^ ' a 

'^'^'^''^ — .'■^' '"^^^ V ^ iT^ 4fHuH-. CK^ ISn^i; ^^m- 



4. 



N .s :^.^<\ -:,4,M ,i4h -. 






•t .V(* 







ANSWERS TO THE EXERCISES. 337 

XLVI.— (1) 88; 1217 J 156. (2) a^j ^6. Qm + n + p, 

(3)69; 157; ^^7 (4)^0^X25 512 ^^_3 

14» - 1. (6) a3 ; a"* - 1 5« - 2 ; ^w - n Qm - 4. 

XLVII.— (1) 140535. (2) 56*; 41^; 13271- (3) 68.6id. + i. 
(4) £25 l8. 8d. ; £32 16s. 3d. (5) £17 48. 9cL (6) 38. 3id. ^ J 
£2 IBs. 9|d, ^. (7) 622640. (8) 448416. (9) 80 ; 940 ; 
175360; 2577755; 2668; 257041; 204^. (10) 10195J^ 

(11) 37128. (12) 525948. (13) 1407. (14) 4528. (15) Belgium 
820 francs 67 centimes ; Prussia 85 thalers ; Frankfort 152 florins 
42 kreutzers. (16) 118839. (17) 96. (18) 976. (19) •SBO^. 
(20) 1 acre 3 roods 21 poles 4 yds. 4 ft. 48 in. (21) 11 lbs. 9 oz. 
19 dwt. 12 grs. (22) £819 128. 8id. (23) 2 oz. 7 dwt. 

lOA gM- (24) 5 lbs. 6 dwt. 22^ grs. (25) 9 miles 1 fur. 

25 poles 2 yds. 1 ft. 6 in. (26) 139920. (27) £29 4s. 4id. 

(28) 3 ft. 6§ in. (29) 25637 + ^d. (30) £1726 13s. 4d. 

(31) Is. lid. (32) £281 5s. Od. (33) 1st = £5333 68. 8d. ; 
2nd = £8000 Os. Od.; 3rd = £10666 13s. 4d. (34) 537. 

(85) 4miles Ofur. 31 poles 4yds. 1ft. 7in. fa. (36) £i 5s. 9^^. 
(37) 49116. (38) 623 oz. 18 dwt. 18 grs. (39) 622^11. 

(40) 1353 yds. 2 qrs. 2 nails. (41) £5829 4s. 7d. (42) 276 days. 
(43) 528093440. (44) 20475. (45) £66 7s. 5d. (46) £14595. 
(47) £6 17s. 7id. (48) 625-*^. (49) 313^ gals. (50) 34f . 
(51) 179H|. (52) £0 Os. 8d. H^. (53) £2 3s. 4id. if. (54) 13. 

XLVni.— (1) 5; 36; 30. (2) 7; 11; 5. (3) 8; 9; 12. 
(4) 5; 4; 1. (5) 1; 1; 4. (6) 2; 17; 1. 

XLIX.— (1) 25; 8; 8. (2) 23; 2; 2. (3) 7; 12; 8. 

Ii.~(l) 347 ; 2 X 29; 7x7x2x2. (2) 13 X 79; 

2X41X43; 2X3X683. (3)7x13x79; 31x211; 

4127. (4) 3 X 7723 ; 3X3X3X7X29; 2x 35543. 

LH.— (1) 175; 216; 693. (2) 22734; 2100; 300. 
(3) 3986; 3248088; 1488. (4) 9165; 496; 150. 

Lm.— (1) 150; 924; 2320. (2) 5040; 270. 
(3) 39270; 9500652. (4) 2520; 360. (5) 4149360; 14364. 
(6) 25256351428; 441000. 

LIV.-(1) «; V; f?. (2) «F; W; W- (3) "g"; 

LV.-a) H ! 7| ; 18 Jj. (2) 6i i %n ^\ -, ^ ?^;- *^^ ^^*'*- 
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ni; 12U. (4) 123^; 70^j, ; 2tj*^. (5) 15}|i; 17|J?; 
227 rV (6) 90^; 4^; 53^- 

LVL-a. (1) V; t; i- (2) V; f^; 4. (3) «; 3; fi. 
W V; 4; Vi^. (5) V; f ; V- b. (l) ^: ^; ^. 

(2) 3V; /y; i/i'u- (3) ^r» tV; ^- W ^; A; ^. 

LVll.-b. (1) V; 4"; H*. (2) V; V; V- (3) ¥; 
V ; V. (4) ^'i ; II ; V- ^ (5) W ; V ; W- 
LVIIL-(l) i|; ^; I. (2) ,VV; i; m- (3) *H; 

-.Vir; m- W tYt; i^; Si- (5) i%; A; i^. (6) t«t; 

LIX.-(1)^^; i^5 If^. (2) MIS; ,VW5 V^- 

(3) m3; *m; i/V'/u- (4) V^t^; imt; ^^Wft; ^^Nh- 

(5) l!fi; HIi; f!f^ mi (6) imSS; V.^; 
^V^J'a; mit%' (7)^/%; /tV^; im- (») Mil; 
mi; -ms' (9) im; «ll; HH- (lo) |Hm; 
SH4£8; 7fiW(fiy; ifHM- (n) *flM; im%i ifm; 
Jf 2SC-. (12) Tfevm ; iSmS ; UBSS ; ^mm- ' 

LX.-(1) A; iS. (2) li; ^. (3) HJ; A^; f|«. 

W M?; i?ifj; Mi- (5) ^; m^ iM- (^ ^; 
T%; •^. (7)75%; ^; fH- (8) t«r; ^ft; t*?^- 

(9) -AW; T*iSflr5 T^\; ^^y (10) -^1,%; t'i^j ^; ^s- 

(11) T»^; ^^; -mui-^^Jji' (12) ^^; 1^*; tHtj. 

LXI.-(1) M. (2) m- (3) IW. (4) 6fS. (5) 23^. 

(6) ItV/jj. (7) lO^A. (8) 7^. (9) 6^. (10) IVi^Lfe. 

(11) Ka|. (12) 5H. (13) am- (14) l7fM. (15) 102^. 
(16) 13tJ. (17) 22\m' (18) 17«- (19) The whole. 

LXII.-(1) y-,. (2) T^. (3) ^. (4) A. (5) f 

(6) im- (7) 3H. (8) T^^. (9) G^. (10) 10«. (11) 7ii. 

(12) SiVjftr- (13) 147f (14) 14^^. (15) 5,%. (16) Sum li, 
diff. i. (17) 16f J. (18) 72|^-H. 

LXriL-(l)A; il; 3f. (2)^5 6^; ISJt. (3)^; 

rV; f (4) ^; 71; 7^^!^- (&) ll-l; yWt^- (6) 6H; 

Wir- (7) 25466^y; 65261fJ; 21i§i. (8) 21f ; Sf; ^. 

(9) ^i^- (10) 63/A. (11) l^jflfe. 
LXIV.-(l) I ; 9 ; i»-. (2) ^\;-^; -^V (3) tSt? ; i % sh- 
LXV.-(l)i|; 2; IH. (2) IfJ; 43|i; 6^- (3)-^,-; 

^i^; 5; 83§;S-. (1) 415,M 7-lij 18^H. (5) ivi^; lOG^v 
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(6) «. (7) 2iS. (8) 24^. (9) Ul (10) niU- 
(11) im, (12) S^VtV 

LXVL-(l) .j3^ and J^. (2) ,1^ J A ; 22} ; 1222 ; 366|. 

(3) 7% of £1 ; ^ of a haJf-soyereign ; -^ of 5s. ; ^f of 2b. 6d. ; 
^ofls.; Vof6d.; yoi4d,i Vo^^d.; Vo^ld-J '^'ofi; 
»f * of i. (4) ,rtW. (5) ttVtt of owt. 5 ^ of lb. (6) -^Vhr- 

(7) » W^ (8) tWt of 158. ; 1^ of £1 ; ^ of £5. (9) W of 
a minute ; -^^ of a day ; -yf^ of a week. (10) \j^ of a pint; -yf^ of 
a puncheon ; t^^ of a pipe. (11) tAtj- (12) -riVViy. (13) li of 
an acre; -y^,^ of a mile. (14) 7-^. 

LXVII.-(1) -J, i, V, H; i, iV, i^. (2) i, «, W, m 
mi h V. «. (3) li «• V, V» H. (4) i, ^, 

TifAT, TTilWr. (6) i, H; !-, V, V, V/, W. (7) «, |^, 
W. iW. ii&J *, 4> «, «. (8) I, «. 

LXVIII.— (1) 2s. 3ftd., and £3 IDs. Od. (2) 2 qrs. 24 lbs., 

and 5 cwt. 1 qr. 9^ lbs. (3) 56, and 2^ miles. (4) £33 16s. 
3^., and £4 19s. 8|id. (5) £3 13 3td., and £10 138. lOfd. 

(6) £68 8s. 8Jyd., and £12 ISs. la^. (7) £9 168. Od., and 

£27 17s. 9 > 3-d. (8) 5 hhds. 1 kil. 6 gals., and 17 hhds. 1 run- 

let 7| gals. (9) 1 mile 1 fur. 5 poles 3 yds. 2 fb. 9f in., and 

3 roods 18 poles 20 yds. 1 ft. 72 in., and 373 acres 1 rood 13 poles 
10 yds. ft. 108 in. (10) 5 bush. 3 pecks 1 gal., and 1 bush. 3 pecks 
1-^ gals., and 1 bush. 3 pecks gals. 2 quarts 1^ pints. (U) £1 
4s. O^/yd., and £1 13s. 2|f d., and 3^^ (12) 2 weeks 6 days, and 
8 weeks 1^ of a day, or 56^ days. (13) 3 miles fur. 27 poles 

2 yds. l^y ft., and 5 fur. 25 poles 4 yds. 2}} ft. (14) 5 owt. 2 qrs. 
le^j, and 2 qrs. 1-^ lbs. (15) 18s. 5^Wrd. 

LXIX.— (1) 6 hours, and 3 days 12 hours. (2) 4s. 3d., and £13 
14s. 6d. (3) 45 yds., and 33i ft. (4) 1 lb. oz. 3 dwt. 16 grs. 

(5) 21 lbs. 6 oz. 8 drs., and 6 cwt. 2 qr. 24 lbs. 14 oz. 3f drs. 

(6) 26t>5 and l^h' (7) £15. (8) 6 acres 1 rood 20 perches. 
LXX.~(1) ^^j. (2) t^.Vt. (3) zUt' (4) Tmrs^ 

(5) zh' (G) iw^ i ^\j. (7) VgV (8) m i •^. 

(9) T^5^- (10) TuVa^^^oTj. 

LXXI.— (1) £53892 2s. 6d. ; £5600 98. 92d. (2) £70331 
14s. 8d. ; £10854 15s. (3) £130714 4s. lid. ; £8676 58. 

(4) £33024 19s. 7d. ; £115372 Ss. lO^d. (5) £295542 7s. Sj 
X273004 15s. lOid. (6) £554 18s. 6d. ; £16066 
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(7) £4384 158. lOfd^ and £63722 10s. Oid. (8) £604 19s. 6fd, 
and £10833 10s. 7id. (9) £6259 7s. 0|d., and £306390 Ss. Od. 

(10) £13267 Os. Hid., and £40690 Is. 8d. (11) £26995 3s. Od., 
and £16703 18s. lO^d. (12) £2206955 19s. lOid., and £35451 

188. 2d. (13) £9343 Os. Ofd., and £1336 Ss. 3id. (14) £348046 
28. lOd., and £76173 38. 6d. (15) £55234 Is. 3d., and £1946 lis. 
9d. (16) £281 18s. 4id., and £29958 138. Ifd. (17) £327951 
6s. lOd., and £17705 3s. 8id. (18) £31993 2s. 61d., and £2760 
38. 3d. (19) £578708 ISs. 4d., and £217975 158. 4d. (20) £462212 
4s. 3d., and £1168918 168. 9id. 

LXXIL— (1) £5 3s. 7id. (2) £48 Os. 7^. (3) £532 5s. 
5d. (4) £9 Is. 3f d. (5) £31 38. 6|d. (6) £207 IO3. 6J^ 
(7) £153 lOs. 4|d. (8) £461 78. lOid- (9) 16s. 9id. 

(10) 58. 6id. (11) 5d. (12) 128. 8id. (13) £46 5s. 2id. 
(14) £339 Is. 3}d. (15) £145 168. 5d. (16) £165 16s. 6id. 

GEITEItAL EXESCISES OS YULOAB FbACTIOITS. 

(1) £208 14«. 10^^^. (2) 37i days. (3) 13^^. (4) ^■^. 

(5) W(f. (6) ii«. (7) mi -m^' (8) 1^5 m- 

(9) m- (10) i + X 

T^ + i. (11) £16 lis. 8H<i. (12) £7 168. 

5f§d. (13) ■^. (14) 2fH; 46f^^- (15) -^h' (16) 1913i|^. 
(17) i. (18) 2^tV- (19) 112. (20) 1100. (21) 42. 

(22) 3^ J 16f|f. (23) £143 10s. 4d. (24) £311 68. 5^ 
(25) tVA- (26) 7U. (27) 7H. (28) £1 lOs. 4d. (29) ^. 
(30) 72«^. m m\i ^VW; T^^- (32)ls.OBd.; 

Is. Ofd. ; Is. l|d. (33) IfJ. (34) £884 18s. 04d. (35) £21^- 
(36) £180. (37) TfUhs' (38) 27 acres 16 roods. 

LXXVII.— (1) -57142+; 1-82746; 106896. (2) '66936; 
•8144; -88888. (3) 58333; -72; 2. (4) '92187; '168; 
•88888. (5) 1-0625; -135; '15813. (6) '16; '8; '36. 

(7)2-875; 13-4; 122-77777+. (8) -52941+ ; '42490+; 

•102+. (9) -3125; 1275; 2-57142+. (10) '17857+ ; 

•75789+. (11) ^16806; -86806+. (12) -41379+; 26. 

LXXVm.— (1) -636363; -65555; 1-09523809. (2) -571428 

•583; -421052631578947368. (3) '384615; -3529411764705882 

-26. ( t) -7391304347826086956521 j -631578947368421052 

'22. (o) -1705882352941176; -384615; '428571. (6) -66 

'66; '88, 
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Lxxix-(i) «; I; /,. (2) m-> um; mm^ 

(3) j^Uhsi UUi imS- (4) i-HUl 3t^; i^^5^. 

(5) e^; ^m; «m. (6) ill^; HI; 6^V (7) ifimj 

45^; fH- (8) UUi eUi 7^V (9) 27/^% J 3^^j 
mi. (10) llf«; 4^4; If^. (11) ^Jtj. 
LXXXn.— (1) 587-167. (2) 303-4867. (3) 20641614. 

(4) 150-9036. (5) 1231-2914. (6) 2351545. (7) 916-2858. 

(8) 1370-876842. (9) 1045-9222. (10) 5320767. (11) 1265-6408. 
(12) 12890-28028. (13) -217047. (14) 24260934. (15) 5065874. 

LXXXin.— (1) 708-7786; 215-557. (2) 52-3416; 80263. 
(3) 2090-35238 ; 17-82. (4) 149193 ; 216-06528. (5) 1158002 ; 
38-835. (6) -999; 7297913. (7) 21234922; 62-33155. 

(8)2141-181; 41-48357. (9)871-2199; 277-01714. (10)280862; 

319-6. (11) -71373. (12) 6896. (13) 4-26202; 72-5^47. 
(14) 27-912967. (15) -6334. (16) 33116. (17) '95. 

(18) -616174285. (19) Former by -03173. (20) 7-717. 

LXXXIV.— (1) 1776-73; 6531-71. (2) 297*0225; 254-2512. 

(3) 1221815-868; 8365427. (4) 89332828; -1360485. 

(5) 19533-176; 424097-46822. (6) 117467-0923216; 150352-146945. 

(7) 98-2602; 77-8321752. (8) 3791172; 17-303. 

(9) 4729-78826304; -2628. (10) 143507702; 71159055. 
(11) 886761-65808; 2964114. (12) 475-135024. 

(14) £813-222. (15) 4090714. . (16) £18003382575. 

(17) £236-521728. 

LXXXV.— (1) 6-263; -24094; 15097202. (2) 80495 

-31008; -15421. (3) '83235; /603738 ; 498572. (4) 78-1482 
43-0547 ; -0246. (5) -0049876 ; 112-783 ; -01767. (6) -000139 
1-7453 ; -2885428. (7) £53-508571. (8) Each man had 

-96375, and paid £1-1515625. 

LXXXVI.— (1) 6316-883+ ; 25-75 ; 5*8. (2) 2006-99+ ; 
1000; 5-3623188. (3) 111*81102+; 1-356633+ ; 176-591375+. 

(4) 129-903703+ ; 3448-148 ; 69523-33664. (6) 204328674 ; 
10; 100. (6) 107-3379; 13031114. (7) 7-50084; 75043717. 

(8) 23-20518 ; -20458. . (9) 2073-34456. (10) 8643-402399. 

LXXXVn.— (1) -01, and 17617, &c., and 118235294. (2) 47072, 
&c., and 01722583, and -2195956. (3) 330457339449, and 
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256-592083, &o., and 36*34, &c. (4) 2*405283019, and 6142-3,'8nd 

6*969923982. (5) 19*5383', &c., and -6393226, and -147245413. 

(6) -968965517, and 2*93685039, and 6*48354838. (7) 405*7604395, 

and 29*31328671. (8) '000932808, &o., and 18*79425004. 

(9) 7*9161181, and 17*6031684. (10) -019883481, and -0448478229, 
and 5*1249429. 

LXXXIX.— (1) 10-019, and 1198-784, and 3*650. (2) 341-071, 
and 788*424, and 8*929. (3) 572*931, and 1366*360, and 199*248. 
(4) 22*142, and 43*897, and 1*756. (5) 78*832, and 13*841. 

(6) 333-795, and 292-045. (7) 132*351, and 2*79. 

XC— (1) 1-972, and 3*678, and 1*82. (2) -034, and 3-270. 

(3) 2*383, and -033, and 6*402. 

XCL— (1) -00925 fur.; 0015625 of mUe ; *000385416 of league; 
2*035 of yd. ; 6*105 of ft. ; 73*26. (2) *0375£ ; -075 of 10s. j 
*15 of crown ; -3 of half-crown ; -375 of florin ; -75 of Is. ; 1*5 
of6d. ; 2*25 of groat; 3*0 of 3d.; 9*0 of Id.; 18*0 of halfpenny ; 

36*0 of farthing. ' (3) 97*44 ; -00005138 and -005138 of a day. 

(4) -023 of a qr.; *736ofapeck; 11*776 of a pint. (5) 3*9 of 
3d.; •39of28. 6d., and-065ofl58. (6) -074865 of a £10 note, 
and 718*704 of a farthing. (7) -1675 of £1 ; -335 of 10s., and 
80*4 of halfpenny. (8) 3*5 of a florin. (9) -000241071 of 
11 cwt. (10) -006203125 hush. (11) 609*6 gr. ; 30*48 scr., 
and 25*4 dwt. (12) -0001523437 of a square mile. 

XCII. — (1) 17 weeks 6 days 9 hours 33 min. 7*2 sec. ; 1 pint 
1-696 gills ; 32 weeks 5 days 5 hours 19 min. 40*8 sec. (2) £2 

3s. 6id. ; £5 148. 6|d. ; 16s. 5jd. + h (3) £l7 lOs. OJd. ; 

£1 12s. 6id. ; £4 15s. 7d. (4) 13s. 7d. ; £2 9s. 4|d. ; £1 

5s. 7d. (5) £103 9s. 7d. ; £2 3s. ^d. ; £7 Is. lid. (6) £7 
168. lOd. ; £303 15s. lid. ; £2 Is. 8|d. (7) 29 cwt. 1 qr. 8 Ihs. 
4 oz. 9 drs. ; 5 cwt. 3 qrs. 13 lbs. 7 oz. ; 2 qrs. 27 lbs. 2 oz. 8 dn. 
(8) 3s. 6d ; 19s. 5id. ; 2s. 2d. (9) 3 days 6 hours 28 min. 

48 sec. ; 4 weeks 5 days 2 hours 18 min. 14 sec. ; 39 hours 16 min. 
40 sec. (10) 1 mile 2 fur. 12 poles 4 yds. 1 ft. 2^ in. ; 27 fur. 

11 poles 1 yd. 3 in. ; 3 leagues 1 fur. 8 poles. (11) 27 yds. 1 ft. 
1 in. ; 8 Hnes 4 poles 1 yd. 2*8 in. ; 282 miles 5 fur. 30 poles 2 yds. 
7 in. (12) 37 acres 1 rood ; 48 acres 3 roods 35 poles 15 yds. 6 ft. ; 
82 mUes 26 roods 10 yds. 2; ft. ^\ m. (13) 13 yds. 3 ft. 60 in. ; 



ANSWERS TO THE EXERCISES. 343 

14 miles 150 acres 3 roods 16 poles 21 yds. 2 ft. 95 in. ; 3 roods 
36 poles 14 yds. 4 ft. 97 in. (14) 17 gala. 3 qts. pts. 2 gills ; 
212 gals. 1 qt. pts. 1 gill ; 1 gd. pts. 56 gills. (15) 29 qrs. 
5 bush. 3 pecks 3 qts. 2 pecks 1 gal. ; 53 qrs. 1 bush. 2 pecks 2 qts. 
(16) 23 yds. 1 qr. 2 nails ; 1 yd. 3 qrs. 2 in. ; 8 yds. 1 qr. 1 in. 

XCin.— (1) 17*540625; 2-28125; 8*7677. (2) 25*93126; 
1-52395; 297-53125. (3) 17*767856; -83035; 3-8169. (4) 
1179-6071; 40-96428; 68*3214. (5) 17*375; 57; 364. 

(6) -8281; 29*42571; 611*25. (7) *788255. (8) 3-565476190, 
(9) -5384645; -741364. (10) -6; -57142857. (11) 40972; 
77-5. (12) 19-3125; 2125. 

XCIV.— (1) 2-733 ; 3-539 ; 27*228. (2) 7*918 ; 235-762 
228*331. (3) 14-887; 628229; 5667. (4) 1581; 274812 
2-04. (5) 2-367; 8561; 17339. (6) 8118; 37*113 

11*467. ' 

XOV.— (1) £19 17s. ^d.i £25 78. 5d. ; £^76 2s. ^d. 
(2) £17 10s. 6|d. ; £1 Is. 3id. ; £18 78. 5id. ; £20 19s. 3f d 
£8 5s. 5d. (3) £16 4s. 5id. ; £4 28. 6|d. ; £3 Is. 5f d. 

£4 2s. lid. ; £2 l8. 10|. (4) £4 138. ll^d. ; £18 6s. 6d. 

£71 88. 5id. ; £58 7s. S^d. ; £41 12s. 7d. (5) £7 5s. 8id. 
£6 18s. Oid. ; £8 12s. 5f d. ; £5834 14s. 5id. ; £309 12s. lid. 

(6) £0 17s. 5id. ; £3 19s. 2id. ; ll^d. j £814 15s. l^d. ; 
£203 17s. 5id. (7) 19s. 6d. ; Is. 8d. ; Is. 2id. ; £8 138. 
lid. ; £23 14s. 5d. ; Is. 6id. 

XCVIL— (1) £17*514574; £276669779; £109-427082. 
(2) £273-256205; £12386456; £1-313533. (3) £28-467697; 
£1-031248; £23-278123. (4) £17035414; £29813533; 

£18*037498. 

MlSCELLANEOTTS EXERCISES ON FRACTIONS. 

(1) £818 lis. lid. (2) 37-886. (3) li hours. (4) 1. 
(5) ^ . -16875. (6) 11 hours 29 min. 11 sec. ; £45 9s. 6id; 

(7) -0571428 ; *0oio958904. (8) fff ; ff^ ; 1^* 5 VtjV ? 
2ff. (9) 68. 9fd. (10) 3s. lid. •+• ii of a farthing. 

(11) 19s. 8d. (12) 02880 and 125000; -020412 and 2603-5714285. 
(13) £1000. (15) •6Vl4285^. (16) £2 13 7id. ^, and 

£48 28. Hid. (17) 1st i, 2nd ff, 3rd f^, 4th -^f J ^-Ni%\> H> 
3^, 3^1^, ^^k^V (18) £354 10s. 3£d. ^^. (19) 360. 

(20) -368, or ^%. (21) 11 and 1. (22) 43039783 ft-^ 
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61575164 ydfl., and 8903894378 mUes. (23) 3*997 in. 1-049 ft. 
3-526 miles. (24) £107*3006; 355*3. (25) a. 1684*164; 

23982*05; 1739*283. b. 15944*096; 710*96375; 455*8416. 
c. 368*7121; £897 13b. 9id. ; £22212B.7fd. d. £11578.5d.; 
£97493 15s. 4d. ; £42 148. 9id. (26) £728. (27) 13^. 

(28) 3*61904. (29) ^^^ ; ^^. (30) 6296*41 ; 9189*41 ; 
27863*907 ; 1470*63. (31) 3*81024. (32) 25*7069 days. 

(33) 8*6648125, and 51*988875, and 207*9555, and 3050*014. 

(34) 980835625, and 461816, and 5399*922363. (35) 14b. 
3^SftJffd., and £86 138. 7^|f^., and £42 98. Of^|d. (36) £25 
38. 2id. (37) As 17952 is to 29920. (38) 58 acres 1 rood 22 
poles 1 yd. ft. 32ff in. (39) £594. (40) 52^ acres worth 
£150 lis. 6id. (41) £80 98. 2d., and 4372 francs. (42) 146 
lbs. 6 oz. gold, 78 lbs. 6 oz. 6 dwt. silver, 67 lbs. 1 oz. 12 dwt. copper. 
(43) 776000 years. (44) 1161*33272576, and 4ld5*3832775, and 
5*93956859375. (45) In the 1st case 9515, in the 2nd 11418, and 
in the 3rd 11893|. (46) At 6 mils he would lose £1*007 ; at 7 
mils he would gain £3*021. (47) Present receipts £66 Is. 8d. ; 
receipts at the decimal rates £79 68. Od. 

XCEt.— (1) 20. (2) 7. (3) 204^. (4) 1653. (5) 3597^. 

(6) 24i. (7) 16640. (8) 450. (9) 250. (10) 4147if- 
(11) 172. (12) 85. 

CI.— (1) 2 : 11 ; 25 ; 48 ; 11 : 126 ; 7 : 15. (2) 117 : 296; 
27:1624; 55:132; 1:9. (3) 49:31; 107^:117; 
54 : 101 ; 11 : 125. 

cm.— (1) 185fH yds. (2) £8131 15s. 3^. (3) £1127 
19s. 8d. (4) 9 lbs. 12^ oz. (5) 123fi. (6) 40O'andl400. 

(7) £4 14s. lid. ; £4 4s. 8^ ; £3 15s. 3^. ; £3 Ss. lOJd. 

(8) £2 Is. 9id. ^. (9) 4*95 miles, and 121*828 yds. (10) 5f d. ^. 
(11) Is. l^d. + ^. (12) 70, and 2^. (13) £88 Os. 4f d. 
(14) llfd. + |. (15) 7s. llfd. (16) 88i. (17) As 847 : 
900. (18) 556i. (19) £52 18s. (20) 97 lbs. 12 oz. 
(21) 28. lid. (22) lOlff . (23) 1 hour 48 min. 28 sec. 
(24) 9 acres roods 24^ poles. (25) 63. l^d. ^ ; £18 Os. 
H^.-ir- (26) £834 15s. l|^d. (27) £9846 Ss. lOfd.H- 
(28) £168. (29) 21*3. (30) 57*44«. (31) 160*81 yds. 
(32) £86907 13s. Id. (33) £80 168. 7^d. (34) 88*267 ft. 

(J5) £9 19d. Hid. ^l. (36) £745. (37) 8467*093. 

CV— (1) 32^ yds. i^ V\\\\^yss!^. (3) 180 meo. 



ANSWERS TO THE EXERCISES. 345 

(4) 28f horses. (5) lljff months. (6) Ifr^g days. (7) 125. 

(8) 20. (9) 200 days: (10) 89. (11) £613161^\. (12) £132. 

(13) £165 38. 8id. -f ^^fll quadrants. 

CVI.— (1) £17 17s. 7id. (2) £276 128. 3^. (3) £47 8s. 
8^. (4) £87 9s. 3^d. (5) £394 I63. O^d. (6) £144 

6s. 4id. (7) £175 58. 4^^, (8) £1880 6s. 94d. (9) £1003 
6s. 6d. ^ (10) £78 9s. 7d. (11) £844 4s. 3^. (12) £85 

128. 5id, (13) £519 ISs. Oid, (14) £646 lOs. 6id. (16) £296 
148. 3id. (16) £51 18s. Id. (17) £3699 l4s. Od. (18) £2148 
lis. 3d. (19) £3526 63. 11^. (20) 26 years 225 + days. 

(21) 16 years 168 + days. (22) 3 years 126 -f days. (23) 7 
years 218 + days. (24) £4 Os. 9d. + (25) £3 lOs. lO^d. -f 
(26) £4 6s. Oid. + (27) £2 138. lid. + (28) £860. 

<29) £27400. (30) £2228 lis. 6|d. (31) £1744 10s. lO^d. 
(32) 6Hf years. (33) £6666 13s. 4d. (34) £4^. (35) 18 
years 165^ days. (36) £2826 8s. 5i|d. 

CVn.— (!) £62 88. 7iid. ; decimaUy, £62-432. (2) £101 128. 
5^. ; decimally, £101*640. (3) £149 lis. 5id. ; decimally, 

£149-572. (4) 90-839. (5) £154-6. (6) £713-380. 

(7) £129-254. (8) £205892. (9) £404-943. (10) £349-499. 
(11) £216-784. (12) £191-129. (13) £170-714. 

CVIII.— (1) £679 4s. lO^d. (2) £1020. (3) £844 8s. lOfd. 
(4) 5s. 8Hd. (5) £2 48. 0|id. (6) £1 168. lO^d. (7) £558 
Os. llf|d. (8) £3802 Ss. 7iJ|d. (9) a. ll^d., and Is. 6id., 

and 38. Oid. b. 38. 8id., and £1 Os. 9f d., and 2d., or £0079. 
c. £-0028, or about f d., and aafaiSs ^^ * penny, and Is. 6id. 

CIX.— (1) £7140 16s. 2fd. (2) £124 6s. 4d. (3) 87-^^. 
{4) £62 Is. 6d. (5) 91Jjj. (6) £5 12s. 8id. (7) £19 Os. 
7id. (8) £7352 158. 5fd. (9) £1026 lis. 3d. (10) £27 
2s, 6d. (11) 104^ (12) £118 4s. 6id. (13) £841 12s. lO^d. 

(14) 97-^'^MV 

ex. — (1) 110 in geography, 90 in grammar, 30 cannot read, and 
10 in algebra. (2) £2072 14s. 6^d. (3) In the first, 6l7i ; 

and in the second, 314i. (4) 2473-507 ft. nitrogen ; 763-4968 ft. 
oxygen j 36-9962 ft. carbon. (5) 14-||- passengers, 55|- rail-ser- 
vants, and 29^ trespassers. (6) -0000358. (7) In the first 
interval, 1 4^|jngg» ; ^ the second, 12^^^,^?^. (8) 20 aV,W A- 

(9) Of the first, 42592-2588 ; of the second, 818088102 ; and the 
rest, 14516-931. (10) In thS pubUc, 79^^^%% ; and in the private, 
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91tVi«W. (11) nmm^h (12) £173 Ob. 4|cL (1») ^2240 
108. lid.+ (14) £2360-5] . (15) Ckwt price = 3s. IfcL, and 
gain = £7 8s. 1^ per cent. (16) 8Uf • (17) Total gain = 
£1 198. 4cL, and gain per cent. = 21^. (18) £449 15s. 4Ad. 
(19) 28. llfSSid. . (20) £869 98. 2^^. 

MiscBLLiUrsoxTS ExEBCisss nr Fbopobtioh. 

(1) 15. (2) £807 5s. lid. (3) £2 Ss. 6id. (4) 7200 
soldiers. (5) £2 Os. 9d. (6) 28. 4id. (7) 972658-575; 

141426. (8) £5 128. Id. (9) £232 58. 7d. (10) lOid. 

(11) £752 108. 7d. (12) lOid. (13) £116|. (14) £61. 
(15) £402 108. (16) £16 98. 5id. (17) £125 78. lOid. 

(18) 4 cwt. 2 qr. 17^ lbs. (19) £70 19b. 6|d. (20) 12 houw. 
(21) 6s. l^jfd. (22) £2 15b. 6id. ; £1388 17b. 9id. (23) £960 
12s. 8d. (24) £12 6s. in the pound ; £172 178. 2id. (25) £3 
2s. 4^ (26) £589 68. 2id. ^. (27) £821 18s. 9id. (28) £1 
15s., and 8J per cent. (29) £67 2s. lOfd. (30) £3 28. 6id. 

(31) A = £17 14s. llHd ; B = £17 58. Ofd. f^. (32) 18 men. 
(33) £19 14s. 3id. f . (34) 202166025 minutes. (35) 11|HM 
years. (36) 30|^ years. (37) 22f per cent. (38) 54; 81; 
i08j 185; 162. (39) Ought to pay more by 98. 6id.f (40) £124 
lOs. 2id. T^. (41) 160. (42) As 40 : 41 ; £123 lOs. 3d. 

(43) 3 miles, and H miles per hour. (44) £1388f . (45) 4 

months 1 week 4^ days. (46) £3 12s. 3|d. (47) £406 4«. 

9^ (48) £936 15s. 4id. -f- ^, 

CXXIII.— (1) 4207,and835-7Hand78,and64. (2) 29, and 
35*874, and 7538, and 845. (3) 3096, and 213, and 104, and 27*3. 
(4) 58-06, and 270-2, and -016, and if. (5) 2-401, and 317*8, 

and -217. (6) 6102, and 52*615, and 6301-244. (7) 120-79, 
and 3-14, and 0769. (8) 3*825, and 4*093, and -082. (9) -63245, 
and -9826073, and 1^, and 3111269. (10) 2*5298, and -8, and 

•25298, and 08, and 25-298. (11) 3*5496, and 8*01248, and 

4*27434, and 6*4. (12) 95452, and 48*6698, and '3902486, and 
*790936. (13) 3tV, and 14^. (14) 8i§, and f^. (15) 23«, 
and 20^. (16) 7i|, and 4^. (17) 300202. (18) 714. 

CXXVIII.— (1) 32, and 10-5, and 628. (2) 319, and 4283*77, 

and 1*72. (3) 109, and 161, and 51*4. (4) 2009, and 

5493-612. (5) 1*077, and 130011, and '7631. (6) 1376, an4 

6281. (7) 7092, and 602*8. (8) 5*172, and 37*24. (9) i#, 

and 3^, (10) |%, and ^. 01^ 2^, and 6^1- (12) a. 90*03, 
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and 8303, and 18*45. b. -843, and '879, and '4028, and 3*001. 

c. 2-593, and 2*636, and 7'988, and 3-976. (13) 1472. 

CXXIX.— (1) 45 ft. 3' 10" 10"' 8"", and 6 ft. 2' 1" 5"' 5"". 
(2) 355 ft. V 8" 8'" 9'"', and 311 ft. 5' 2" S'\ (3) 1620 ft. 5' 7" 
11'", and 383 ft. 0' 6" 8'" 3"". (4) 104 ft. 1' 5" 3'" 5"" 3""', and 

32-30593 ft. (5) 1194275 yds., and 14652*97245 ft. (6) 4100^^, 
and 6488^. (7) 87885 ft. (8) 10*147 ft. (B) 10*26596. 

(10) 332 ft. 3' 9" 6'" 4"" G""\ (11) 23 ft. 11' 4" 2f" 2'* (12) 8 ft. 
9' 9". (13) 16 ft. r. (14) 14 ft. 4'. (15) 4^. (16) 14 ydfl. 2 
ft. 9f . (17) 34 ft. 4' 6" and cost = £1 1-^^, (18) 512, 
and cost = £51 48. (19) 785 ft. 9' 4". (20) 6' 4". (21) £5 
178. ll^i^. (22) £11 Is. 2id. (23) 199 yds. 1t^ ft. 
(24) 11550 : 11421. (25) 40351250 : 50424201. (26) 692111 : 
705174. (27) 702 square ft. (28) £2287 148. 2d. (29) U^f^ 
ft. (30) £2 13s. 7^d. 

CXXX.— 16-522, and 18*357. (2) 25*825, (3) 24392, and 
138-971. (4) 1 ft. 9*768'. (5) 10 ft. (6) 19*798, and 

29132, and 46669. (7) 17*677, and 40*729, and 60*386. 

(8) 24-624675. (9) 70*5 yds. (10) 506*835. (11) The 
square of a side, or the square itself. (12) As 62500 : 866381, 
and as 793881 : 856381. (13) 45*131. (14) 143-443. 
(16) 71*299, and 4*219. 

CXXXI.— (1) 53-40703, and 168*389234, and 776*97273, and 
34-243331. (2) 49019, and 66*399, and 1291*699. (3) 7912*032 
miles. (4) 34*377. (5) 3 ft. 3*3719 in. (6) 86<» 25' 44*4". 
(7) 280*112 ft. (8) 30-6305. (9) 39*92437. (10) 894 ft. 

(11) 14^8^ ft. (12) 32° 13' 13". 

CXXXII.— (1) 153*93791, and 201*06176, and 264*46879. 
(2) 4417-8609376, and 5089-672149375, and 40*60198769. (3) 

3-101 ft. (4) 124*12 yds. (5) 289 : 974, and as 324 : 974, and as 
361 : 974. (6) 5326-237224. (7) 889-8582 ft. (8) 15*22867 ft. 

(9) 30-7035 ft. (10) 389-93 acres. (11) 25*396 acres. (12) £16 
14s. Hid., and £60 168. 6id. (13) 178. lOd. 

CXXXIII.-(1) 6708 ft. 1' 7". (2) 1391 ft. 1' 10" 6'", and 

cost £23 3s. Sl^. nearly. - (3) 57376 oz. (4) £531 148. 6|d. 

(5) 118800. (6) 3 tons 16 cwt. 1 qr. 27 lbs. (7) 3 tons 6 

cwt. 2 qrs. 4 lbs. 10 oz. (8) £3 19s. 3f»d. ^9) £4 Is. 6f d., 

and weighs 8 cwt. 2 qrg. 4 lbs. 4 oz. 
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CXXXIV.— (1) 5038531-3104, and 8379-072. (2) 897649*696 
and 2085631807436-53640811 miles. (3) 1795858536223375 

(4) 75729-740625. (5) 1876136521876. (6) 419912281588 
(7)1-5216725. (8) 2 ft. 8'. (9) 14*85 ft. (10)9199076026304587 

(11) 45 ft. 3' 10" 0'" %'" 11-796'"". (12) 335*879968945. 
CXXXV.— (1) 71. (2) 234. (3) 40. (4) 45. (5) 40 

(6) 182. (7) 39. (8) 80. (9) 97. (10) 47. (11) 

(12) 64. '(13) 16. (14) 26i. (16) 26i. 
CXXXVI.— (1) 5; 7; 9; 11,; 13; 16; 17; 19; 21; 23; 2E 

27; 29; 31; 33; 36. (2) 15; 22; 29. (3) 8; 11; V 
17; 20; 23; 26> 29; 32; 85; 38; 41; 44; 47; 50; 5 
(4) 72; 138; 204; 270; 336; 402; 468; 534. 

CXXXVII.— (1) 54, and 57, and 70, and 119. (2) 61, and 8 
and 67, and 73. (3) 64, and 60-5, and 983. (4) 1, and |f 
andfH. (5) 5}i, and 31^ and 27. b. (1) 19, and 18, ar 
27i. (2) 6^, and 9i, and 22f . (3) 14|, and 9, and 29^. (4) 57 
and 8*9, and 4*67. 

CXXXVin.— 507, and 39700. (2) 558, and 625. (3) 86 
and 18791. (4) 94^, and 175. (5) 288f , and 897. (6) 85 
and 2420. (7) 13f , and 0. (8) 115, and 45. (9) lOS 

(10) £8 168. (11) 21 days. (12) 12502497. (13) i 

78. 9d. (14) 531-3 ft. 

CXXXIX— (1) 576, and 3249, and 8649. (2) 1875. (3) 11232 
(4) 171125. (6) 2187*5. (6) 3468. (7) 5776. 

CXLI.--(1) 49152. (2) 4096. (3) 4374. (4) 17£ 

(6) tH- (6). 81920. (7) 3000000. (8) -^^ (9) 3542S 

(10) xfr. 
OXLn.— (1) 64, and 203, and 18. (2) 60, and 90, and 14 

(8) 6, and 40*124, and 984*69. 

CXLin.— (1) 5461, and 39^* (2) 15AVW. and 4^^j 

(3) 109226, and 166f§iH- 
CXLIV.— (1) £3342 68. llfd. (2) £482 lis. Id. (3) £11 

178. 2id. (4) £13299 168. 4fd. (6) £9 58. lid. 

CXLV.— (1) £2118 lis. 6d. (2) £2715 88. 4id. (8) £4 

48. Ofd. (4) £2628 16s. 2id. . (5) £1790 ISs. 9| 

(6) 1208 9s. Oid. 

J. & W. UiDER, Printers, 14, Bartholomew Close, London. 
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I SUPERIOR SCHOOL BOOKS. 

CROSSX.ET'B OOHPKEKEITSIVE PKXBXERd 

I l/^«ons in Pi-'Mand TiTtr, Inleridol 10 flimiih Mora] and InlelUclull In 
mnicoun. in wunl. ul Unc Nainble uni;. Ttae OluEcta aelMted m Ihi bui 



i roctjPrmtLruoMinifiiriiPoeilciiIiJiKsiiieliidlninrarielTofOiuvcTi, 
I aildiu UuBya.ttarEar.the HomJ.CDni.FSu, Hemp. Cotton; [U^PiIier, 
: silk, akfaii, &■.&!.; Bnd DuTiis.iacbu Truth, LcmioFuniu,lndiijUT, 
i enya, tta. KOuhiv maJuKd Ip thrt lemnd book. A Hponle uul onmpleln 

I muJtiliide orwDnEi, wbLidi oolj bunlen the mind, uieb only mv pvfn ha Tei]Ta> 

regular li>nnation. Bf thi$ mean$ a cAitd. b]/ coraTtitlting to mrmoFy onl^ 
■ rixlif^ tfton paga, kUI bt abU Ja vbuter tfit orthoff^aphv of an^ word in 

\ Che Itbtffuaat. - — ■ 

ISbM, c{dM, M„ IH pp., 

HOBEs Avs ooamoir xaxNOs. 

Slxt^i LuHiu, Dclcmu or Hinpited, m i ht nadlni. mninjibic i cou- 
■HlBnbie EHws of nilHefltt ud ■ ivm bod; of imponuit oioU. Tbe roUavin* 






Oai, Rlvnj ud 'Cansls. Bnig^, Bblppillg, 



In Pbosb end Poetby. nilh AnslyiM. uid Simulnneom or Oallera L«- 
■DDS. Ettoh linj'i Lewon indudn, flnl, H ten of Holy Scnpnirf.whicb mij 

impi DIP the Itiale and «eile uie aflMwni ; »nd iMllj.anEierciM in 13 entral 

The AsiLTSES n™ prtpawdon anew plnn. inclusion not merely IheRMls 

Leuon, u well as to Uu pmctlcaf appltcation or it, both to tLe LmeOeEt uid 

CKOSSI.XlT^ COMPRBHBIrBXVB CXi&SS BOOXt 

•^"^^\i•^ of LHaona on Uie larioiia hrwiohfla of NatumE riiiliiiorihFp i" MIm- 

M!«nIluieoin Ijcuon* CSI rS orcnunflnC, CoiDinem. Pdotins and Goulplan, 

tuhon, PKHiament, tnmmon Lnv, Cirit aud SEht'utc Law, and MogisEnio;; 
— 4nd AD BKlendM Series fJf GeoonipblCBl. ChronolonDfll, and SLVmtiUa NoUn 
uid 41iiEatloi]fl, wiUi uUD^ve Apfoulimt R«^, Em.L lOnning, at a whole. 



